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1. Introduction

The study of estimating a single structural equation in econometric models has led
to develop several estimation methods as the alternatives to the least squares estimation
method. The classical examples in the econometric literatures are the limited informa-
tion maximum likelihood (LIML) method and the instrumental variables (IV) method
including the two-stage least squares (TSLS) method. See Anderson, Kunitomo, and
Sawa (1982) and Anderson, Kunitomo, and Morimune (1986) for their finite sample
properties, for instance. In addition to these classical methods the maximum empirical
likelihood (MEL) method has been proposed and has gotten some attention recently
in the statistical and econometric literatures. It is probably because the MEL method
gives asymptotically efficient estimator in the semi-parametric sense and also improves
the serious bias problem known in the generalized method of moments (GMM) method
when the number of instruments is large in econometric models. See Owen (2001), Qin
and Lawless (1994), and Kitamura, Tripathi, and Ahn (2001) on the details of the MEL
method.

In the econometric literatures the generalized method of moments (GMM) estima-
tion method has been quite popular in the past two decades. The GMM method was
originally proposed by Hansen (1982) in the econometric literature and it is essentially
the same as the estimating equation (EE) method proposed by Godambe (1960) which
has been used in statistical applications. This approach has an attractive feature that it
has rather broad applicability and it is easily implemented in econometric analyses. It
has been known that both the MEL estimator and the GMM estimator are asymptoti-
cally normally distributed and efficient when the sample size is large. Because we have
two semi-parametric estimation methods for econometric models and they are asymp-
totically equivalent, it is interesting to make comparison of the finite sample properties
of alternatives estimation methods.

The main purpose of this study is to give the asymptotic expansions of the distribu-
tions of a class of semi-parametric estimators for the coefficients of a single structural
equation in the linear simultaneous equations system. The estimation methods under
the present study include both the MEL estimator and the GMM estimator as special
cases. Since it is quite difficult to investigate the exact distributions of these estimators
in the general case, their asymptotic expansions give useful information on their finite
sample properties. In this paper the asymptotic expansions shall be carried out in terms
of the sample size which is proportional to the non-centrality parameters. Comparisons
of the distributions of the MEL and GMM methods can be made based on the results
reported in this paper and they have been reported partially in Kunitomo (2002), and
Kunitomo and Matsushita (2003). Our formulation of this paper is intentionally par-
allel to the classical studies on the single equation estimation methods in the linear
simultaneous equations by Fujikoshi et. al. (1982) and Anderson et. al. (1986). It
is mainly because the interpretation can be drawn in the light of past studies on the
finite sample properties of estimators in the classical parametric framework.

In Section 2 we define the single equation econometric models and their estimation
methods. Then in Section 3 we give the stochastic expansions of a class of estimators. In
Section 4, we give the results of the asymptotic expansions of the distribution functions
of estimators under a set of assumptions on the disturbances. Then we shall briefly
mention to the asymptotic bias and mean squared errors of estimators in the more



general case and some discussions on the use of our results in Section 5. The proofs
of Lemmas and Theorems and some useful formulas for our results will be given in
Appendices.

2. Estimating a Single Structural Equation by the Maximum Empirical
Likelihood Method

Let a single structural equation in the econometric model be given by
(21) Y1i :h<y2iazli70)+u’i (Z: 17"'7’”’) )

where A(-, -, ) is a function, y1; and y9; are 1 x 1 and Gy x 1 (vector of) endogenous
variables, z1; is a K1 X 1 vector of exogenous variables, § is an r x 1 vector of unknown
parameters, and {u;} are mutually independent disturbance terms with E(u;) =0 (i =
1,---,n).

We assume that (2.1) is the first equation in a system of (G + 1) structural equations
relating the vector of G1 + 1 endogenous variables y; = (yli,y/%) and the vector of
K (= K; + K3) exogenous variables {z;} which includes {z1;} . The set of exogenous
variables {z;} are often called the instrumental variables and we have the orthogonal
condition

Because we do not specify the equations except (2.1) and we only have the limited
information on the set of instrumental variables (or instruments), we only consider the
limited information estimation methods.

When the function A(-, -, ) is of the linear form, (2.1) can be written as

(2.3) i = (Yss Z30)( 5 Vru (i=1,,n),

where §' = (3',~) isa 1xp (p = K1+G1) vector of unknown coefficients. Furthermore,
when all structural equations in the econometric model are linear, the reduced form
equations for y; = (Y14, y/m) can be represented as

(2.4) yi =Mz +v; (i=1,---,n),
where v; = (v14, vy;) is a 1 x (1 + G4) disturbance terms with E[v;] = 0 and
(2:5) I = (m;, )

is a (1 + G1) x K partitioned matrix of the linear reduced form coefficients. By multi-
plying (1, —3') to (2.4) from the left-hand side, we have the linear restriction

(2'6) (17 _/8/)1_[/ = (7/7 0 )

and U; = V14 —ﬁ/VQZ' (Z = 1,"',??,) .
The maximum empirical likelihood (MEL) estimator for the vector of unknown
parameters 0 in (2.1) is defined by maximizing the Lagrange form

/

n
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where p and A are a scalar and a K x 1 vector of Lagrange multipliers, and p; (i =
1,--+,n) are the weighted probability functions to be chosen. It has been known (see
Qin and Lawles (1994) or Owen (2001)) that the above maximization problem is the
same as to maximize

(2.8) L,(\0)= Zlog{l + 'z [y1: — h(y2i, 214, 0)]} ,
=1

where we used the conditions 1t = n , and
(2.9) [pi] ™t =1+ Nailyn — h(yai, 21, 0)] -

By differentiating (2.8) with respect to A and combining the resulting equation with
(2.9), we have the relation

(210) szzz ylz - h<y217 Z14, 0)] =0
=1
and
S NS p2 (i 1L N
(2.11) A= [szuz (0)ziz;] [n Zuz(ﬁ)zz] ,

where uz(é) = y1i — h(y2i, 21, é) and 6 is the maximum empirical likelihood (MEL)
estimator for the vector of unknown parameters 6 . From (2.8) the MEL estimator of
0 is the solution of the set of p equations

A~

e A~ oh ir2Z ive .
(212) by Zpizi[_%] =0 (] — 17 .. .’p) .
i=1 J

When the structural equation of (2.1) is linear, the MEL estimator of the vector of
coefficient parameters ' = (ﬁ/, *y/) can be simplified as the solution of

n

(213) S A pr @] S
=1 =1
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If we substitute 1/n for p; (i = 1,---,n) in (2.13), then we have the generalized method
of moments (GMM) estimator for the vector of coefficient parameters 6 = (8',7),
which can be written as the solution of

n ) L1 ) ) 1
Z( Zfl )Zi][gZui(e)inzi]_l[EZzi Y1i]

=1 i=1 ~
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where 6 is an initial (consistent) estimator of # . (See Hayashi (2000) on the details of the
GMM method in econometrics, for instance.) By generalizing the weight probabilities
pi (i=1,---,n)in (2.13), we can introduce a class of estimators. Let

1

n[l+ 6 XNzu;(0)]

(2.14) E

(2.15) P =
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where ¢ is a positive constant (0 < § < 1) and 0 is the MEL estimator of § . Then we
define the modification of the MEL estimator (the MMEL estimator) by substituting
pi (i =1,---,n) into (2.9)-(2.11). We shall denote the resulting Lagrange multiplier
and the modified estimator as A and 6 whenever we can avoid any confusion.

In the rest of the present paper we shall consider the standardized error of estimators
as .
(2.16) é:\/ﬁ(@_ﬂ),

Y=

where §' = (B/, ‘y/) . We sometimes denote € for the MEL estimator and its modification
as épr, and €*, respectively, in order to avoid some confusion.
Under a set of regularity conditions, the asymptotic variance-covariance matrix of the
asymptotically efficient estimators in the semi-parametric framework is given by

(2.17) Q '=D'MC 'MD,
where
, 1S
(2.18) C= phmn_wog Zziziui
i=1
and
I,
(219) D = .8 ).
1 & /
(2.20) M = plimnamgz:zizi.
i=1

When the disturbance terms are homoscedastic random variables such as an i.i.d. se-
quence, then we have C = ¢>M and E(u?) = o? . We assume that the (constant)
matrix M is positive definite, and the rank condition

(2.21) rank(D) =p (=G + K) .

These conditions assure that the limiting variance-covariance matrix @ is non-degenerate.
The above rank condition implies the order condition

(2.22) L=K-p>0,
which is called the degree of over-identification in the econometric literatures.

In order to compare alternative efficient estimation methods in the finite sample
sense, we need to derive the asymptotic expansions of the density functions of the
standardized estimators (2.16) in the form of

1 1 1
(223) 6) = 6O 1+ Z=H1() + THa(€) |+ o().
where £ = (&1, -+ ',£p)/, $q(&) is the multivariate normal density function with mean 0

and the variance-covariance matrix Q , and H;(£) (i = 1, 2) are some polynomial func-
tions of elements of £. In order to derive the asymptotic expansions of the distributions
of estimators in a simple manner, however, we need a set of regularity conditions.



Assumption I :

(i) The sequence {u;} are i.i.d. random variables which have the positive density with
respect to Lebesgue measure with E[|u;]|®] < oo and E[||v?u}] < oo .

