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Abstract

The am of the paper is to develop a theoretical framework for analyzing regional ad-
justment processes after idiosyncratic shocks. The model builds on the macroeconomic
approach with monopolistic competition on goods and labor markets. It is shown how
interregional factor mobility affects wage-setting behavior and labor supply. The dy-
namics of this extended model are explicitly taken into account. For a special case we
can derive the characteristics of the adjustment process analytically. Under certain con-
ditions the model exhibits hysteresis, i.e. temporary shocks on the price level or the un-
employment rate can have a permanent effect on production and potential labor supply.
It is argued that a suitable method for investigating regional adjustment processes em-
pirically would be a panel VAR approach with integrated and co-integrated variables.

JEL -classification: J30

Keywords. Regiona adjustments; wage formation, wage-price spiral; migration;
regional unemployment; hysteresis



1 INTRODUCTION

Adjustment processes in face of asymmetric regiona shocks are a central topic on the
economic policy agenda. The coherence within an economic and monetary union (e.g.
within the EMU) crucially depends on effective mechanisms that lead back to equilib-
rium if regions were affected by idiosyncratic disturbances.l The more specialized re-
gions within a large union are, the more likely seems a divergence in general business
conditions: while some regions suffer from deep structural recessions, others are
booming. This is important because there are good reasons to expect that increasing
integration of markets will significantly lower the diversification in the regions product
mix. Empirical evidence based on comparisons to the U.S. suggests that the degree of
speciaization in Europe is still quite low.2 Hence for many observers a large potential
exists for intensifying the interregional division of labor in Europe. One the one hand
thiswould lead to gainsin efficiency, but on the other it makes regions more vulnerable.
Increasing the sensitivity of a system of regions with respect to shocks might be espe-
cially a problem within a monetary union where the instrument of a compensating
monetary policy is no longer available and fiscal interventions are quite limited. In such
a situation the burden of adjustment has to be borne by other mechanisms, i.e. price re-
actions on goods and factor markets and the mobility of factors of production, especially
of labor. However, given the labor market inflexibility typical European countries are
blamed for, a marked response of relative prices and/or strong migration processes are
hardly redlistic at least in the short und medium run. Under these conditions the capa
bility of the system to dampen possible shocks will be quite limited. As a consequence,
since quantities adjust instead of prices and labor is immobile, excess unemployment
may persist over longer periods of time.

Despite of its relevance for economic policy, the economics of regiona adjustments
appears to be not very well developed in new regional economics yet. One branch of the
literature is closely related to the theory of optimal currency areas.3 Several empirical
papers investigate the synchronization of shocks occurring in countries or regions (cf.

1 The problem of asymmetric shocks for the European Monetary Union is investigated by several
authors (see, for instance, Krugman (1993), von Hagen, Hammond (1998)).

2 The degree and development of specialization in Europe and the U.S.is discussed in Fujita et
al. (1999), Krugman, Venables (1996), Amiti (1999), Brilhart (1998), Brilhart, Torstensson, (1996),
De Nardis et al. (1996), Kim (1995), Molle, Boeckhout (1995), Molle (1997) and Mdller, Tassino-
poulos (2000).

3 Mundell (1961)



Bayoumi, Eichengreen (1993), Obstfeld, Peri (1998)). The degree of synchronization is
taken as an important criterium for answering the question whether different economies
should form an monetary union or not. Another branch of literature follows the pioneer
work of Blanchard, Katz (1992). The central aim of their study isto identify the specific
mechanisms that are responsible for economic adjustments after regions were hit by
idiosyncratic shocks. Under different institutional settings, it can be expected that coun-
tries or regions show quite different characteristics in this respect. In contrast to the ap-
proach chosen by Blanchard, Katz (1992), applications to the situation in typical Euro-
pean countries have to take into account that labor markets are far from being perfectly
competitive. Therefore the papers by Decressin, Fatas (1995) and Mdller (1995), both
designed for applications in the European context, include the possibility of persistent
unemployment. Although there are some similarities in the chosen model and the em-
pirical strategy, the cited studies come to different views about the role of migration as
an adjustment process in typical European countries. On the one hand, Decressin, Fatas
(1995) conclude that migration is of minor importance in this respect. Instead of work-
ers mobility it is especially participation behavior that reacts in response to an eco-
nomic shock. Thisresult isin sharp contrast to the U.S. where — according to the results
of Blanchard, Katz (1992) — migration aimost bears the full burden of adjustment. On
the other hand, based on panel VAR estimates, Moller (1995) provides evidence that at
least within Western Germany participation (as well as wage) responses are weak and
sometimes in the wrong direction while migration gives rise to long-run adjustment.
Contrary to the Blanchard, Katz results, however, migration responses are extremely
sluggish in the German context. While in the U.S. the lion’s share of the necessary pro-
cesses is aready completed within a time span of one year, the migration stream in
Germany sets in only two or three years after the occurrence of the shock. This result
fits well to the casual observation that it took decades (not years) to overcome deep cri-
ses in some West German regions which were caused by adjustment problems of spe-
cific sectors concentrated in these regions (for example coal, steel and shipbuilding).
Compared to this evidence, regional adjustment forces in the U.S. appear to be much
stronger.

There are also severe deficits in our theoretical understanding of regional adjustment
processes, especialy in the presence of imperfect labor markets. Only few systematic
attempts have been made to extent the modern theory of unemployment (see Layard et



al. (1991, 1994), Phelps (1994)) to the regional dimension.4 Most existing approaches
are rather partial in nature. Typically they deal with only an isolated aspect of the com-
plex processes interacting for regional adjustment. An example is the work on the wage
curve initiated by Blanchflower and Oswald (1990, 1994). For different countries and
mircro-data sets they and several other authors find strong evidence for a negative con-
vex relationship between the level of regional wages and regional unemployment. A
number of independent studies in the mid-nineties come up with the conclusion that the
elasticity of regional wages with respect to unemployment is in the order of magnitude
of minus0.1. As a puzzling fact, this elasticity appears to be rather independent of the
ingtitutional settings on the labor markets. Although recent studies® have challenged this
“quasi law”, the responsiveness of worker’s remuneration to the state of the regiona
labor market is supported in general. However, thisis only one facet of regional adjust-
ments. This is also conceded by the pioneers of the wage curve. In recent contributions
Oswald (1996, 1998), for instance, stresses a different aspect. He points to the fact, that
labor mobility interrelated with house ownership might play an important role for un-
derstanding how labor markets digest aregional crisis.

