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Multiperiod Statistical Risk Management Methods and Equity-Linked Life Insurance

Abstract

We re-examine some statistical aspects of the task force report by Canadian
Institute of Actuaries on the segregated fund investment guarantees. We argue that
there can be non-trivial statistical problems involved for the equity-linked life
insurances and investigate the statsitical properties of the multiperiod risk
management methods including the moving quantile method and the block boortstrap
method. Also we report some results of simulations and data analyses on the popular

stock indices in Japan and Canada.
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‘o0 Hardy(2003)|:||:||:||:||:||:||:|DDDDDDDDDDDDDDDD (Equity-LinkedLife
Insurance) 0000000000
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OVaROOODODOODOOODOOODO ClADOOO0ODOOO0ODOO0oOoDOoooDooon
000000000000 0000O0000O00oDoOoobDOOooOoDooDoDoon
0000000000000 O00DO0O0DOO00DbO000DbLOO0o0o0obOOoDOon
000000000000 DO00bO0000obOo0ooDoobDooon
O00000o0obDooobob0oooobooobob vaROOOOoooooo
0000000000000 O0OO00O00DbO00O0D0DO00oDLOO0o0O00obOOoDOn
000000000000 DO00bO0000oDOoOoooooboooo
00000000 DO00DO000ObO00bOO0o0o0o0oooDbOooooooog
0000000 00ooobooooobbooonbo vaROOODODOOOoDOoODOOOO
000000000000 0000O00O000b00oDoO0oD0o0ooOOooDoOOoDOon
0000000000000 0000bO0oD0o0oD00ooOoDOoooobOOooDOon
00000000000 oooboobooobbobooobooobobon VaRO
000000000000 DO000D0O0O0DDbO0OODOoDoO0oDbDOobOoOobOOoDOn
O00ooo0oboobooog VaROODUODODUOODOOOoOooooooooooo
oooo
O000000000000000 (bootstrap) DO OOOODODOOOOOODO
000000000000 0O00000bO00D0ooO0oooDooOoooDooobOon
00000000000 I000 nNobo0o0ooooooobo0oooooooon
000000000000 0000000DO000oDoOoobOOooDooDoOOoDOon
0000000000000 00DO0O0DObO0obOO0obO0oDOobOoOoDoOOoDOon
0000000 conditional tail expectation0 000 CTEOOOOOOOOOO
0000000000000 O00DOO00O00O0O0bOO0bO0oDbOO0oOD0oobOOoDOn
00000000000 0DO000bO0000ooDoooooooog
O00000000DO0000D0oo00obO0o0ooDooOoboooooooog
0000000000000 00DOO00O0DO0O0O0DoO0oDLOO0oDOo0oOobOOoDOn
000000000000 0000O00bO0OOO0oDOoDOo0obOoOoooDoOOoDOon
0000000000000 0000bO0oD0o0oD00obOooDOoooobOOooDon
0000000000000 0000oO0bO0oOOoDoO0obDOobOOoOobOOoDOon
000000000000 0000000DO0o0D00ooOOooDOooDoobOOoDOon
ooo
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.00

gobbbobboogogobobobobbboodooooobobobobood
gboboogboboboogbboboobbogbbooobouoobobboon
gobogbobobogboogbobooobbuooobboobobbboon
gboboogboboogobobobobogobogobogobbuooobboon
gboboooobbobbodooooboboooboboagn

b 310000oo

(00000 U(z) =LY, <z)i=1,--,(n—)m+10000000 10
00000000000000000000000

(7.1) EUi(2)] = Fin(x)
Oo0oooooooogd kek>m+1000
(7.2) o(k) = Cov(Ui(z), Usr(x)) =0

O0000000000U;(z) 0 m—dependent 00000000000 OOOO
T=Mm-1)m+100000000 U(x) = (1/T) X, Ui(z) 0 00 O O Anderson
(1971)000 83100