(ii) The matrix M is positive definite and the rank condition in (2.21), where

1S 1
(2.24) ~ > ziz; =M+ op(g) :
=1

(iii) The sequence of z; = (zz(j)) (i=1,---,n;5=1,---, K) are independent of u; (i =
1,--+,n) and there exist finite M3(j1, j2, j3) and My(j1, jo2, Js, ja) such that

1 (1) G2) (G L 1
(2.25) =3P = My, g, ) + op( =)
=1

n

1 . . . .
(2.26) =57 20002080 00 = My(jr, G, sy a) + Oyl

2
ni4 V'

The conditions in (ii) and (iii) of Assumption I are rather strong and it is possible
to weaken them. Then the resulting formulas and their derivations become more com-
plicated than those reported in this paper while the essential method of derivations will
not to be changed. We can treat both cases when {z;} are deterministic and stochastic
and also it is possible to replace the independence assumption with {u;} by using a
martingale assumption on the random vector sequence of » i ; z;u; . In order to use
the inessential arguments, however, we mostly treat {z;} as if they were deterministic
variables.

We shall use the mean operator AM, (é), which is defined as the mean of & with
respect to the asymptotic expansion of its density function of the standardized estimator
up to O(n~!) in the form of (2.23). We write the asymptotic bias and the asymptotic
MSE of the standardized estimator by

(2.27) ABIAS, (e) = AM,(e),
and
(2.28) AMSE,(é)=AM,(ee).

These quantities are useful because the asymptotic expansion of the distribution of
estimators are quite complicated in the general case. However, it should be noted that
they are not necessarily the same as the asymptotic expansions of the exact moments
and some care should be taken in this respect.

3. Stochastic Expansions of Estimators

3.1 Stochastic Expansions

First we apply the similar arguments used in Owen (1990) and Qin and Lawless (1994)
on the probability limits and the consistency of the MEL estimator. Then we have
np; 2, 1, 0L EN 0o, (6o is the true value of §) and /nA converges to a random vector



as n — oo .

In the linear case we substitute (2.16) into (2.13) and we have the corresponding
representation of the standardized estimator € as

n 1 >
(3'1) Z y2l szuz l[ﬁ ;Zzuz]
= }’2 1 L ’ /
Z ' szuz l[gzzi(y%vzli)]é )
i=1 i=1

where we use the notation 6 for éEL without any subscript whenever we do not have
any confusion. As n — oo, we write the first order term of € as eg, which is given by

n n

/ 1 / 1 /
(32) & = [D (plim;Zzzzz phm Zzz ! (plim EZzizi)D]_l
i=1 i=1
n n n

phm?ll Z zzz; )(plim Z ziz;u? é Z Zil;)

The probability limits and the random variable on the right hand side of (3.1) have
been defined properly because the matrices M and C are non-singular and D is of full
rank by our assumptions. By using the central limit theorem (CLT) to the last term,
we have the weak convergence

(3.3) & L N,(0,Q)

where a p x p matrix Q has been defined by (2.17) and %, means the convergence of
distribution as n — oo . Also as n — oo we notice that

1 n ~ n ! !
NG Z z;iu;(0) = - Z 2i(Y9;, 21;)€]
i=1

@.
I M:
5
5

“ / 1
E z;z;)Dé+ Op(—=) .
= Vn

Then by utilizing the representation of (2.11) for A , we have

1
n

'MS

s
I
_

Bl

(3.4) VA= =0,

where

/ / 1 "
Ao = C,?[Ix — C,'/*’M,D(D'M,,C,'M,D)"'D Mnc;l/Q][c;l/Q—\/_ > ziuj]
nx
i=1

. !
and we denote K x K matrices M,, = %Z?:l z;z; and

1 < /
(3.5) C,= - > uiziz; .
i=1

The random vector

1 n
(3.6) X, = Tn ;zu



converges to Ng(0,C) by CLT, and M, LM, C, % Casn — +o00, where C
is given by C = lim,, 0o 37, Elu?z;z;] , which is the same as (2.18). We note that
the limiting distribution of B,, = C™1/2X,, is given by Ng(0,If) . Hence we have the
convergence
and the projection operator is defined by

Pr=1x —EEE)'E,
which is constructed by a K x p matrix E = C~/2MD . Its sample analogue E, =
C;UQM”D L. Easn — +00.

The method we shall use to derive the asymptotic expansion of the density function
of the standardized estimator € is similar to the one used in Fujikoshi et. al. (1982)
and Anderson et. al. (1986). We shall expand € by the perturbation method in terms

of the random variables X,, = (Xq(zj)) Y, = (Yn(jk)) in (3.21) and

1 /

i=1
where we define p x 1 random vectors
(3.9) wi = (v, 0) — qu;
and
a= 5Bl il

Then if E|u®] < oo for s > 3, we can take a positive (bounded) constant ¢, (1,n)
depending on n which satisfies

s—2

(3.10) P(|| X, > [(s — 1)An(1) logn]?) < ¢q(1, S)M :

(logn)*/
where A, (1) as the maximum of the characteristic roots of M,, . Also for the ran-
dom variables Y,, and U,, we can take positive constants ¢, (i,s) (i = 2,3) and sim-
ilar inequalities for s > 3 under Assumption I. These arguments on the validity of
the asymptotic expansions of random variables have been given by Bhattacharya and
Ghosh (1978) for the i.i.d. random variables sequence. They can be easily extended to
the present situation while their derivations and resulting explanations become quite
lengthy, however, we omit their details. The validity of the asymptotic expansions
based on the inversion of the characteristic functions, which will be utilized in Section
4 of this paper, was also briefly discussed by Fujikoshi et. al. (1982). In the econo-
metric literatures the asymptotic expansion method has been previously discussed by
Sargan and Mikhail (1971), and Phillips (1983), for instance.

By expanding (2.13) and (2.16) with respect to eg, formally we can write

A - 1 1 1
(3.11) €= ¢+ [eo — & +—e1—|—geg—|—op(g) ,

n



and

. 1 1 1
12 A=A\ —A —A —
(3.12) vn o—l—\/ﬁ 1+n 2—|-Op(n),

where we denote
! ! 1 n
(3.13) e = [D M,,C,,'M, D]} [D Mnc;lﬁ >z
i=1

By substituting these expansions into (2.9), we can also expand the estimated proba-

bility function as

. 1 1 1
(3.14) np; =1+ —pgl) + EPEQ) + Op(g) )

N
1)

!
where p,”’ = —A\yz;u; and

2 ' 1o
pg) = —Alzi[ui—ﬁ(y%vzli)eo]

! 1 ! ! ! ! ! ! 1 ! !
+ Nozi[—=(yoi z11)e1 + z;Deg + (voy, 0 )eq] + (Agzi)*[us — —=(y 2, 21:)e0]”

Vn vn
By using the representation
(3.15) (Yois21) =2D +w; +qui

we shall expand

(3.16) C, = Y piil(0)zz

and

n . , 1
(3.17) > hi( V2 )z =ED +
=1 17

1 1
—EW 4+ —E® -

N

where we define the matrices as E&O) = D/Mn, ngo) =C,, and
. Vai —~ ), L ), vai
B = =3 (g )m D S p mm -y n () )z

j i=1

By using (3.12)-(3.14), it is convenient to rewrite (3.16) as

- 1

1 1
1 ¢, =C, ch 4 1o® 1
(3 8) + \/ﬁ n + n n +Op(n) ’



where we have

ngl) = - ZZ Z; PE ) 2 — 2u;(y2;, Z1;)€0]
Cﬁf) = n Z 7z, [{ (Y2, ZM)eO}Q — 2u;(y o, Z15)€1 — QUiPE )(Y2m le)eo + UQPE )]
By substituting the above expressions into (3.1) for .\, and p; (i=1,---,n), we can

determine each terms of the stochastic expansions of € in a recursive way. The leading
two terms are given by

(3.19) o1 — _QnD/Mnc;l[inZzi(v;i,0)]e0
—|—Qn[A1][\/15i§;zuz MD'eq] |

(3.20) er = QulA2)[—=Y ziu; — M,D e

where we use the corresponding notations

Q;' =D'M,C;'M,D,
A =-D'M,C;'cVct+EVC !,
A, =D'M,[-C;'cPc;' + ¢ lcheteVe ) —EYc leVet + ED L.

3.2 Effects of C,

We investigate the effects of estimating the variance-covariance matrix C by C,, . For
this purpose we define a K x K random matrix

1 & /
(3.21) Y, = ﬁ Zzizi(uz
=1

Under a set of regularity conditions, each components of Y,, have the asymptotic
normality as n — 400 . We notice that the covariance of the (j, k)-th elements of Y,
and the [-th element of X,, is given by

1<
(3.22) Cov(— Zz(] Z(k u? —o?) Zz(l)uz = 3522131(])22(16)4(“7

where p3 = Eluj] .

From this relation we notice that X,, and Y,, are asymptotically independent when
us = 0 and then our analyses can be simplified considerably. It is the case when the
disturbances are normally distributed, for instance.

10



We shall use the assumption of M,, = M + o0,(n™') ((2.24) in Assumption I)
for the simplification. It is straightforward to relax this condition, but the resulting
expressions become some complications. In our situation we expand the inverse of the
variance-covariance matrix of estimators as

Q;! = DM, [C'+C;}(C-C,)CM,D
= D'M,{C!-[Cc'+C;}(C~-C,)CcTY(C, - C)C M, D

1
= Q!'- —=DMC'Y,C'MD]
Jn

1.
+-[D'MC'Y,C7lY,CIMD] + 0, (n%/?) ,
n
and

D'M,C;! = D'M,[C'+C,;'(C-C,)C]

n

! 1 /
= DMC'- —=[DMC'Y,C™}]
Jn

1.
+=[D'MCY,C7Y,CY + 0, (n~%/?),
n

where we define Q = D'MC~'MD . Then by using the inversion of the matrix Q,, ,
we can represent

Q. = Q+Q.(Q'-Q;HQ
= Q-QQ,'-QHQ+QQ,'-QHQQ,'-QHQ

_ L ! -1 -1
= Q+ =lQD'MC™'Y,CT'MDQ)

—I—%[—QD/MC_lYnC_lYnC_lMDQ
+QD'MCY,C"'MDQD MC™'Y,,C'MDQ] + O,(n~*/?),
and
Q.D'M,.C;!