The aim of the present paper is to develop a comprehensive theoretical framework for
analyzing regional adjustment dynamics. In section 2, we first give a non-formal over-
view of various mechanisms that make up regional shock absorption. Then we present a
theoretical analysis where the focus is on the interaction of migration with wage and
price setting, while other elements of the theoretical model like the participation deci-
sion or capital mobility are sketched only briefly. Using alog linear approximation, the
adjustment processes for the various equations are modeled in section 3 and integrated
into a linear differential equation system. In section 4, we investigate the dynamic char-
acteristics of this system. It is of special interest, whether or not temporary shocks have
a permanent effect on some regional variables. This phenomenon has become known
under the notion of “regiona hysteresis’.6 For a simplified variant of the moddl it is
possible to analyze the conditions under which regional hysteresis occurs. The paper
ends with some conclusionsin section 5.

4 There are, however, important contributions to the development of a comprehensive theory of re-
gional evolutions integrating insights from new growth theory (cf. Fujita et al. (1999) and Walz
(1997, 1999)).

5 For atheoretical extension and innovative empirical study on this relationship using panel economet-
rics see Nickell et al. (2000).

6 See for instance, Krugman (1991a,b,c), (1993), Mdller (1994), Venables (1999).



2 ELEMENTS OF A THEORETICAL MODEL

2.1 Adjustment processes: An informal overview

Let us first describe different facets of regional adjustment processes in a non-formal
way. Consider aregion that was hit by a severe adverse shock. As a conseguence, pro-
duction will be depressed and unemployment rises. The recession of regional economy
triggers severa adjustment mechanisms. The most important ones concern the follow-

ing aspects:

* mobility of labor: a part of the labor potential will leave the region temporarily
(commuters) or permanently (migrants); since excess supply on the labor market is
reduced, this behavior will foster the process of regaining pre-shock employment
rates,

» participation: theoretically, effects in both directions are possible depending on the
relative magnitude of the income and substitution effect; hence the response of the
internal labor supply to aregional crisis might be negative or positive; in the former
case the “discouraged worker effect” dominates, while in the latter the “additive
worker effect” is more powerful; empirically there exists strong evidence that parti-
cipation declines as a response to bad economic conditions; in this case participation
would serve as a buffer;

» (real) wages and product prices. increasing unemployment lowers the outside option
of workers and most likely undermines the bargaining power of unions; hence u-
nemployment functions as aworker’ s disciplinary device (as Shapiro, Stiglitz (1984)
have put it); since wage pressure is reduced, the profitability of firms improves,
firms are able to lower prices; this would lead to a recovery of demand and, eventu-
aly, to new employment;

» price of immobile goods and services: the economic contraction leads to a decline in
the prices of non-tradables; lower costs of living render the necessary downward

adjustment of real (product) wages less critical to workers,

» capital flows: the excess supply of (qualified) workers together with shrinking wa-
ges and the lower regional price level for non-tradables could help to entice capital

10



from outside the region; if capital inflows were strong enough, the structural crises
would quickly be overcome by the creation of new working places; however,
whether or not aregion is attractive to investors also depends on expectations about
the economic prospects of the region; these expectations might be negatively affec-
ted by the initia crisis; if nobody likes to invest in a“looser” region, the economic
and labor market problems would be aggravated;

» effects on productivity and effort: during an economic crisis workers are more con-
cerned with the stability of their working places; since the outside possibilities have
deteriorated, the economic loss in case of lay-off would be higher; hence it is ratio-
nal to show more effort in order to avoid being caught with shirking.

The complexity of regional adjustment after a regional shock is evident. Moreover, all
what we know about regional development points to the fact that catch-up processes
after deep regiona crises are sow.” Since the duration of these amendment periods are
better measured in decades than in years, it seems worthwhile to analyze the adjustment
dynamics explicitly.

In the remainder of this section elements of a forma model are developed in order to
capture different aspects of regional adjustment in a more stringent way. We first pres-
ent amodel of production, price setting and labor demand before including elements of
migration and labor supply theory. Then special emphasis is laid on the analysis of
wage setting, where an approach is chosen that extends the standard model to the re-
gional dimension.8

2.2 Production, price setting and labor demand

Consider an economy which can be divided into a large number of regions so that a sin-
gle region is small compared to the aggregate. Let production in region r be described
by a CES-function with labor and capital input:

7 From a growth-theoretic perspective the hypothesis of sluggish regional adjustment processes is also
corroborated. The literature on regional convergence typically reveals low rates of convergence. For
the general convergence debate see Baumol (1986) and Abramovitz (1986). The discussion in the
nineties was strongly influenced by the empirical approach of Barro, Sala-i-Martin (1991, 1992). In
this context see also Neven, Gouyette (1995), Sahl (1997), Lopez-Bazo (1999).

8 The standard approach of wage and price setting originates from Layard, Nickell, Jackman (1991).
For a survey of the theory and recent extensions see Mdller, BeiRinger (1999).
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Yr =A(ErnNr +E K, «y

CENT I (0—1)/0jh0/(0_1)
N, arethe number of workersin regionr, h isan economies-of-scale parameter and o

the elasticity of substitution. A represents neutral increases in efficiency and E'and
Erk stand for efficiency or distribution parameters, respectively.

According to the standard Dixit-Stiglitz model of monopolistic competition, demand on
the product market inregionr is

v =D, R, 2

where D, is an exogenous variable reflecting aggregate income and the size of the re-
gion. P, denotes the regional price level relative to the aggregate and n >1 is the price

elasticity of product demand in that region in absolute terms. The marginal condition
derived from profit maximization leads to

-0
o 5- W,
NP=(EPX) Ay [—f} ©)
R
and
o R -
K; =(EFx) A7 [—] , (4)
R
where uzzo—hi(o—l) and X::(l—r]‘l)h. Note that under constant returns to

scale, the parameters hand p are both equal to unity.