(7.3) lim Tvar(U(z)) = io o(k) < 400

T—o00 e —o0o

Oo0oooOoooon
(7.4) U(z) 2 E[Ui(z)] = Fu(z)

gobooogoooo
(] 00000 000000000

(7.5) Zr(z) =

D0000000000000 Z(x)0000000000000000 Z¢(x)
0 Zp(2)0000000000002<2 0000

(7.6)
[;() e 1
- z — Fu(@))(Ui(z) = Fu(a))]
- g — Fu(@))(Un(z') = Fn(z)
+zi T — K)E[(U1(2) = F(2))(Ursx(x') = Fu(z)
— Fnu(2)[l - F, +22: V™ <2, V) < @) = Fu(2)Fu(2)]



dooddooooooodn—4occd000O0OT - +oco0O00O00O0O0O0OOOOO
0000000 {Zr(x)} O tightness OO O0OOOOOOOOODOODODOOO
0000000000007 -+40000000000 Zp(x)000O0O0OOOO
Z(x)O 0000 weak convergencelO0 00000000 (Q.E.D)

003.2000000
00000 {X;}0000000 {Y,)} 0

Y(m)

i(m) O,\/m Z (Xj_,u)
1

(7.7)

= { 2: (Xj—n) = 2. (X =}

00000000000000000 {(1/0)(X; — )} 0000 Donsker 000
OO0 00000000000 2»0000m—+ood00000000OO0OO
0000 [z]0 20000000000000OO(0,1]0000000 sO000O0O
i(m)=[(n—1)ms] 0000

(7.8) %%—wemﬂ—%

00000000000000 tightnes0000000000000 (0,100
000000 B(s)0000

(7.9) qg&3@+ﬁ—3@:2@
Ooooooooooooooooooooooo
(7.10)
1 (n—1)m+1 (m)
m—Dm+1 Z; L(Y;™ <)
— /01_% I(B(s + %) — B(s) < y)ds
1 (n—1)m+1 1 (n—1)m+1
+ [m ; 1Y, <y) - = Dm+1 ; I(Z(t:) < y)]
1 (n—1)m+1 1-1
e L M@ < - [T <

000000000 ¢ =4¢/[nm|0000000000000000O00O0O0O0OO
O00 B0 C,0000000000DO000DOO0DOO000OmM —+00000O

000 Billligsley (1968) 00000000000 OOODO

H0p0o0000000000 (weak convergence) 0000000000000 0O00OOO
0000000000000000000000000000D000D0000000 tightness O
0000000000000000000000000000000000000000000
0000 Donsker 0000000000000 0ODO Billingsley (1968) 00000000000
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0000000000B,%000C,200000000000000000
0000 (QED.)

b 41000000

000000000 BOOODOOOOmnOOOOO (2,---,27) 000000
oo
(7.11)
%Z(ily-',is)I(X:l,l+"'+X:1,b+"'+th,1+"'+th,bSx’xla"':xT)
S B e Y Szl ar)]
= P(Y'+-- Y <zlry, -, 27)

gbobbooobbobooooobobbod Y;*:ZZ:lX;;’kDDDDDDDD
O0FE]00000000000000000O0000OO0O0OOODOO0OOOO
DDDDx:mu—l—y\/r_nDDDDDDDDDDDDDDDDDDY}*DDDDD
gbboogooboboooobibidm— 4oo 00

Y

Var(Yl*))’ -

(7.12) sup |[P* (Y + - + Y] < z|xy, -, xp) — O(
Y

O00000000000000000000 (Durrett (1991)000 7.8)0 m — oo
gobooood

Y

Ty "

(7.12) sup |[P(X1 4+ -+ X, <) — O
y

gooobbboggboboogobogobbbooobooobboooboon

OO0Oo0ooobogddbd — ool

(7.13) |Var(Y]") — Var(Y1)| — 0

000000000000000 20000 2=mu+yy/mO00000m — 400
0oooo
(7.14)

p

1
S Y TG X e X X <l o) = () 20
(#1,++1s)

0000000000(QED.)
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031(a):0000000000000000O