! 1 ! ! !
= QD' MC '+ 7[QD MC 'y, c-'MDQD MC™! - QD MC~ 'Y, C™!]
n

1 ! ! !
+-[@DMC'Y,Cc 'Y, c!' - QD MC 'Y, CcC'MDQD MC~'Y,C™!
n

- QD'MC'Y,C"'Y,,Cc"'MDQD MC™!
+QD'MC 'Y, C"'MDQD MC'Y,,C"'MDQD MC ]
+0,(n73/%)

! 1 / 1 /
= QDMC™' + 7[—QD MC™'Y,A] + ~[QD'MC™'Y,AY,A] + O,(n"%?) |
n n

where we define a K x K matrix

(3.23) A=C'PzCcV2=C!-Cc'MDQD'MC.

11



By using the above relations, the first term of the stochastic expansion of € can be
represented as

1 ,
(3.24) e = &+ ——=[-QD MC'Y,AX,]

-5

+-[QD'MC'Y,AY,AX,] + O,(n"%/?)
n

- 1 1
= ot el 2ef? 40,

Jn

where &g = QD'MC~1X,, and we define e(()l) and e(()Q) by the right-hand side of the
equation.
Similarly, we can derive a representation of \g, which is defined by

(3.25) Xo = [C;' - C;'MDQ,D'MC; X, .

n
By using the stochastic expansions of C,, and Q,, we have derived in this subsection,

it is straightforward to obtain an important expression

1
(3.26) Ao = AX,, + —=[-AY,AX,] + O,(n7 ).

NG

This formula helps simplifying our derivations considerably.

3.3 Terms involving e;

We shall investigate each terms involving e; . For this purpose we decompose e; as
ey =e11 +er2+ep3, where

(3.27) e11 = Qu[A1][X,—MDeg,
(3.28) el2 = —eo(qeo),

! 1 n !
3.29 e13 = —Q,DMC, ' (—= zw,)e .
(3.29) (\/ﬁ;

The last two terms can be investigated rather easily and we treat these terms first. By
using the representations in Section 3.2, we can rewrite

€1.2

1 ! ! 1 !
= —[ép - —=QD'MC'Y,AX,]q [é) - —=QD'MC'Y,AX,
€0 ﬁQ Ja [€o \/ﬁQ ]

~ ! 1 / _ ! ~ / / _
= —&(a&)+ 7[QDMCY,AX,(q &) +&q QD MC™'Y,AX,)

—I—Op(n_l)
1
~ o+

\/ﬁ 12) + Op(n_l) ’

and
€13
1 n

o . / 1 . L / 1 ) /
= —[QD MC \/ﬁQD MC Y, A( \/ﬁ;zzwz)

12



1 /
x[&y — %QD MC 'Y, AX,] + O,y(n~h)

/ 1 &
= — DMC_I—E:i &
Q (n Z; W)€

1 , )
+ﬁ[QDMC \/_Zzw QD'MC'Y,AX,

! 1 !
+QD MC 'Y, A(—= w;)&) + Op(n1)

i
]

0 1
§§+7 ejl3 +Opln”") .

() ()

Here we have defined e; 5 and e; 5 implicitly. The analysis of e; 1 becomes substantially

more complicated because there are many terms involved in the random matrices C(l)

and Egz) . We rewrite
(3.30) cV

1 / !
— —Zzzz{ 2u;(z;D + w; + q'u;)[& ﬁQD MC'Y,AX,] + u(—2z;\)}
=1

_ {—Q(qeo)c ug—Zzz on)}

\/_Zzzzuz zD—I—w)
=1

—I—Zqu/QD/MC—lYnAXn— Zzz (z;ho) (U _Mg)}

1 -
+ L aeny,

NG

+0,(n71),
where 3 = E[uj] . Then we have
~Q.D'M,C;'cc;?

= {2(d'é)@D'MC! + QD' MC™ 1 Zzz (z:20)C
=1

1 /. ’ 1
+ﬁ{ —2(q'8)QD'MC Y, A

—113QD MC™ 11 Zzz (z;20)CY,C~' — 13QD'MC 'Y, A~ Zzz (z;20)C ™!
i=1 i=1
/ 1 &
—-QD MC~ ——Zzz z)\o)(u —,ug)—QTZzzuzzD—l—w)

=1
12Cq QD/MC_IYRAXR]C_l}
+0,(n7h) .

On the other hand, we represent

(3.31) EY

13



1
= = i i D’ 7 )\
\/_(w —|—qu)z—|— n;lz (z;No)ui

1 & /
+= > (Wi + qui)z; — (z;00)u;
=1

= { Zw,z +a(X, — ACh )}

3

1 ! ! 1 n ! !
+—1 = D'— z;2;(z;\0)u; — —= Y W;z;(2;M0)u;
+0,(n7h) .
Then we have
1 1
= [Q+—=QD MC 'y, c'MDQJEV[C™! - ——C7'Y,,CH + 0, (n7h)
= {aQ( sz )C™ +Qa(X;, — X C,)C
1 ’ -1 -1 -1

+ W{QD MC'Y,C 'MDQ[— szz +q(X,, — \yCp)]C

szz +a(X), — \Cn)]CY,C!

-D'— ziz;(z;)\o)ui w,z,(z, )\0 u]C™1
iy 13 }
+O0,(n7h).
By using the relation CT'MDQD MC~! = C~! — A and

(3.32) X, —M,Dey = CAX,, + —[MDQD MC 'Y, AX,] + O,(n" 1),

\/_

we rewrite

€11
= [-Q.D'M,C;'cVCc '+ Q, E(I)C_l][X — M, Dey]

~ {[2(d2)QD'MC™" + j;;QD'MC '~ zz, (2:20)C™"

sz )C™' + Qq(X,, — ACy )C_l][Xn—MnDeo]}

+ %{ (—2(q &)QD'MC1Y, A

—u3QD'MC™ 11 Zzz (2;20)CnY,C~!' — 13QD'MC 'Y, A= Zzz (z;20)C ™!
=1 z 1

—QD/MC —2— zzuzzD—l—w)eo—— Z;7 Z)\O)(Ug)—ﬂ?))
f; f;

14



—|—QCq/QD/MC_1YnAXn]C_1

1 n ! !
-D'— z;z,(z;\0)u; — WZ )\ z;)u;]C™*
+QD'MC 'Y, C~'MDQ[— szz +q(X, = A\Cp)C!
szz +q(X, — ACh )]c—lYnc—1> [Xn—MnDéo]} + Op(n7h).

For the class of the modified estimators, we take an arbitrary § (0 < § < 1) and
substitute dAg (and dA;) into Ag (or A1). Then we can further derive the expression as

€1.1

= {Q( sz JAX, + (1 — 6)Qq(X,,AX,) + 643QD MC ZZZZAX)}
i=1

+ \/_{5M3QD Mc-L Zzz (z,AX,)(C~' - A)Y,AX,
i=1

1 n ! ! !
(—n Zwizi)(C_l ~A)Y,AX, + Qqé,D MC 'Y ,AX,

+ ( SusQD MC™ 11 Zzz (z;20)Cr Y, AX,, — 6u3QD MC™ 1Y, A= Zzz (z;)0)AX,,
= z 1

—QD/MC —2— ) z;z, AXnuZ(z D+ w )&y — 0— z; AX uy — p3)
e I AR )

_|_Q[_5D’\/_ZzzzAX) \/—ZWzZAX) ui

szz +q(X), — 6A,Cpn)]C Y, AX,,
+QD'MC Y, C~'MDQ[— szz +q(X 5/\OCn)]AXn>}
+ O (n_l)
0 1 _
(}4'%9(11) + Op(n7h),

where we define e( ) and e(o) by the last equatlon BY collecting each terms of (S3] and
g
we summarize them as

(3.33) e = e(lo) + 79(11) +0p(n7h),
where e(1 ) = e(lol) + e(102) + e(loi,), and e(l) e(lll) + e(112) + e(lli,), Then the leading terms of

e can be represented as

o

= Q(Lf: z;)AX,, + (1 — 6)QqX,AX,, + du3QD MC~ 11 ZZZZAX)
\/ﬁ‘il =1
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~ /. ’ _ 1 n .
—€o(q &) — QD MC l(ﬁzziwi)eo

The random vector €g is asymptotically normal and it is asymptotically uncorrelated

with the random vector AX,, by using CLT. Then by using Lemma 4.3, given €y = x
oL . 0) . . 1

the conditional expectation of e} is given by

(331) Elel”|ér = x] = (1 - 6)LQq — xx'q + 655QD my + Op(n~"/2),
where we denote r3 = E(u})/o? and

. 1 & /
(3.35) m3 = phmn_wog > zi(zAz;) .
i=1

(0)

Also the conditional second order moments of e; ’ can be calculated as

Efef”e” &) = x]

_ (6/§3)2E{[QD% > zi(z;AXn)2% ; 7.(z,AX,,)’DQx}

n

+ (0r3)E{[Q %Z (z;AX,,)

x [Q(%iwiz;mxw(1—5)QqX;Axn—eo(q/eo)—QD/MC Zzz Yeol |x}

+ (6r3)E sz JAX,, + (1 —68)QqX,AX, —eo(q eg) — QD/MC_I(ﬁgziw;)eo]
« %f: (2,AX,)?DQ][x}

+ sz JAX,, + (1 — 6)QqX,AX,, —ey(q eg) — QD/MC—I(%iziw eo

x sz JAX, + (1 - 6)QaqX,AX, —e(qey) — QD MC™( Zzz eo]|x}

= (dk3) {QD msm,DQ + 2QD Zzz z,Az;) 2DQ}

(6r3){QD m3[(1 — 6)(L +2)Qq — xx q] +[(1 = 6)(L +2)Qq — xx'q/m;DQ}
+ {(xCix'xx' + QQ QX' Cix + Q' C;Qtr(AM)
+(1 = 0)’L(L +2)QCIQ — (1 - ) L[QCixx +xx'C}Q]}
+ Op(n71?),

where we use the notations C} = qq’, Cs5 = E[wiw;] and Q* = D'MC'MC~!MD .
In the above calculations we have used some relations on moments by applying Lemma

! We need to evaluate the terms of O,(n ') in order to derlve the asymptotic expansions of distri-
butions which shall be done in Section 4. Two terms in €; { have some important roles to the final
results.
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4.2 as follows.
El#AX) (X,AX,)] = (L+2zAz + 0y,

Because it is straightforward to derive these relations by using the fact that the limiting
random vectors AX,, are normal, we omit the details.