In the context of models of monopolistic competition, eq.(3) is known as a price-setting
equation (see Layard et al. 1991). In logs this equation can be written as

pr=w — _(1+1h;c?) Yr +<ny +%P. ©)

ho o

with xP = —(x +er“) . Note that xP decreases when the efficiency of labor or the degree

of competition rises. The benchmark case with perfect competition in the product mar-
ket (17, — ) and constant returns to scale (h=1)is covered as a special case. Then the
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price-setting equation reduces to a standard labor demand equation because the product
price is exogenous to the firm in this case:

n=(o-1)a +y _O(Wr ~Pr _ern) . (6)

2.3 Migration

The classical economic theory of migration in the Harris, Todaro (1970) tradition9 de-
rives that migration depends on the expected real income differential adjusted for the
costs of migration. In a slightly more general approach the basic idea can be extended to
differencesin utility levels determining the decision to migrate.10

Let F,and F describe the expected utility for living in- or outside of region r, respec-
tively:

F=0-u)oa q’[%} +Ur gy q{%} +(1 _Qr) q{%} and
w B B
B S o

where the @ (Jisautility function with the usual properties. The expected utility in both

(")

cases stems from the weighted average of three components, real wage income
W =W, /P, real income in case of unemployment B, / R and the real value of social

assistance in case of being out of the labor force B, / P¢. The weights are determined by
the participation and unemployment rate g, and u, , respectively.11

In what follows, regiona deviations from the aggregate are marked by atilde, for in-
stance G, :=u, —u. Using alinear approximation to the utility function (see appendix 1),
the difference in expected utility between the home and the target region in case of risk
neutral agents can be written as

9 Harris, Todaro (1970)

10 Since the costs of migration are partly sunk, they create a "zone of indeterminancy" for individuals.
By aggregation, however, the migration rates will be smoothed. So we can neglect the problem here.

11 The variables without subscript denote the corresponding aggregate variables.
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IEr :(1_Ur)QrWrr Uy Qrérr +(1 _Qr)érr _Q[Wr _BrJar + @®
+[(1—ur)wr +u, B —qur.

Eq. (8) has a plausible interpretation. The expected utility differential depends posi-
tively on real wage differentials, differences in socia security standards and participa-
tion and inversely on differences in the unemployment rate. The weighting factors for
the real wage, unemployment insurance and social assistance differential are determined
by the employment, unemployment and non-participation probabilities, respectively.
The unemployment rate is weighted by the difference in the utility levels of receiving
wage income or unemployment insurance payments. Finally, the difference in partici-
pation is weighted by the participation/ non-participation income differential.

Let «y and w denote the rates of out-migration and immigration, respectively. The

probability of leaving the region depends negatively on the expected net utility differ-
ential between the home and the target region as well as the monetary equivalent for the
costs of out-migration C/™.12 Vice versa the same holds for immigration. Hence

o :Qr(lfr +C{“) and w:f}(lfr —Cm) : 9)
) )

where Q, (Jand Q([Jare functions that guarantee a non-negative function value.

Moreover it is reasonable to assume Q, (J)<1 and Q, (IfIr +C,.m) =0 if the argument is

positive.

2.4 Wage formation

In afirst variant we assume that a monopoly union in region r maximizes the expected
utility of arepresentative agent taking into account the option to migrate. It is clear that
introducing an option to migrate to another region cannot reduce the expected utility
because it extends the opportunity space. In other words: the value of the option to mi-
grate cannot be negative. At the limit, - if conditions in the home region are clearly

12 Note that the costs of out-migration can be negative if the target region is attractive because of non-
wage characteristics.
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preferable to the conditions el sewhere, or, the costs of migration are prohibitively high -
the option to migrate becomes worthless.

According to these considerations, the expected utility of a representative worker in
regionr is

Z =(1-w)F +@(F €M F -oF €M F -QF €| (5 €M),
where the migration rate «y becomes zero if F, +C/" >0.

Assuming that the (regional) union maximizes the expected utility of a representative
agent in that region one obtains the first order condition

|
azr _ ' A ~ m)\ _ T
o [1 o, fF, +cr") Qr} =0, (11)

where F, '=0dF, /oW, and Q' denotes the first derivative of the function with respect to
the argument.13 It can be shown that for Z, becoming a maximum it is required that
F.' =0.14 At first glance there seems to be no difference in the behavior of a regiona
monopoly union whether acting in an isolated region or in a multi-regional context.
Note, however, that the function F,'is not identical in the two cases.

In the appendix 2 it is shown that in case of risk-neutral agents the optimal real wage in
consumption units (or consumption wage) a monopoly union would set is:

1

-1
_ B with gy + + >1, 12
£N+£q+£M] v N *E& 8y (12)

W = [1—
where gy, gqand gy are the real wage elasticities of labor demand, participation and

migration, respectively. EqQ. (12) indicates that the optimal wage claim depends posi-
tively on the replacement incomeB/ in case if unemployment. The mark-up depends

13 Note that Fr =F/ if the home region is small as compared to the target region which is assumed
here.

14 Thetermin bracketsis positive as long as the elasticity of the out-migration with respect to the argu-
ment does not exceed unity which has to assumed also from stability reasons.
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negatively on the real wage elasticities of labor demand, participation and migration
En, € and gy . In the sense that interregional migration increases the responsiveness

of labor supply with respect to the real wage, it dampens the wage aspirations of work-
ersfor agiven institutional setup.

In a second variant of modeling wage setting, the theory of wage bargaining is used.1>
Following the standard assumption the utility function of the union depends on em-
ployment and the difference between wages and the value of the outside option

o = NV[Wrr —z{} , (13)

where ydescribes a parameter for the weight the union attaches to employment and
Z" is the outside option which here comprises the possibility to leave the labor force or

to migrate.16 Note that Z" is a function of the wage rate and unemployment in the home

region among others.

Let the profit of arepresentative firm in region r be denoted by (V\/rr : R) , Wwhere R is

the exogenous interest rate. Maximizing the Nash product yields (see appendix 3)

[ -1
Wr{l—l_zz ] z' (14)
with
_ (1—6)(R+0()
CEYEN g p)

where ®:=(n-1)""(ena+exP) is an indicator for market power of firms on the goods

markets.

Asin the monopoly union model, the bargained real wage is a mark-up over the outside
option. This mark-up exceeds unity since Z"'<1. As expected, wage pressure is re-
duced if the bargaining power of firms relative to that of workers increases and the more
weight the union attaches to employment. Ceteris paribus the bargained real wage will

15 Seefor adiscussion of this approach, for instance, Manning (1993), (1995).
16 A similar approach isused by Fuest, Thum (2000), who discuss the welfare effects of migration using
adual labor market model.
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be dampened by a higher wage elasticity of labor demand ¢y . Finally, rising market
power of firms on the goods market will increase the bargained real wage.

The derivations from above can be interpreted as description of the behavior of an ato-
mistic wage bargain at the firm level or as a region-wide bargain. In what follows we
consider the first case in which the outside option is not affected by the behavior of the
individual wage-setting agents and hence z"'=0. Then the optimal real wage can be
derived from eg. (14) as an implicit function

We :L{ F, (wrc, QJ— Q, [F} (wrc, gj+cﬂ E (wrc, j} . (15)

To obtain the impact of the different variables on the wage rate, note that the derivative
of Z, with respect to aregional ( X, )or aggregate variable ( X ) is

0Z,

x =F' (- F -Q) =F'[1-Q, (1-9)] (16)
and

02 ’ I~ '

o =F (R o) =F o (1-9), (17)

respectively, where the prime indicates the derivative of the corresponding function
with respect to the argument and ¢ is the elasticity of the migration rate with respect to

differences in expected utility

Q o=
¢' Q_r
¢=0

It is reasonable to assume that the reaction of the migration rate to changes in the ex-

pected utility differential isinelastic (0< ¢ <1), hence

sgn(9z, 10X, ) =sgn(F/ ) and sign(az, /0x) =sign(F ).
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Then the partial derivative of the outside option with respect to the regional wage rate is
unambiguously positive, while it is unambiguously negative for the regional unem-
ployment rate:

Ziw =0 (LU )[1-(1-0)Q | with 1>2Z], >0

er,ur = _Qr(VVrC _Brr)[l_(1_¢)QrJ<0’

where a subscript indicates the derivative with respect to the corresponding variable. It
can aso be excluded that the partial derivative of the aggregate wage level is negative
and that of the aggregate unemployment rate is positive:

Z{,W=Q(1—U)(1—¢) Q 20
er,u =—qW° _Br)(l _¢)Qr <0,

while the partial derivatives with respect to the participation rate are not determined in
sign.

The derivative of equilibrium wage setting in region r with respect to the unemployment
rateis of crucia importance. From the implicit function

Wrc_izrr (ercaura[)]:WrC —uz; (V\/rc,ur,g]:o (18)

(-1
one obtains the partial derivative as

.
A MZr,ur

r )
ou, 1_“Zr,w,

(19)

A higher unemployment rate unambiguously lowers the outside option (er 4 < 0), and

hence the nominator is negative. Because the elasticity of the outside option with re-
spect to changes in the regional wage is smaller than unity, the sign of the derivative in
eg. (19) must be negative. In other words, the regional wage-setting curve is falling in
unemployment/wage-space. Analogously one can derive that all other variables driving
the value of the outside option upwards increase wage pressure. Other things being

18



equal, thisis the case for both variants of social security payments. The upshot of these
considerationsis

W =Wrc(ur,u, W€, q, q, B{,I§rr). (20)
(@ OO @@

Note that eg. (20) gives wages-setting in a static economy. If per capita income in the
economy grows at the rate of growth of technical knowledge, it can reasonably be as-
sumed that all variables relevant for wage formation grow at this rate in the long run.
Since from growth-theoretic considerations this rate must also be equal to the rate of
productivity growth, it is standard to introduce the level of productivity in the wage
equation.1? In logarithmic form one then obtains

wf0=a +H (ur.q x), (2
(AN

where %" collects ingtitutional and other exogenous variables.

3 MODELING REGIONAL ADJUSTMENT PROCESSES

In this section the basic dynamic relationships important for analyzing regional adjust-
ment processes are described. To keep the notation simple, the time index is omitted.
We start with participation and labor supply. Then the dynamics of regional unemploy-
ment and the wage-price spiral aswell asinter-regiona capital flows are considered.

3.1 Participation and labor supply

By definition, labor supply can bewritteninlogsas ¢, =g, +m, . Denoting  first
differences by a dot over the corresponding variable yields for the growth rate of labor
supply®

17 See, for instance, Nickell et al. (2000).
18 Throughout the paper growth rates are approximated by log differences.
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lp = +1iy. (22)

With no natural population growth log changes of the potential labor supply m are
equal to minus the net (out-)migration rate which can be defined from eq. (9) as

my =-[Q, (J-Q(0]:= -0 (F},crm,cm). (23)
=) ) (D

Assuming that the substitution effect dominates the income effect, the desired participa-

tion rate depends positively on the expected income on the labor market relative to the
“non-work” social security level B, :

f =6k (wf.up b B ). (24)
6 6O

The corresponding dynamic adjustment process for the log participation rate is

6 =& a (O-a |. (25)
A log-linear approximation of eg. (24) together with eg. (25) gives

Gr = =810 + &0 —&3ur + X7, (26)

where x{ collects the influence of exogenous structural variables affecting the partici-
pation decision like social and unemployment assistance.1® To derive an equation that
fitsinto the other elements of the model one has to consider the wedge between the con-
sumption wage being relevant for wage setting, participation and migration and the
product wage being relevant for price setting and labor demand. Let the log wedge be
described by

O =W -W =pf—pr. (27)

Using this equation the dynamic participation relationship reads

19 The parameters are defined to be positive.
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G =10 +52(wr -p ) +&50; —&3u, +xJ. (dynamics of participation) (26)’

Inserting eg. (23) and eg. (25) into eq. (22) yields an expression for log changes in labor
supply 3
=g O-a -0 (F. D with 0 o 28)
r r r r 6F

Considering the variables that determine the difference in expected utility one obtains:

O =0 (ur We,u, W, B B (29)
#H (OGO

After collecting structural variables as well as those being determined outside the region
inanew variable x"and using alog-linear approximation, eq. (29) simplifiesto

1nQ, =wu, —w,we +x™. (30)

Since the effect of unemployment and wages from participation and out-migration goes
into the same direction, log changes in labor supply can be written as

ér =_(E3+(*2L) uy +( Ez+(@)wf -§ 0 +XFq —X{n, (31)

or,

ér = MU, +)\2(WIr - pr)+>\29r -&10 +xf ) (dynamics of labor supply) (31)’

Hence changes in labor supply of region r depend negatively on the level of the unem-
ployment and participation rate, and positively on the level of the real wage in that re-
gion. A closer inspection of the exogenous variables shows that a higher unemployment
rate as well as lower wages outside the region exert a positive effect on regional labor
supply. Lower socia standards outside the region, whether related to wage replacement
payments or social assistance, increase the regional labor supply as well. The effect of
social assistance in the home region, however, is ambiguous. On the one hand it clearly
lowers participation, but on the other hand it hel ps to dampen out-migration.20

20 It should be noted that the model here does not take into account selectivity effects that come into
play if persons with special characteristics migrate because of differencesin the social security levels.
Thisissueis subject of anumber of papers, see, for instance, Krueger (2000), Bertola (2000).
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3.2 Unemployment

The standard log-linear approximation for the unemployment rate?l can be written in
dynamic form as

U = 0r -1 . (32)
From the price-setting equation (5) one obtains

= -o(w, —pr)—l‘TC’aIr +(0+1_T0)yl’ +c(x +er“). (33)
With re-defined parameters the dynamic adjustment process can be written as

e =v(nf=ne ) = -vine +vaye - v - ) (v - v
where x' := -v,0%P, or, after substituting for the employment variable

e =v(nf=ne ) = v (r =ur) +vaye —vs(we —pr) (w2 —w)ar + (34)

with v; <1, v2:=v1(0+1'T°) and v3:=v40. Hence v, >v3 aslong as o<1. Note that

under constant returns to scale (h=1) the parameters vy and v,are equal.