3.4 Terms involving e,

We shall investigate the terms associated with es. For this purpose we decompose
ey = ez +e2+ex3and ey; (i = 1,2,3) which correspond to each terms of (3.11).
Because we can estimate Q and C consistently by using Q,, and C,,, their estimates
do not affect the terms much involving ey . We first consider ez 3 and by using the
stochactic expansion of e, we have

! 1 n ! !
3.36 = —-Q,DM,C (— i(Vo;, 0
( ) €23 Q n (\/ﬁzz::lz (V2z ) )el
n , 1 n B
= —QD'MC'[(—= Zzz D+ (==Y zui)dlel” + 0y(n~1/?)
\/7 n =1
Then the first term of es 3 can be expressed as
€23.1
/ 1 &
= —QD'MC}(— ;
QDIMC (23 )
x[Q sz JAX,, + (1 —6)QqX,AX,, + du3QD MC™ i1y Zzz (z;AX,,)?

\/—z 1 =1
—é0(q &) — QD/MC_l(% Zziw;)éo]

Because €y and AX,, are asymptotically orthogonal, the conditional expectation given
€y = x can be calculated as

/ 1 n ! !
-QD MC_I(E Z 2;2;,)C "MDQE[w;w;|x 4+ O,(n~1/?)

— —QD'MC™'MC™'MDQC}x + 0, (n"'/?).
The second term of ey 3 can be also expressed as
€2.3.2

= —(&4q) sz JAX,, + (1 — 0)QgX,AX,,

! ! 1 n !
+613QD MC™ 1 Zzz X, AX,)? - &(q &) — QD MC_I(ﬁZwizi)éo].
i=1 i=1

Hence its conditional expectation given €y = x can be expressed as

—(1 - 0)Ld Qax + x(q'x)? - dryxq QD' — Zzz 2/ Az;) + Op(n~1/2).
=1
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By combining these terms we have

(3.37) Elesslég =x] = QQ*QCjix +xx Cix — (1 — §)Ltr(CIQ)x
—6r3x(q' QD m3) + 0, (n'/?)
where we define Q* = D'MC~!MC~'MD.

Secondly, we shall evaluate the terms involving ess. For this purpose we notice
that we only need to investigate two terms as

(3.38) e221 = —Q[A]MDe{” ,
and
(3.39) €222 = — Z 2i(W; + uiq )

because it is straightforward to show that the rest of terms es9 — €391 — €999 =
O,(n~Y/2) . The second term can be further rewritten as

€22 = —{2(q'e)QD MC™' + ;3QD'MC™ 11 Zzz (z;20)C
=1
+Qn(— sz )C™! 4+ Qa(X,, — ACh Z w; + uiq )é
+op(n—1/2).

Then the conditional expectation is given by

(340) E[eg_g_g‘éo = X]
’ ’ 1 " NI ! —
= —2qxx(qx)— QE > E(wiw;)z,C 'z;x — QqE[X,,C™'X, |x]
i=1

i1
—5/~€3QD

3 )

(= 2i(2;Az:)](a%) + §QQE[X,,AX,|x]q'& + O,(n~1/?) .
=1

Now we use the fact that X;IC_IXR can be decocmposed into
X, C2[Pp+Pp)lC™/?X,, = X, AX,, + &,Q &

and also we have the relation
1 n n
- (z; )\0 _
Bl 3O 7 D
X

_ ln 1
= nz (2,C7'X,,)

2;)|X] + Op(n~'/?)

1 < / _
= 5E;zi(ziAzi)+Op(n /2y

Hence the conditional expectation can be rewriten as

(3.41) Elegaalx] = —2xx C'x — tr(MC 1QCix — QCix[LIx +x Q 'x]
+6LQCx — 6k3QD m3(q x) + O, (n~?) .
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On the other hand, the first term of es s can be expressed as

€201 = {(qeo)QDMC +615QD MC—11 Zzz (z;X)C !
=1
+Qn(inz 2)C" +Qa(X;, ~03,C,)C~! [MD
=1
x {Q(infj JAX, + (1 — 6)Qaz;AX,, + 613QD MC ™! f:zz(z AX,)?

i=1 =1

Given €y = x, the conditional expectation is given by

Eles1ley = x|
= [-2(1— 5) (q/x)QD/MC_lMDQq - 25m3(q/x)QD/MC_1MDQD/m3]

—k3QD' = Zzzz E|[(z;20)C~'MD|x][(1 — §)LQq + 6x3QD = Zzz (z;Az;)]
=1 =1

—QqE[X,,C~'MD((1 — 5)QqL + 5/<;3QD ms3)|x]

+2(q'x)’QD' MC~ 1MDx+Q ZEWW]ZC 'MDQD MC™!
i=1

+Qq(q eo)E[X, C~"MDé&) — §X,, AMDé&|x] .

In order to evaluate each terms of the above expression, we use the relations

1 n ! !
E[=> 2z;(z;20)C 'MDQ|& =x] = Zz z;,C~"'MDQX, Az,|x]
s s
= Op(”_l/z)a
E[X,C 'MDéyléy =x] = E[X,AMD&,+X,C 'MDQD MC~'MDé|x]
= &Q &,
E[X,A&lép=x] = O,(n~"?),

and then we have the conditional expectation

(342)  Eless1l60=x] = 2(q'x)*x+ QCjtr(QD'MC'MC~'MD)x
+Qqqg xx Q 'x — 3(1 —9)LQCix
—25mg(q/x)QD/m3 — 5/<chqx/D/m3 .
Hence we can obtain the conditional expectation E[eg2|€y = x| = Eleg.2.1|x]+E[e2.2.2|x]
in (3.41) and (3.42) up to O,(n~%/2).

Thirdly, we shall evaluate all terms involving e ; which are more complicated than
other terms. We notice that it is asymptotically equivalent to

(3.43) ;1 =ex1(A)+ex1(B) +e21(C)+ex1(D),
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where we use the notations

e2.1(A) —-QD'MC'c?AX, ,
e21(B) = QD'MC'cVc-'cVAX,, ,
e1(C) = —QEWC !CcVAX, ,
e1(D) = QEPAX,
Because the above terms contain p( ) (¢ =1,---,n), we need to use the explicit expres-

sion of A1, which is the solution of the equatlon

1 .

1
= {C;'+ —=[-C;'cPc '
\/ﬁ

(> zz i = M, Deg] + —=[-M,Der — <=3 (v} O]

In the above representation we have used the representation of residuals as
wi(0) = y1i — Yo — 215 = ui — (ﬁ)[z;D + (v4;,07)]é . Then by using (3.33), we have
the representation as
1 n
7 S 2i(vy;, 0)eg — CTICVAX,, + 0, (n~1/2)
=1

= —C'MD{Q(— sz JAX,, + (1 —6)QqX,AX,,

A = —CT'MDe” —Cc7l—=

/ 1 n ! - ! ! _ 1 n AN
+ou3 QD MC_I; > zi(2,AX,,)* — &(q &) - QD'MC l(ﬁ > ziw,)éo}
=1 i=1

1 n ! !

_C_lﬁ gzi(wi + u;q )€

—C![~2(q'&)C M3—Zzz (2 20)|AX,, + Oy(n~1/?)
1 & " ,

= —CH=) zw )eo—c—lMDQ(— w,z;)AX,,
X VS
, 1 &
+C~'MDQD MC_l(ﬁZziw &

+C'MDé(q &) + (q'&)[2AX,, — C™'X,,] — (1 — §)C~'MDQgX,AX,,
/ 1 n / _ 1 n /
—5usC~'MDQD Mc—l5 ; zi(z;,AX,,)* + 6u3C 15 ; zi(z;,AX,,)?

+ Op(n_l/Q).
By using the relations
C'X, = AX, + C"'MDQD' MC'X,,
and

2AX, — C'X,, = AX,, — C"'MDaeé,,

20



we have
Moo= A= f:z~w/~)éo _Cc'MDQ(— f:w~z/~)AX
VDo VDo
(q/éo)AX ~ (1-6)C"'MDQgX,AX,,

—|—(5,u3A Zz, (z; AX,)? —|—Op(n_1/2).
z 1

Then the first term of e 1 is expressed as

(3.45)  epi(A) = —QD/MC_{ Zzz ((y2ir Z1:)€0)?