Inserting eg. (31) and eg. (34) into eg. (32) and considering the wedge between the
product and consumption wage then yields

U ==(A +Vp) Uy +()\2 +V3)(Wr - pr) +V e VoY =10 +(V2 _VS)ar + (35)

+Ao0, + X (dynamics of unemployment)
with x .= x/ -x".

It turns out that the dynamic development of unemployment depends positively on the
level of rea wages and the active population, and negatively on participation and pro-

21 Note that, in contrast to the other variables of the model, the unemployment rate is not measured in
natural logarithms.
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duction. Note that the unemployment generating effect of rea wages stems from two
sources. While labor demand shrinks, higher real wages lead to positive impulses on
labor supply via participation or migration.

3.3 The wage-price spiral and aggregate demand

As outlined in the previous section, wage setting is determined by consumer price infla
tion, the general productivity trend and specific factors that are captured by the function
H (0. If the consumption wage w, - pf =w, —p, —g, falls below the target value given

by a, +H ()}, wage pressure in region r starts to rise, i.e. W >0, and vice versa.22
Hence

W =n(ar+H(urvqram_(Wr ~Pr _gr))’ (36)
*)
or, in alog-linear version
W = -y (W = pr ) +mu(ar +9r) — Moty —ngay +%, (dynamic wage setting) (36)’
An analogous reasoning holds for price setting. Define a function

Gy, yr,ny, 0= _%ar +(1+%) Yr _%nr +X +e

such that the desired price level can be written as
prD:Wr _G(arervnr’[)] (37)

If G([jfalls short of the regional product wage w;, - p, , the regiona price level will

tend to increase;

Pr ZV((Wr _pr)_G(areranra[)])- (38)
(+)

Using u, =/, —n,, oneobtainsin alinear specification

22 Here and in what follows, adot over avariable stands for the first derivative with respect to time.
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Pr =vi(W = Pr) =VaYr +Va(4r —Ur ) +(v2 —v1)a +xP (dynamic price setting)  (38)

with y1<1,V2:=yl(1 +1r:7°),y3:=%and xrp:=y1(irp+sP), where ¢P stands for any

other exogenous influence on price setting. Note that y, >y, if o<1 and that under
constant returnsto scale y, =vs.

It has to be stressed that in the model with monopolistic competition, - once prices and
wages have been settled, - production is determined by demand. As outlined in sec-
tion 2.2, the demand in region r depends on the relative prices and the size of the region
(or the number of firms) among others. It is reasonable to assume that the number of
firmsis proportional to the size of the potential workforce in region under consideration.

The dynamics of regional production as driven by aggregate demand can then be de-
rived from eqg. (2) as

ere(dr_nrpr_(Yr_fr))1 (39)
(+)
or,
yp = _51(Yr —gr) -&p, +xF1| ) (dynamics of product demand) (39)’

Changes in the regional consumption price index are partly determined by the index of
tradables, and partly by changes in the price index of immobile goods and services. The
latter is a function of excess demand on the local markets for these immobile goods and
services. It can be assumed that at least partly the supply of these local goods isinelas-
tic. Hence the corresponding prices are mainly determined from the demand side. With-
out having a more elaborated theory it can be assumed that the regional per capita in-
come is the dominating factor. Neglecting inter-regional net income streams, the per
capita income can be approximated by per capita production. Hence we write the dy-
namics of the regional price wedge as

O =00 +{o (yr -/, ) +xJ. (dynamics of the price wedge) (40)
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3.4 Interregional capital flows and total factor productivity

The model outlined so far has neglected interregional capital flows. Capital flows, how-
ever, play an important role for regional adjustment processes. Without deriving the
corresponding relation more rigorously, we try here to sketch the necessary extension of
the theoretical framework to incorporate the factor capital.

Capita inflow into the region depends on differences in the marginal return to capital.
For a CES production function the marginal product of capital in units of regional prod-
uctsis

2 —fo-neta S [T 4

In a multi-regional context the real returns to capital have to be adjusted for
interregional price differences. If capital owners partly live outside the region then it is
the aggregate price level that counts. Moreover, the installation costs in case of invest-
ments depend on the price of immobile factors such as land which is also captured in
regional consumption prices. Therefore it is reasonable to approximate capital inflows
in log-linear form as?3

ke = Ka(¥r —kr) =(Kkp=1)& +Kapp —Kagy X (flow of capital) (42)

Furthermore, an important side-effect of investment should be considered. Capital in-
flowsinto aregion are typically related to new technology. New growth theory provides
arguments that investments exert a positive externality fostering total factor productiv-

ity. This can be modeled here as an influence of investment on the dynamics of the vari-
ableA :

a =-ma, + Tk +x2. (dynamics of total factor productivity ) (43)

23 Intheir famous paper Feldstein, Horioka (1980) have found that regional investment also depends on
the regional saving rate. Thisresult isin a certain contrast to the rationality of capital owners and free
mobility to capital. We do not consider this aspect in the context here.
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3.5 The complete dynamic model

In the previous subsections the dynamic model was completely described. The nine en-
dogenous variables can be grouped into three classes:

employment related variables:
potential labor supply ¢, , participation g, , the unemployment rate u; ;

wages and prices:

the nominal wage w; , the price index for tradable production goods p, and the
price gap between the production and the consumption wage g, ; these variables im-
plicitty —define the product and consumption wage: w,—-p, and

W = pf =W, —py gy, respectively;

capital, production and total factor productivity:
capital k., production vy, , total factor productivity a, .