—Zui(y;i, Z/li)el - 2Uz‘(y2iv le)eopg ) + u2p£ )]}AXn

Then we need to evaluate each terms by using the expression for e; and Ay . By using
the explicit representation of p( ) (¢ =1,---,n), it can be written as

_QD/MC_{ Zzz zDeo—l—weo—l—uzqeo)
=1

—Z(uiz;Del + uiwiel + u?q/el) + Qu?(z;)\o)(z;Déo + W;éo + uiq/éO) + u2p£ )]}A n
’ _ 1 n ’ ’ ~ /.
= —QD MC 1{5 Zzizi[(ziDeo)2 + (w;€0)? + u2(q '&0)?
i=1
—2u?q/el + Qu?(z;)\o)(z;Déo + w;éo + uiq/éo) + u2p£ )]}AXn + Op(n_l/Q) )

We use the relations that
1 n ! ! - ! ~ —
B> ail(5De0)? + (wiao)? + 0(a80)JAX, Joo = x} = Oy(n 1)
i=1

because the random vector AX,, is asymptotically uncorrelated with €y and we have
the convergence in probability as

2QD' MC~Y( Zu z;z;)AX,(qe;) > O.
=1

Hence for e 1(A) we only need to evaluate the conditional expectation of the last four
terms as

—QD'MC™! { Zzz [26(2,AX.,) (u}7; D& + uiw, + uiq &) + ulp{”] } AX,,
i=1

up to the order of O,(n~1/2) . For the last term involving p£2)

expansion of A\; and its main part becomes

, we use the stochastic

1 n ’ ’ I /. /. ’
{5 Z zi(ziAXn)u? [z;\o(z; D€y + w,;€0 + uiq €) — z;ui\1 + u?(ziAo)Q]}
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zi(z;AXn)u?(z;)\o)(z;Déo + w;éo + q/éo)

-

S|

1

i 1 & /
-1 )
5: (z,AX,,) E Z;W;)en — MDQ( /- E w;z;)AX

1

3|H

+q epAX, — (1 -6)C'MDQX,AX,, + Ops A Zzz (z;AX,,)?]
=1
1
+— ZZZ (z; ‘AX,)%u
=1

Here we illustrate the typical argument of order evaluations. For the final term, we
write

1 Zzi(z;AXn)3u4
iz
= %ZE )zi(2;AX )% + = Zu— z;(z;,AX,,)>

and the second term is of order Op(n_l/ 2) . Then we take the conditional expectations
of each terms. By applying Lemma 4.3, we find that the first term in the above equation
is of order O,(n"1/2) . Also we use the relation

Zzu (z;Dég)(z;AX,,)?|60 = X]
z 1

Z — 02)](z;Dé)(z;AX,,)?|60 = x}

z:

= %Z z:2,Az;(z,Dx)] + Op(n~?) .

Then we can show

E[QD'MC™ = Zzuweo(zAX)\x} — QD'MC" 1 Zz, [u?w;]z; Azix |
i "=

E[QD'MC™ = Zzuzqeo(zAX 2lx] = usQDMC™ 1 ZzquzAzZ.
i=1 i=1

where we have ignored the terms of O,(n~'/2) . Then after tedious calculations of
conditional expectations, we can obtain

ZzzAzup )‘e()*X: ZZZZAZZ uw)x+Jsz]—|—O(_1/2).
z 1

Then together with the conditional expectatlons of other terms we can derive

(3.46)E[es1(A)|ég =x] = —35QD'[= §j (z;Az;)z;|Dx
_35QD'MC-1[L (2. Az;) | E[uw,
Q [n §7 zi(2;Az;)| Eu;w;]x
! 1 n / /
—2 D MC™[= Y z(z;Az —1/2),
ou3Q C [n 2 z;(2;Az;)|q x + Oy(n )
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Similarly, the second term of es 1 is expressed as
’ 1 1 " ’ ’ ’ (1)
(3.47) e1(B) = QD MC {5 Zzizi[—Qui(yQi, zy;)e0 + uip; |}
xC~ 1{ Zz z;[—2u; yQZ,zh)eo —I—uzpz ]}AX

Then the conditional expectation can be reduced to

E[eg_l(B)|é() = X]

= 20QD'MC™'E[C,(q e)C Zzz z;AX,,)
+— Zz zul (z;AX,,) Zz zu?(2;,AX,,)q egx]
i=1 i=1

— 40u3(q €)QD MC'm3 + O,(n"/?).
For the third term, we write
(3.48) e21(0) = —QEVCICcVAX,, ,

where we use the fact that

QEVC™! = Z i)+ Qa(X;, — X,Ca)IC + 0y (71?7
and
CWAX, = [-2(q &)C, —5%—2” 7;AX,)]AX, + O,(n~'?).
i=1

Hence the conditional expectation of ey 1(C) is given by
E[62_1(C)|éo = X]

/ 1 n ,
= 2Qq(qx)(1 —§)E[X,C'CAX,|x] + Qq(X, — 61,C)— Zz’i(ziAXn)2 +0,(n"?),
iz
= 2(1-6)LQqq x + du3QaegD my + O, (n~?) .
The fourth term of e 1 is expressed as

! 1 n y !
(3.49) ex1(D) = Q{D - ZP(Q)Z iZ; + gzp?)( VSZ )z} AX,
i=1

Since the first term of eq ;(D) is similar to the last term of (3.45) and we can utilize
the expression of A\; in (3.44), it is easy to find that the conditional expectation, which
is given by

E[QD - Zp(Q)z z;AX,,|& = x]
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! 1 n ! ! ! !
= QD FE (n g z;(z; AX )(62;M0)(2;Deg + w;eo + u;q €p)
=1

1 & /
—— zi(z;AX,)[ —& WZA XA ZWQDMC —I—qeOXA

—(1- 5)X Aan QD MC™ —|—5u3— sz z; 'AX 22 A]ziu; + — Zz, z; ‘AX )(z;)\o)Qu?\x)
J 1 =1

—

S|

z;(z;Az;)z;|Dx + QD' | Zz z;(z,AX,,) AXn\x} +0,(n1?)
i=1

= 5E{QD

-

s
I
_

/

= /QD [ zi(z;Az;)z,|Dx + Op(n~?) .

S|~

s
I
_

For the second term of ey (D), we rewrite

QLY A,

Ms
I

1 / / /
= QX (Wit qui){Az(zD + W, + qui)éo — Ayzius + (Aozi)uf 1z AX.,

=1

1 - ’ ’ ’ ~ ’ ’

= Q- > (Wi 4+ qui) (2D + w; + q u;)éo(2z,M0) (2,AX,,)

=1

1 n

5 Z wi + qu;) (zyu;) A (2, AX )

1 / /

FQ (Wi qui) (200) 3 (7, AX ) + Op(n 2.
i=1

For the sake of exposition, we denote each term of the above expression as e 1(D),
e21.2(D), e213(D), respectively. Then

(3.50)  Eles11(D)leg=x] = Z C5 + qq u?)égAgziz; AX,,|X]

= 5QC2xtr(MA) +0LQCTx + Op(n—l/Q)_
Also we find that

Eles13(D)|lep=x] = FE[Q— un (z; )\0) z; AX nl€0 = x|
z 1
1 n
13Qq n; 2;AX,)’|& = x] + Oy(n~1/?)

But the random vector AX,, is asymptotically normal, and its limiting distribution is
uncorrelated with that of €; . Hence we can show

(3.51) E[62_1_3(D)|é() = X] = Op(n_l/Q).

Then we evaluate the conditional expectation of es 1 2(D). Because the pairs of random
vectors (W;, u;) are uncorrelated, we have the convergence in probability

1& ;
- Z wiuizz(])sz) 20
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Therefore as for the remaining conditional expectation terms we use the explicit ex-
pression for A\; in (3.44) and we find

(3.52) Eles12(D)|ég=x] = —0QqE[\ Zzzzuz JAX,|x] + O,(n~1/?)
=1

= —6LQqq'x + O,(n~1/?).

Hence we summarize the conditional expectation

(3.53) Eles1(D)|ép = x] = 6QD'| ZZZ (z;Az;)
+6QC5x tr(MA) + 6LQCIx — LQqq'x + O,(n~1/2) .

Finally, we can derive the conditional expectation of Eles1|€y = x] by collecting the
conditional expectations of Eleq 1(A)|x], Ele2.1(B)|x], Ele21(C)|x], and Eles1(D)|x].
At the first glance of these many terms, it looks formidable to calculate them. However,
the resulting formulas are relatively simple because it has turned out that many terms
have disappeared in the conditional expectation formulas eventually.

4. Asymptotic Expansions when 3 =0

When we can ignore the effects of the third order moments of the disturbance, the
asymptotic expansions of estimators for an arbitrary ¢ (0 < ¢ < 1) can be simplified
greatly.

Assumption II :
For the third order moments of disturbances in (2.3) and (2.4) we assume E[u}] = uz =
0 and E[u?w;] =0fori=1,---,n

It is immediate that the conditions in Assumption II can be relaxed as
(4.1)

and the similar conditions on the third order moments on {u?w;} . In this section we
shall derive the asymptotic distribution functions of estimators under Assumption I
and Assumption II.

4.1 Conditional Expectation Formulas

We prepare some useful formulas on the conditional expectaions and their proofs are
given in Appendix A. They are the result of straightforward calculations, but we shall
give the derivations of Lemma 4.1 and Lemma 4.3 in Appendix A for the espository
purpose.

Lemma 4.1 : Let the random vectors €y, X,,, and Y, be defined as in Section 3. Then

(4.2) E[Y,AX,|é = x| = uzmz + O, (n~/?).
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Lemma 4.2 : Let a set of random vectors X = (X;) and Z = (Z;) be normally
distributed and the conditional expectation of X; given Z be E(X;|Z). Then

(4.3) EIXiX;Xi|Z) = Cov(Xi, XG|Z)E(Xi|Z) + Cov(X;, Xi|Z)E(Xi|Z)
+Cov(Xy, Xi|Z)E(X;|Z) + E(Xi|Z2)E(X;|Z)E(X|Z)

and

(4.4) BXiX; X Xi|Z]

= Cov(X;, X;|Z)Cov(Xy, X)|Z) + Cov(X;, Xi|Z)Cov(X;, X1|Z)
+Cov(Xi, X)|Z)Cov(X;, X4|Z)

+ CoolX,, X,|Z)E(XZ)E(XI1Z) + Cov(X,, Xi|Z)B(X;|Z)E(X/|2)
+Coo(X,, XUIZ)E(X,1Z)E(Xi|Z) + Cov(X;, XilZ) E(X.|Z)E(Xi|2)
+Cov(X;, Xi|Z)E(X,|Z) E(X|Z) + Cov(Xy, Xi|Z) E(Xi|Z) E(X;|Z)

+ B(XIZ)E(X|Z)BE(XZ)E(X1Z)

The above formulas have been used in our derivations by setting Z = &y, which is he
leading term. In order to evaluate the conditional expectation operations appeared in
the stochastic expansions of estimators, we also need the next formula.

Lemma 4.3 : Let u,, = (u;) and v, be p x 1 random vector and a random variable
with E(u;) = 0, E(v,) = 0, E(uu;) = 6(i,j), E(v2) = 1 and they have finite fourth
order moments. Assume that they are sums of i.i.d. random vectors and asymptotically
normally distributed and admit the asymptotic expansion of their distribution function
up to Op(n~!) . Then

(4.5) Elvp|uy]

= Pun—i— \/7{3 Z ﬁ”/ ha (ug, uy) — 3 Z Zﬁ” 1Pl h2(ul/au1”)}+0 (n~ )7
L'=1 "=
where 3, , = E(uupvn), By = E(upuyup), ho(ug, uy) = wuy — (1, l/) (6(1, l/) =
if 1 =1"and 6(1,1) =0if I #1'), and p = Cov(v, uy,).

In particular, if E(u;ujur) =0 (i # j # k), then 3, ;» = 0 and the second term in the
order of O,(n~'/2) in (4.5) vanishes.

Now we shall evaluate the conditional expectations of e( ) given eg = x . This term

plays an important role and makes some complications of our analyses. We first note

that the conditional expectations of e(fg) and e( ) 3 given €y = x can be evaluated easily.

By using Lemma 4.3, the conditional expectatlons are given by

(4.6) E[e1 2\eo = x|
= E[QD'MC™ 'Y, AX,,(q &) + 6,qQD MC~ 'Y, AX,,|&) = x|
= 13(q X)QD m3 + K3xq QD 'm3 + Op(n~'/?)
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and
(4.7) Ele{}]&0 = ]

:QD/MC_IE\/,Zzwz\eo—x]ugmg—l—QDMC 1 ZZZZAZE(UW)
i=1

— QD' MC 'm3E (ulw;)x + Op(n~?) .

(1)

Next we evaluate the conditional expectation of e; ; which has many terms. We notice

that in e(fl) two terms associated with the random matrices Cg) and Eg) have been
cancelled out. Then we try to evaluate each remaining terms of order O,(n~%/2) and
the terms in the first two lines are given by

E{613QD'MC~ 11 Zz 2;AX,2;(C™' — A)E[Y,|X,JAX,|&) = x}
i=1

+ E{Q sz — A)E[Y,|X,]AX,|& = x}
+ E{QqeOD MC'E[Y,|X,]AX,|& = x} .

Similarly, the terms in the third line are given by

E{—6u3QD MC~ 1 Zz 2;AX,2,C ' E[Y | X, ]AX,|é) = x}
=1

+ E{—6usQD'MC'E[Y,|X,,] Zz z;Az|é) = x} .

The most important terms in Op(n_l/ 2) are the next two terms in the fourth line
because they are dependent on the fourth order moments of {u;}, which are given by

QQD/MC Zz z;u;(z; ‘D +w, )eO]AX
\/7 i=1
+5QD'MC! Zzz 7, AX,,)(ud — ps — o%u;)|AX,,

up to Op(n_l/ 2). For the simplicity let the fourth order cumulant be defined by x =
[E(u}) —30%)]/o* . Then the conditional expectations of the second term and the first
term are given by

(4.8) SQD'MC'E[— f Zzz z;AX,)%(u? — p3 — 0u;)|& = ]
= §QD'MC™ 1 Zz z;(z;Az;)E[u} — 02u?]C~'MDx + 0, (n~?)

=1

= 0(24£)QD[ ZZZ (z,Az; )]Dx + O, (n~1/?),
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and

(4.9) 2QD/MC_1E \/, Zzzz ui(z; ‘D +w, )eO]AXn\eo = x|

- QQD MC™ 1{ Zzzuz Z DX)AZz + — ZZZ UW ]XZ AXn} + O ( _1/2) .
i=1 i=1

For the expression of e(1 ), there are many remaining terms in the last three lines, which
are given by

E{-Q( sz )C~! 4 q(X,C™! — 6X, A)|E[Y X, ] AX | &0 = x}
+ E{-QD'MC'Y,C 'MDQ|( sz JAX,, + (1 — 6)gX, AX,)]

+ E{-0D'[( Zz u;)(z;AX )% — Zzzu, )(z;AX )% = x}

\/—zl \/—zl

Finally we use Assumption II and many terms involving the third order moments
disappear and we have only two terms involving the fourth order moments terms in (4.7)

and (4.8). Hence under Assumption II in this section the conditional expectation of

( ) is given by

(4.10) Ele{"[6g = x] = [2+ 0(2 + #)] QD FDx + O, (n~"/?),
where we define
F= phmn_>OO ZZZ z; ‘Az, )
i=1

We note that (4.10) is one of key aspects on the semi-parametric estimation of a single
structural equation.

4.2 Asymptotic Expansions of Density Functions

Since there are many terms appeared in the stochastic expansion of €, at first it looks
formidable to evaluate all terms and to derive the asymptotic expansions of the dis-
tribution functions. Under the assumptions of this section, however, it is possible to
derive them in a compact form.

By applying Lemma 4.3, the conditional expectation of e(()l)
be calculated as

(4.11) Elef”| X,

in (3.4) given X,, can

= —u3QD'MC™| Zzzz AX, X, C 'z
i=1

\/_{ 3QD MC™ [if: ) —o? Zzz ho (1, 2y )] AX,

=1

—|—3u§QD/MC Zz Z; Zz 2; h2 (x1, 2y )] AX,, }
ll

+0,(n1/?).



By decomposing AX, X, C~! = AX, XA + AX,&D'MC~! and taking the condi-
tional expectaions, we have

4.12)  EleV|8 = x]
: 1
= —u3QD MC'[=) z(zA
13Q [niZIZ(zz z

(E(u}) — o) x 22,2/ C""MDé&(z,Az;)]

1

-

s
I
_

! -1
+W—{ —3QD'MC

+32QD MC ™'

| 3|

zi(2z;C_1MDéoz;Azi)]} +0,(n1?) .

-

s
I
_

— %{ (2—|—/§QD/%§:1ZZZAZ z;)Dx} + Op(n~1)

under Assumption II in this section and we use the notation x = (E(u}) — 30) /0% .
Also we use the relation that for a constant matrix A (= (A4;i))

Y AY,IK,] = Bl - o) S a(d Az

(J)C—l(XnX/

+ Z Ajk

)>_ w7 Zf %)
J,k=1 i=1 i=1
> 2

= Bl(} ~o*)’[- Y zi(zAz)z] + Oy(n~'7?)

under Assumption II. Then by using (3.24) we have
Ele?)éo =x] = QD'MC'E[Y,AY,AX,|x]
= Op(nl/Q)
under Assumption IT because the random vector AX,, is asymptotically uncorrelated
with €y . By using direct calculations we have
(4.13)E [e(()l)e(()l) 180 = x|
— QD MC'E[Y,AX,X, AY,|x|C 'MDQ

= (24 ))QD'FDQ + [55QD [msm, + () 3 m(7A%)*,DQ + Oyn~"7?)
1,7=1

in the general case.
Let a random matrix be U, = (u;) = \/— > ieq w;z; . By applying Lemma 4.3 and

using the fact that Cov(u;, €9) = 0, we have

(4.14) [ujk\X ]

1 -
f Z {gz “12),(C™ %), ] )E(Uz’w(]))

L'=1 i=1
X [(C_l/2X )Z(C_I/QXn)z/ —4(, l/)]} + Op(n_l)

1 r I _
:752 ()= 01X, X, C 2] + Op(n~ 1)
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Then by decomposing C~! = A + C~'MD'QD'MC~! and z,C~'X,X,C 'z; =
2z;AXné£)D/MC_1Zi + Z;C_IMDéoééD/MC_IZi, and taking the conditional expec-
tation, we have

n

(4.15) Z z;é) = X|

1 <& /
75 z:l wiw;)zy[z;C"MD(xx — Q) D'MC~'z;] + 0,(n~1/2).
By using the above type of the conditional expectations formulas and lengthy calcula-
tion under Assumption II, we can find that

1)_(0) ~
[()()\60:]

= —QDMC 11 ZzzAzE[u W]Q—I—MgQDMC 11 ZzzAz(qeo)eO
=1 =1

+(1—8)usQD MC (L +2)= ZzzAzZqQ

i, i,

—6[us)?QD'MC™ | ( ( Zz zjzzAz z; Azj + 2 Zz z;i(z; Azj) ]) C™'MDQ

= Op(n_l/Q) .