In order to present an overview of the model all relevant dynamic equations are repeated

here:
W =g (W = pr ) +me(ar +9r) — Moty —ngay +% (dynamic wage setting) (36)’
Pr =ya(W = pr) —V2¥r +Va(fr —u ) +(v2—vi)a +xP  (dynamic price setting) (38)
Or = €10 +52(Wr ~Pr ) +E20r — &3ty + X7 (participation) (26)’
ér = =AUy +)‘Z(Wr - pr)+)\29r —&10r +Xr€ (labor supply) (31)’

26

U ==(A +Vp Uy +()‘2+V3)(Wr _pr)+V1£r —Vo Yy —&0r +(V2 _V3)ar +

(35

+ o0y + X7, (dynamics of unemployment)
Ve == (% —¢;) ~&Pp; +xﬁj (product demand) (39)’
O =00 +Lo(yr =0, )+ %2 (dynamics of the price wedge) (40)



ke =Ky(Yy =k ) = (Ko —1)a +Kopy —Kagy + XF (flow of capital) (42)
a =-Tja + Tk +x2 (dynamics of total factor productivity ) (43)

As has been pointed out, regional adjustment even under some “heroic simplifying as-
sumptions’ is a highly interdependent and complicated process.

4 SOLUTION OF THE MODEL

4.1 Long-run equilibrium and hysteresis

We now turn to the long-run equilibrium of the model. In long-run equilibrium wage-
setting and price-setting are mutually consistent, there is an equilibrium in the “battle of
the markups’. Hence the regional unemployment rate is on its quasi-equilibrium or
“natural” level u; . Moreover, there will be neither migration nor capital flows and par-

ticipation is constant. An important question is whether the steady state is unigque or not.
The dynamic model outlined in section 3 can be written in general form as
Xt =C x¢ +7;. (44)
If the transition matrix C has full rank, then an unique equilibrium exists:
er =C 1zr (45)

Otherwise the model shows hysteresis implications so that temporary shocks have per-
manent effects. What could be the sources of regiona hysteresis? An important element
is related to migration. The migration decision involves sunk costs. Once a person has
left the home region, the costs involved through migration are not taken into account in
further decisions. If migration was triggered by a severe adverse regional shock, the
effect of the shock remains, even if the shock fades out. There are other possible sources
of regiona hysteresis. For example the wage process can be based on insider decisions.
Once an insider has become an outsider, his weight in the wage-setting process might be
reduced substantially. Insofar as a severe recession increases the number of outsidersin
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this sense, atemporary shock can have permanent effects. Insider dominated wage deci-
sions, however, are not modeled here.

Of course, the possibilities for analyzing a complex dynamic adjustment process ana-
lytically are quite limited. We therefore argue for the use of a suitable empirical meth-
odology to determine the speed of adjustment for the various endogenous variables and
other parameters of interest. The basic idea in this context is to approximate the linear
differential equation system (44) by a system of difference equations. This can be
shown asfollows: A VAR approach with exogenous variables can be written as

A(L)x; :=(1 -AIL-ALL% - -A pr)xt =g, (46)

where A(L)is a suitable matrix lag polynomial of order pand & is a vector of distur-
bances (representing exogenous influences here). In case that A(L) can beinverted

A standard re-formulation of eq. (46) gives

p-1
Axp = ~AQD X1~ ) Gidxy +g (47)
i=1

with

where A ; is the coefficient matrix of lag jin A(L).24 Such a system can suitably esti-

mated by a the method of vector autoregressions (VAR). To take account of the possi-
bility of arank deficit in the transition matrix, a VAR approach for integrated and coin-
tegrated variables should be used.2> To check the number of non-zero eigenvalues of
the transition matrix —A(l) , it is possible, in principle, to apply the well-known rank test
developed in the cointegration literature.26 For a single data set, this technique is suffi-
ciently elaborated. The use of regional panel data sets, however, still poses some meth-
odological problems. Recent developments in this field give hope that the remaining

24 Note that for p=1 the second term on the right-hand side of eq. (47) vanishes. In this case eqg. (47)
gives the direct discrete analogon to the linear system of first-order differential equations of eq. (44).
The reason to choose the more general formulation of eg. (47) is that it allows more flexibility for
modeling the adjustment process.

25 To reduce the number of integrated variables one can use the regional variables as deviations from
the corresponding aggregate ones.

26 Seefor ain-depth description of this test and the corresponding methodology Litkepohl (1991).
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problems will be solved in the near future. Then a powerful instrument would be avail-
able to study regional adjustment dynamics empirically on a sound econometric basis.
The analytical results obtained in the present paper could then be checked quantita-
tively.

4.2 A special case

In order to get an analytically tractable model we consider a special case. Let us neglect
the fact that participation is endogenous. The difference between consumption and
product prices will be disregarded and no capital flows are allowed. This yields the fol-
lowing ssmplified model:

W =g (W = pr) —nouy +% (dynamic wage setting)  (36)’”
Pr =va(We = pr) = VaYr +va(fr ) + %P (dynamic price-setting) ~ (38)"”
Ve == (% —¢¢) ~ &Py +xﬁ1| (demand for goods) (39)

U = =M +v)uy +(Ap +V3) (W —pp) +Vi 0 Vo yp +X7 (unemployment)  (35)’
ér = =MU; + Ao (W —py) +xf , (potential labor supply)  (31)"’
where xP = —yl(x +er”) and X = x +\;—ioxrp

In matrix form one obtains

Xpt =Cxpp +2p ¢,

or,
A
W - M 0 -np 0w |
br Vi e s 1 R R
Ve [=| O ) -9 0 q | Y |*] XY (48)
U | [A2*vs —(Az+va) —vz —(M*vi) v flue | |y
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The determinant of the transition matrix is
€| =v18; (NoA + A o) (V- vy) . (49)

With all parameters being positive and h#1(implyingv, Zv, and y, #y3) it follows
that eg. (48) has a unique steady solution according to eg. (45). Hence there exists a
well-defined relationship between the set of exogenous variables and the equilibrium
dependent variables. After a temporary shock in one of the exogenous variables, the
system re-adjusts to the initial steady state. Depending on the eigenvalues of the transi-
tion matrix C, however, this could rather be a time-consuming process.

The situation is qualitatively different under constant returns to scale (h=1). In this
important specia case, the transition matrix shows a rank deficit. Hence the solution of
the system is path-dependent. This means that the steady-state solution of at least one of
the endogenous variables depends on the initial shock which implies that a temporary
shock can have a permanent impact. Let us consider the situation in more detail. In-
spection of C reveasalinear dependency between the third and fifth column. Applying
the solution technique outlined in appendix 4, it turns out that the equilibrium for the
regional wage and price variables as well as for the unemployment rate is not affected
by theinitial conditions.

Define % :=x; 1 —x, o, Where the two vectors on the right-hand side denote the new and

theinitial steady-state. The solution shows that
Py =W =0, =0, whereas y, 20 and 7, #0. (50)

Hence regional production or income as well as the potential labor force are “hysteresis
variables’. Moreover it turns out that in equilibrium the deviation from the initial
steady-state solution for these variables, - expressed by the corresponding elasticities, -
isidentical. After some simple but tedious algebra one obtains more specificaly:

oy a9k
r_— r =0
MW.o W9

(51)

oy ok
yr =T = 0’ﬂ >0 (52)
o Opro Y1
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oy ol

r —_—r =0 (53)
o0 9o
oy, _ 0t _
5 =TI = (54
Uo U g
oy, _ 0t _
= =1. (55)
0,09 0

Severa points have to be stressed: First, the result implies that per capita income
y; — ¢, and productivity y, —n, are not influenced by temporary shocks. The results are

thus compatible with conditional B-convergence.2” Second, temporary shocks in pro-

duction (demand) have no long-run impact on any of the endogenous variables. Hence
in this respect the model shares the neutrality property of the “structuralist” labor mar-
ket model.28 Third, the variables indicating the economic power of the region (overall
workforce and production) are subject to hysteresis effects. It must be pointed out, how-
ever, that no external effects like, for instance, the possible disutility from a higher
population density are modeled here. Fourth, temporary wage-shocks have no long-run
effects. By contrast, an initial shock in the price variable causes such an effect on pro-
duction and labor supply. According to the results here, the possibility to impose higher
prices for a certain period of time fosters the economic development of the region. The
magnitude of the long-run impact on the region’s domestic product and workforce in-
creases with the elasticity of substitution. A higher price level reduces the real wage in
production units. This triggers employment growth especially if the elasticity of substi-
tution is high. The overall effect is the stronger, the slower prices adjust to the new
equilibrium level (y;low) and the more flexible are changes in employment (v4 high).
Fifth, the elasticity of the workforce in long-run equilibrium with respect to an initial
shock in unemployment and labor supply is minus and plus unity, respectively. Con-
sider, for instance, a one per cent increase in unemployment caused by exogenous rea-
sons. With all adjustments being completed, unemployment is back to its original level
but the workforce has declined by one per cent. Since in the simplified model participa-
tion is constant, this implies that the full burden of adjustment is borne by
(out)migration. As a consequence production is reduced by the same relative amount.

27 SeeBarro, Sala-i-Martin (1991), (1992).
28 For arecent survey see Beildinger, Moller (2000).
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Thisis mirrored by a situation where the labor supply increases by one per cent. In this
case the adjustment is through the creation of new employment and increasing demand.

S CONCLUSIONS

The starting point of the analysis here is the observation that under the typical institu-
tional environment of European economies, regional adjustment processes in response
to idiosyncratic shocks are sluggish. Given that the success of the European Economic
and Monetary Union in the medium and long-run critically depends on the capability of
regional economies to absorb changes in their specific economic environment, it is re-
quired to investigate the corresponding adjustment dynamics more in detail.

The response of a regional economy to shocks has numerous facets. Even under some
heroic simplifications the model shows a considerable degree of complexity. The theo-
retical framework used here is that of monopolistic competition. To adopt this leading
macroeconomic approach to the regional context, several modifications and extensions
are necessary. In our view this gives some new insights into the functioning of a highly
interactive intra- and interregiona system. Among others, it is shown that the outside
option as an important determinant of wage-setting depends on the possibility to mi-
grate. This creates an interdependency with variables and institutional conditions in
other regions that are important for the migration decision. Through its influence on
labor supply and unemployment, migration feeds back to regional wage setting.

The analysis of regional adjustment dynamics reveals several other specific features. A
crucial aspect is whether or not the process of regional evolution involves hysteresis. In
a technical sense hysteresis or path dependence occurs if the transition matrix in the
dynamic system describing regional adjustments exhibits a rank deficit. In this case
temporary shocks have an impact on the long-run equilibrium of at least one of the en-
dogenous variables. Thisis not the caseg, if the transition matrix can be inverted.

The specific dynamic system can be derived from the theoretical framework and log-
linear adjustment hypotheses. For a special case we analyze the dynamic implications of
the model more closely. It turns out that under the assumption of constant returns to
scale, the constellation of parameters in the transition matrix gives rise to hysteresis.
From the inspection of the steady-state solution it follows that the equilibrium values of
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wages, prices and unemployment are not affected by the initia conditions. Hence the
exogenous variables and model parameters uniquely determine the equilibrium values
of these endogenous variables. Regional production and the potential labor supply,
however, are influenced by the initial conditions and, therefore, by temporary shocks. In
other words, these variables are path-dependent under the given assumptions. More spe-
cificaly, it can be shown that temporary shocks in the price level, in labor supply and
unemployment can affect the economic power of the region in the long run, while tem-
porary wage and production (demand) shocks are irrelevant in this respect. A further
important result concerns the long-run elasticities of production and labor supply with
respect to a temporary labor supply or unemployment shock. The numerical values for
these elasticities are plus and minus unity, respectively. This means that the burden of
adjustment in case of an unemployment shock entirely relies on migration, while in case
of alabor supply shock, the adjustment works through the creation of new employment
and production. It seems economically plausible that the long-run impact of atemporary
price shock on production and the regional workforce depends on the elasticity of sub-
stitution and the relative magnitude of inertiain price-setting and labor demand.

Of course, the possibilities of analyzing a complex dynamic adjustment process anal yti-
cally, are quite limited. We therefore argue for the use of a suitable empirical methodol-
ogy to determine the speed of adjustment for the various endogenous variables and
other parameters of interest. The basic idea in this context is to approximate the linear
differential equation system by a system of difference equations. Such a system can
suitably estimated by a the method of vector autoregressions (VAR) with integrated and
co-integrated variables.
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APPENDI X



Appendix 1: Thedifferencein expected utility between two regions

With a superscript r indicating real values of the corresponding variables one obtains for
the difference in expected utility for living in- or outside of regionr :
F=FR-F=1-u)q qJ(Wrr) -(1-u)q ¢’(Wr) U O ‘I(Brr) uq ¢(Br)
+(1-q) (Bf ) - -a) ®[B" ).

Define G, :=u, —u or u=u, —d, and the same for W', B, B and g, .