. : ~ 0
For the convenience of notations we define e = €y , e] = e(l ) + e(() )

e(()Q) +

, and e =
e(ll) + ey . Then by using the conditional expectation formulaa in Lemma 4.1 and
Lemma 4.3, we can represent the conditional expectation in the general case as

(416)  Bleiléo = x] = (1 — 0)LQa —xx q — (1 — 6)xQD mj + Op(n~"/?),
and under Assumption II we have

(4.17) Eleb|é = x]

= —(2+x)QD'FDx + [2 + §(2 + #)]QD FDx
+xx Cix + QQ*QCix
—(1—-9)Lx tr(C1Q) +2QCix] — (1 — 0)QC5x tr(MA)
+[~36 + 0]QD'FDx + O, (n~1/?)

= (0 —1)kQDFDx + xx Cix + QQ*QCjx
—(1—-9)Lx tr(C1Q) +2QCix] — (1 — 0)QC5x tr(MA)
+0,(n1/?).

Also the second order conditional moments of e] under Assumption II can be repre-
sented as

(4.18) E[etel’ |6 = x]
= (24 k)QD'FDQ + x Cixxx + QQ*x Cjx

+QC5Qtr(MA) + (1 — §)2L(L + 2)QCIQ — (1 — §)L[QCIxx + xx CIQ)]
+0,(n"1/?).
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Next, we consider the characteristic function of the standardized estimator € in order
to derive the asymptotic expansion of the distribution. We shall calculate

(419)  C(t) = Elexp(it'x)]
+LE[¢t/E(e>{\x) exp(it x)]

n

1 ! ! ! ! ! 1
—I-%E{%t E(eb]x) exp(it x) + i°t E(eje} |x)t exp(it x)} + O(m) ,
where x = &, t = (¢;) is a p x 1 vector of real variables and i = —1 . By modifying the

Fourier Inversion Formulae developed by Appendiz B of Fujikoshi et. al. (1982), we can
invert the characteristic function in (4.19). Although the intermediate computations
are quite tedious but straightforward. We first consider the asymptotic expansion of
the density function of €y and we know that its limiting distribution as n — +oo is
normal. By expanding its characteristic function Elexp(it &)] and inverting it as the
standard practice in the asymptotic theory, we have

(4200 Q&)

1
:¢Q<£>{1+m S By rha€n &)
=1

1 p
o Z By g (€, & €y &)
Ly =1
1 p

+m Z ﬁl,l/,l”ﬁmym/,m”hfi(&’51/751”7£m7£m/7£m”)}

l,l/,l”,m,m/,m”:l
—-3/2
+0(n™%?),

where ¢q(§) is the p-dimensional normal density function with means 0 and the
variance-covariance matrix Q ,

/Bl,l/,l// = 3nh_>ne.lo ZZ’LZZ /Z "
n
/Bl,l/,l//,lm = M4(nh—>ngo 5 Z Z’le 1 2. l//Z l///)
=1

— g lim — g zipzo ][ im — g 2l 2 m]
n—>oon ll n—>oon

ll/ l// l///

where py = Elu}

1

|7 = (") = QD'MC ™z (i = 1,---,n), and 3, y vy means the

combinations of two pairs such as (I,1') and (I",1") (it is 3 when I =1' = 1" = 1", for
instance). Also hz(x,zy,x;) and h4(m1,xl/,xlu,xlm) are the Hermitian polynomials
as

1 83¢Q($)

4.21 nap) = (=1)°
( ) hg(l’laxl y L; ) ( ) ¢Q(m) 31718171/8171”7

1 84¢Q($)
4.22 g xm) = (=1)% .
( ) h4($la$l y Lyt Iy ) ( ) ¢Q($) axlaxl/axluaxlm
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We notice that (4.20) is common for all efficient estimators and then it does not
make any effects on the comparisons of alternative efficient estimators. When the third
order moments of disturbances are zeros, the terms of Op(n_l/ 2) on the right-hand side
vanish (i.e. By = 0) and we only have extra terms in the order of n=! . In theses
cases we can directly use the Fourier inversion formulae reported in Appendix B because
only terms on the effects of non-normality of disturbance terms appear as QD'FDx
in the order of Op(n_l) and the resulting expressions become considerably simplified.
Also we notice that when the disturbance terms are homoscedastic as in Assumption
I, we have C = 02M, Q* = D’'MC~'MC~!MD = ¢ 2Q"!, and tr(MA) = 0 2L .
Then we can state our main result after lengthy but straightforward computations by
using the formulas given in Appendix B.

Theorem 4.1 : Under Assumption I and Assumption II, the asymptotic expansion
of the joint density function of &* for the class of modified MEL estimators as n — oo
is given by

1(6) = 65(€)
+%¢Q(§)(q/f)[l7 1+ (1-0)L—€Qig

+5-0a(6) (€OEllp +1+ (1 - )L £ Q7 +p+1-3 Qe +201 - 6)°L)
+r(C1Q)[(1 — 8)L][2 — (1 — 6)(L + 2)]
+€ Co{L[1 —2(1 = 6)] —p — 2+ £ Q'¢} + tr(CLQ{L[2(1 — 5) — 1]}
+[2+ (20 — 1)x][¢ D'FDE ~ tr(D'FDQ)) )

+0(5) )

where £ is a p x 1 (p = G1 + K1) vector, ¢§(§) and F are given by (4.20) and (4.10),

respectively, and C; = C} (= qq'), Co = 0 2C} (= 0 2E[w;w;]), and & = [E(u}) —
30t) /ot .

When the disturbanceterms are normally distributed all terms except the leading term
vanish in (4.20) and ¢g(x) = ¢q(x). There is an interesting observation in Theorem
4.1 that if we further drop the last term

2+ (20 — 1)x][¢ D'FD¢ — tr(D' FDQ))

and the disturbance terms are normally distributed, the resulting formulas are identical
to those for the limited information maximum likelihood (LIML) estimator and the two
stage least squares (TSLS) estimator, which have been reported by Fujikoshi et. al.
(1982).

By using the asymptotic expansion of the density function, we can evaluate the asymp-
totic mean and the asymptotic mean squared errors of the modified MEL estimator.
We summarize the resulting formulas.

Theorem 4.2 : Under the assumptions of Theorem 4.1, the asymptotic bias and the
asymptotic mean squared errors of €* for the modified (MEL) estimators based on the
asymptotic expansion of the density function as n — oo up to O(n~1) are given by

(4.23) ABIAS,(&) = [(1 - §)L —1]Qq,
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and
(4.24)  AMSE,(é)
- Q- {chQ[6 —6(1—6)L+ (1—0)°L(L +2)]

+Qtr(C1Q)[3 — 2(1 — §)L] + Qtr(C2Q) + [L + 2 — 2L(1 — §)]QC2Q
+[2+ (20 - 1)s]QD'FDQ}

where we use the notations in Theorem 4.1.

4.3 A Simple Case

We notice that the exact density functions of estimators and their asysmptotic expan-
sions are quite complicated in the general case. Hence it is interesting to derive the
asymptotic expansions of the distribution functions of estimators in the simplest case
when G; = 1. We take the estimator on the coefficient of an endogenerous variables in
the right hand side and standardize

(125) P(,/H22i22.11_[22 (B ) <)

since its limiting distribution is the standard normal.
In the univariate case we use the notation

Q1 = o? (H;2M22.1H22)_1

as the (1, 1)—element of Q and we partition a [1 + (p — 1)] x [1 + (p — 1)] matrix as

Q= Qi1 Qu2
Q21 Q2
The right-hand side of ¢*(z) for the standardized estimator in (4.25) can be simplified
and it is in the form of

1 1 2
(4.26)p(x){1 4+ ﬁ[gg(gﬁ —3z)] + 5[5—1@4 — 622 +3) + %(956 — 152% + 4522 — 15)]},
where (3 and 3, are the third and fourth order culumants in (4.20) by replacing z* (=
1_11/222(1)*) forzf (i =1,---,n)and ¢(z) is the density function of the standard normal
distribution.
For any p—dimensional normal density ¢q(§), we partition any [1+(p—1)] x[14(p—1)]

matrix B and p (= [1 + (p — 1)]) vector £ = (£1,&,), we can write

@2n) [ B - e(BQ)Ioa(O)d = ey, (6B ~ Qoo (€}

By using the fact that £|&; follows the (p—1)—dimensional (conditional) normal distri-

bution Np_l[Qle_llfl, Q22.1] and Q22.1 = QQQ — Q21Q1_11Q21 , We can evaluate (4.26)
explicitly and it is rewritten as

& —Qu £2Q11 Q2 — Quo
(4.28) tr [B ( QQ11'¢ — Qu Q@1 E1Q1 Qua + Qo1 — Qoo $au (&)

= (@11 (1,0)QCQ( Qi (€} ~ Qu)lbau (&),
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When the third order moments of disturbances are zeros, the asymptotic expansion
of the density function of the standardized estimator can be simplified. We set the
standardized form as (4.25) and notice that two matrices C; and Cs appeared in
the asymptotic expansions have non-zero elements only in the upper-left parts. By
evaluating the integrations with respect to the (p — 1) last elements of ¢ in Theorem
4.1, the asymptotic expansion of the density becomes

(@29 §()+ o) (o2 (1= 5L -2
—I—%qb(x){asz[(Z + (1= 6)L —22)? +2 — 322 +2(1 — 6)%L]
+a2[(1 =) L][2 — (1 — 6)(L +2)]
+n. (2?[L(1 = 21 = 8)) = 3+ 2?] + L[2(1 - 6) — 1])
+7.[2+ (26 — D] (2® - 1)}
+Op(”_3/2) )

where ¢*(-) is given by (4.26) with 35 = 0, a, = —Cov(va;, u3) /|2, 1. = |Q|/02,
and

7= (L,0)Q;/QD'FDQ( | ).

If we further assume the normal disturbances, then the formula can be further simpli-
fied. By setting 6 = 1 for the MEL estimator, we have

VA1 ISY.UO0 1 CON
(4.30) p(L—2

(BueL — B) <))

= 0@+ {2 - 217[w + L)z + (1 - 20%)2° + a2a™]}(x)
+0(u™?),

where ®(-) and ¢(-) are the cdf and the density function of the standard normal distri-
buntion, respectively, and

9 o TTyp A gy 1115
(4.31) P2 o= (142221
w2
W2 5 Wi
(4.32) a = ‘Q’m(ﬁ oy
1+ a?

(433) 7 = 2 %(1,0Q;'QD FDQQ; ().

w22

Also under the normal disturbances and we set 6 = 0 for the GMM estimator, the
resulting asymptotic expansion of the distribution function becomes

VA1 IS CORY 1 CO
(4.34) P12

> (Bamm — B) < x))
= @)+ {26 -1 -5

-
+0(u™%) .

[(v+ L2a®)z + (1 = 2(L + 1)a”)a® + a*2°]}¢ ()
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Furthermore if we set v = 0 in the above expressions, the resulting formulas in (4.30)
and (4.34) are identical to those for the limited information maximum likelihood (LIML)
estimator and the two stage least squares (TSLS) estimator obtained by Anderson
(1974), and Anderson and Sawa (1973), respectively.

5. Related Problems

5.1 Asymptotic Bias and MSE in the General Case

It is rather straightforward to derive the asymptotic bias of the estimator. By using

the explicit expressions for e(lo) and e(()l) in (4.17), we have
R 1 0 1 _
(5.1) ABIAS,(é) = ﬁE[e(l '+eVl+0mn™)
1 / _
_ ﬁ{[(l ~0)L -1]Qq - (1 - §)r3QD'my} + O(n™").

On the other hand, it is quite tedious to obtain the explicit formula of the additional
terms in the asymptotic MSE of the modified estimators in the general case. In principle
it can be calculated by

(5.2) AM,, (88"
. 1« 0 1 1
= E{[eo + ﬁ(e(() ) —I—e(1 )) + E(G(() ) 4 e(l ) + e)]
. 1« 0 1
x[€o + ﬁ(e(() V4 ey -
Let AMSE*(é) be AM(é&') in Theorem 4.2. Then there are eight additional terms for
an arbitrary 0 (0 < ¢ < 1) when we cannot ignore the effects of third order moments of
disturbance terms. For the MEL estimator case, however, there are only four additional
terms. Although it is straightforward to write down those terms, we have omitted to
report the details since they are complicated and may not be useful at the present stage
of our investigation.

(ef +ef” +e)] } + 07"

5.2 Related Applications and Remarks

In this paper we have given the details of derivations of the asymptotic expansions
of the density functions for the class of semi-parametric estimators including the MEL
estimator and the GMM estimator. There have been related works and applications
of the asymptotic expansions of the density functions of the alternative estimators
reported in this paper. Kunitomo and Matsushita (2003) have investigated the finite
sample properties of the distribution functions the MEL and GMM estimators, and
have given extensive tables when GG; = 1 . In the more general case, however, it would
not be possible to investigate the finite sample properties and the asymptotic expansion
method should be useful for comparing different estimators.

There can some modifications of the MEL and GMM estimators. Kunitomo (2002)
has introduced a class of modified MEL estimator by using the asymptotic expansion
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method although he did not give the details of the derivations. Also the problem should
be closely related with the higher order efficiency of estimation. Takeuchi and Morimune
(1985) gave the classic result on the econometric estimation problem while Newey
and Smith (2001) have one conjecture in the semi-parametric framework. However, it
needs some careful investigations and our related results shall be reported in a further
occasion.
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Appendices

In Appendix A, we give the proofs of two lemmas used in Section 4. In Appendix B
we gather some useful formulae on the Fourier inversion because it seems they are not
readily available.

Appendix A : Proof of Lemmas

[A-1] : Proof of Lemma 4.1
Let X1 = (Yg)ij, Xo = (AX,,)r and X3 = (€p);. Since the limiting distribution of
random vector (X1, Xo, X3)' is normal, the conditional distribution of (X1, X5)" given
X3 is also asymptotically normal. Then we have
COU(Xl, Xg)COU(XQ, Xg)]

Var(Xs) '
Because X5 and X3 are asymptotically orthogonal, F[Xs|X3] = 0 and Cov(Xs, X3) &
0 . Also by noting that

E[X1X2‘X3] = E[Xl‘Xg]E[XQ‘Xg] + [CO’U(Xl,XQ) —

(A.3) Cov(X1, X2) = = 3 200:0) (Aza) L ),

a=1

we have the result. (Q.E.D)

[A-2] : Proof of Lemma 4.3
Let z, = (u,,v,) be a (p+1) x 1 random vector which is a sum of i.i.d. random

vectors zgn)
1 & )

and E [zgn)] =0, F [zgn)zén)/] = 3 > 0. Then under a set of moment conditions the
characteristic function of z, can be expressed as

(A5)  pt) = Bl
n

E[ei Z:itjzj(-:)]
=1

J

p+1
_{s 1 . . . —
= e 2t 4 6vn > By (i) (ity) (i)} + O(n b,
=1
where 3,/ ,» are the third order moments of zg»n) . Then the density function of z,, has
a representation
1 p+1
(A6)  fulz) =ou(2){1+ NG > B rha(a 2, zp) f+ 007
L =1

where h3(zi, 2y, zy7) are the third-order Hermitian polynomials and we set a (p + 1) x
(p+ 1) variance-covariance matrix of z, as

P L
p 1
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for the mathematical convenience. Let f,(u,) be the marginal density and f,(v,|u,)
be the conditional density, which can be represented as

(A7) fu(vn|un)

- ¢(,U‘p Up, 1- P p)

{1+7— Z B b, (ur, s wyr) +3Zﬁll prihis,(ut, uy, vn)

L =1 IR

+3 " Bipripr1hs,. (U, vn, vn) + Bpit pi pr1 73 (Vs U,y V)
=1

p
> B s (s uy uz”)]}
L =1

+O(n™"),

where ¢(v|p'u,, 1 —p'p) is the conditional density function and hg_.(-) and hs(-) are the
third order Hermitian polynomials. Then the conditional expectation is given by

Elvn|un]
= /vnfn(vn\un)dvn
Pt g {”21315 IES ﬁgufgi?g@)/ fn(lun)d”
‘1‘317;:1 ﬁz,l/,p+1(_1)38u1882ul/ /vaf”(al:)”’v) fn(lun)dv

O fu(un,v) 1
+ﬁp+17p+1,p+1(—1)3/v a(vg )f @ )dv

pun Z By l//hg(ul,ul/,ul//)}—I—O(n_l).
ll l '=1

By using the integral by parts calculations, the third term and the fourth term of the
right-hand side of O(n~'/?) are zeros. Hence

Elvp|uy]

3
Firrl 0 3 A G ] )

L =1
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82 , P
+32ﬂup+1[au P )/ Fa0) = g D2 By b g )+ O™,

L'=1 L' =1

/

= pUn

P
{3 Z ﬁl Up h2 ula - Z ﬁl,l/,l” [,0 unhg(ul,ul/,ulu)]

L' =1 L =1

—|— Z /Bl,l/,l// [10 unh3 (ulv ’U,l/ N ’u,l//) — pth (ul/ N ’u,l//) — pl/h2 (ul/ N ’u,l//) — pl// h2 (ul/ N ’u,l//)]}
L =1

+0(n71),

where hy(u,u,) are the second order Hermite polynomials. Since two terms in the
above expressions on the right-hand side are cancelled out, we have the desired result. (Q.E.D.)

Appendix B : Useful Formulas

This appendix gives the useful formulas, which correspond to the inversion of the
characteristic function from the conditional expectations given z and z follows the p-
dimensional normal distribution N,(0,Q) . All inversion results we have needed in
Sections 3 and 4 can be reduced the Fourier Inversion formulas for the density function

(A8) F Y h(—it)E[g(z) exp(it'z)]} = h( aaf

for any polynomials h( - ) and g( - ), where t = (¢;) is a p x 1 vector, i> = —1, and the
differentiation vector

)9(&)éq(§)

o _ o 0
¢’ o0&’ 0,
The method adopted here was developed by Fujikoshi et. al. (1982) and they were

given by Anderson et. al. (1986). We present the useful results because it seems they
are not readily available.

Lemma B.1 : Let a = (a,---,a,) be a 1 x p constant vector and A be a symmetric
constant matrix and p = G1 + K; . Then

(A.9) 57100 (€] = ~aQ ¢6q(©).

(A10) 57160 90a(6)] = (@ O+ 1~ €Q70a(e).

(A1) 577 1QALQ(E)] = [r(AQ) ~ € AL 0q(€)

(A12) O e Adq(e)] = (€ AO@ (P +2 — € Q71E)6q(€) -

23
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Lemma B.2 : Let A and other notations be the same as Lemma B.1. Then we have
the following relations.

82
agag
= [ A¢ - tr(AQ)|¢q(é)
82
agag
= [2tr(AQ) — (p+4 - £ Q1 ALpq (),
82
agag
= [(p+1-£Q)(tr(AQ) — € AE)) — 2¢ A€lpq(€)
82
agag acog |
= EAL(p+1-€Q7)2 +3(p+1) +2 -5 Q1))oq() |

(A.13) 227 QAQPQ(¢)]

(A.14) —— Q¢ Alpq(9)]

(A.15) = [QAL 6q(9)]

(A.16)

3 NG)

where trdgdg 7[ -] stands for 3>, >, 02/0&0&[ - ij -
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