(A-1)

Substituting in eg. (A-1) yields

Fo =(-u) o (W)~ -y, +0,) (o ) ow')

+ur o ®(Bf ) ~(ur ~0) (r ~6) @(B") +0 o) B ) L o ) 4E"),
or,

¢ =amura ol ) -ofw|] s oft) )] 4
| () ~o(E" )| ol ofw') ~afer)ar + (A2
ol a-wofwr) ru ofer) -ofE ) Ja-
Linearization of the first term in brackets gives
ofo J-ofu)- oy o ~a
where W' = o.5(vvrr +wf) . Using an analogous transformation for the second and third

term in brackets leads to

F=0-u)g @ ( )W +urqrqj(|§r)|§r H(Lar) ¢ (:)

By
(A-4)
-a| ofwr)-ofe") o +|@-u) ow') e ofe) (&) Ja
or, in case of risk neutral agents
Ifr :(1_Ur)QrWrr +Ur Qréllrr +(1 _qr)a:r _Q[Wr _BrJGr (A-5)

+ (@-u)W" +y B" B |

where B" comprises the monetary equivalent of the value of leisure.
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Appendix 2: Utility Maximization of the Monopoly Union

The expected utility of arepresentative worker is

Z =k _(*)r'fr =F _Q('frvcrm)Fr’ (A-6)

where

R =@-u) o (W) +ur o o(Bf) +1-q,) B and

F=F -F with F =(1—u)q<D(Wr)+Uq q’(Br) "'(1 —q) (I(gr).

Let the variables B" and Bf comprise the monetary equivalent of the advantages of not

participating (i.e. the value of extra leisure, the absence of disutility of work or being
available to the labor market etc.). For the first order condition to be met, it is sufficient
to set the derivative of expected utility in region r with respect to the nominal wage
equal to zero. Assume that the utility maximizing participation decision of households
conditional to the wage rate has already been taken. Then by applying the envelope
theorem the aforementioned derivativeis

oF,
oW’

=0 (1—ur)¢'(vvr“) -qu'r["’(Wrr) ‘“)(Bfrﬂ '

r
Using the elasticity &, :=u, " yields
u

r

(W )-ogf)

oF, nor
=g s @-u )P (W | -u (A-7)
oW r r ( r) r& W
From the definition of the unemployment rate
uy ::_’]_—M/PL) (A-8)
L (W /R)
one obtains
LN
Uy :_LrNr'—erLr' L N (A-9)
oW, L2 L
Nr

A2



By introducing the real wage elasticities of labor demand and supply

oN, W' oL W
- — and g :=
aer’ NI’ OWr I—

the real wage el asticity of unemployment can be written as

_ou W _1-u, _1-uy;
= L = ey +g )= +e, +
ow" U U (e +a) Uy (EN : ﬁv')

&y
and hence
urgy =(1- ur)(sN + & +qv,).

Substitution into eg. (A-7) yields

:\; =g (L-up)| @ (W) (e + +a) qj(wr\)N:qu(Br)

Using thefirst order condition gives
W (W) ~(en v+ )| @i ) -ofe ) 0.

For the optimal real wage one obtains with 1:= ®'W;' / @ (V\/rr ) ;

| 1
W =0 o[B8}
1—T(£N +teqtey )
In the special case of risk neutral agents egq. (A-12) can be smplified to

1

1-(en+eq +ou)

W' = By .

(A-10)

(A-11)

(A-12)

(A-13)
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Appendix 3: Maximizing the Nash-Product

The outcome of the bargaining process at the firm level can be described by maximizing
the Nash product (leaving aside the index for the region):

max =6In©(W",2" ) +(1-In MW", R| (A-14)
WI’

As afirst order condition one obtains

U !

© M
80— +(1-6)— =0 A-15
o +(1-8 1 (A-15)
o n' _— Y . .
Let eg:=——and e := ——— be the elasticities of union’s utility and firm’'s profits
ow' nw'’

with respect to the wage. Then it follows from eq. (A-15)

Beg +(1-6) gq=0 or fo 178 (A-16)
€n 0

Hence in the optimum the wage elasticities relevant to unions and firms are inversely
related to their bargaining power.

As defined in the main text, the utility function of arepresentative union is

o= NV[Wr —sz . (A-17)
The derivative with respect to the wage rate is
' N for or r'
o = yNVN—(W -7 ) +N V(l Z ] (A-18)

Hence

or,
erWr (l_zr .)Wr
€0 = =-ygy H———. (A-19)
C) wh-z'
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Correspondingly it followsfrom M :=Y -WN -RK that

N _Y-N-W'N -R'K

M Y -W'N-R'K

(A-20)

(YN IW' —l)sNa +(YK /R —1) exB+a
W' (1-a-p) '

Define k:=(n-1)/n asan indicator of competition on the goods market, where n isthe
elasticity of demand. Optimal factor demand implies W' =Yy and R" = kY . Together
with

Y_N:Y_K—]_: K_l -1 :i (A'Zl)

w" R n-1
the wage elasticity of profits can be derived as

~_w" _(n ~1)H(ena+egB) +a

wt = o ap (A-22)
In the special case of perfect competition (n - «) on goods markets one has
n'w' a
= - = A-23
fnw’ N 1-a-p (A-23)

Note that profits are more sensitive to wages if the degree of competition on goods mar-
kets decreases.

Let y=1, assume perfect competition of goods market, a Cobb-Douglas technology and
Z" =0. Then as abenchmark case

Wr:G‘l‘e(l_G_B)Zr =|:1+e(1_a_B):|Zr (A'24)
o o
For the genera case one obtains
-1
1-2" 1-7" | Z
W' =|1- _ f=|1- 2" =—— 7" =uz", (A-25)
vey +1L8)(K+a) { ¢ } Z-(1-2")
N
8(1-a-p)
where k= (n-1)""(ena+£xB) is an indicator for market power of firms on the goods
markets and
B (1-6)(x+a)
Z-_ysN + 6(1—0(—[3) .
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Appendix 4: Solving a dynamic system with arank deficit of the transition matrix
Consider adynamic system of the form
Xt =C Xt . (A-26)

It is assumed that the matrix C exhibits arank deficit. Let the variables collected in x be
sorted so that in the partitioned system

X1t :[Cn C12] X1t (A-27)

X2t C21 C22 Xot
the matrix C44 has full rank, while the columns of C;, und C,, can be represented
with a suitable chosen matrix F as

ClZ = CllF and C22 =021F (A-28)

From
_~-1f, _

Xqt _Cll(xli ClZXZt) (A-29)
and

Cg —C1C11Cyp =0 (A-30)
follows that

X =D Xy, where D:=CxCii . (A-31)

Integration of eg. (A-31) yields

Xt %0 =D (Xlt ‘Xlo) (A-32)
In the steady state it must hold that

X1 = ~C1iC1o%7 (A-33)

and
X*2 = G_lXZO —G_lD X10» (A'34)

where G:=1+DC1i Cy,.

Using eg. (A-33) also the equilibrium solution for x; can be easily calcul ated.
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