[0]0000D0000000(@B8.3)00 n.00ooboboboooobooooboobobbooDoD
o =0.0451133, »=0.009155 (000 0O)0 00000

1% 25% | 5% 10%
10 (00) | 0.7812 | 0.8225 | 0.8637 | 0.9117
0000 | 0.0447 | 0.0370 | 0.0326 | 0.0299
00 0.7759 | 0.8217 | 0.8631 | 0.9136

031(b):00000000000O0ODOODOO

[0]0000000000O0(3.3)00 Q;,000000000000000000000000
0000000000000 (03.1(a)000000000+t00 (4(3)0000000

RN 1% | 2.5% 5% 10%
10 ] 0.7598 | 0.8287 | 0.8788 | 0.9325
goog |0.1072 | 0.0616 | 0.0430 | 0.0325
0o | 0.7573 | 0.8244 | 0.8763 | 0.9325

O5.1: TSEO TOPIX ODODODOOD QQOOODO

[0]1956.101999.12000000000000000000 QQUOOOODOOOO
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[0]0000D0000000(3.3)00 QF

m,o

gooot

[0]000000ooooo@B3)o00 Q:

m,o

032:)00000000000000000

gbooooooooboobobooboobon
o =0.0451133, . =0.009155 (0 00 0) 00000 000000000 0O0OOOOOOO0O

00 1% 25% 5% 10%
50 0.9789 | 0.9901 | 1.0045 | 1.0245
(0.9133) | (0.9659) | (1.0369) | (1.1417)

0000 0.0392 | 0.0383 | 0.0373 | 0.0352
00 0.9486 | 0.9732 | 0.9949 | 1.0205
(0.76831) | (0.8232) | (0.9748) | (1.1068)

100 1.0320 | 1.0390 | 1.0464 | 1.0574
(1.4471) | (1.5461) | (1.6575) | (1.8358)

0000 0.0364 | 0.0361 | 0.0360 | 0.0355
00 0.9949 | 1.0131 | 1.0290 | 1.0476
(0.9502) | (1.1388) | (1.3307) | (1.5924)

032b)00000000000O0O0O0OOOO

000000000000000000000000
0000000000000 (03.1(a)000000000+t00 (4(3)0000000

00 1% ] 25% 5% 10%

50 | 09822 | 00936 | 1.0083| 1.0276
(0.9348) | (0.9889) | (1.0613) | (1.1636)

0000 | 0.0480 | 0.0467 | 0.0445 | 0.0413
OO0 | 0.9466 | 0.9757 | 0.9991 | 1.0258
(0.7599) | (0.8845) | (0.9953) | (1.1358)

100 | 1.0350 | 1.0415| 1.0488 | 1.0501
(1.4911) | (1.5853) | (1.6957) | (1.8674)

0000 | 0.0373| 0.0370 | 0.0365| 0.0363
OO0 | 0.9928 | 1.0142 | 1.0315| 1.0504
(0.9301) | (1.1519) | (1.3638) | (1.6346)
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041(2)000000000000000O0O00O0OOOO

[0]0000D0000000@B8.3)00 n.00boooobooooooobobobobboDD

o =0.0451133, ,=0.009155 (0 00 0) 00000 000000000 0O0OOOOOOO0O

gooot

[0]000000ooooo@B3)o00 Q:

m,o

00 1% ] 25% 5% 10%
10 0.7777 | 0.8227 | 0.8637 | 0.9140
0000 | 0.0224| 0.0223| 00224 0.0228
00 0.7759 | 0.8217 | 0.8631 | 0.9136
50 0.9492 | 0.9736 | 0.9951 | 1.0205

(0.7754) | (0.8799) | (0.9814) | (1.1134)
0000 | 0.0234| 0.0237| 00240 | 0.0245
00 0.9486 | 0.9732 | 0.9949 | 1.0205

(0.7683) | (0.8732) | (0.9748) | (1.1068)
100 0.9953 | 1.0132 | 1.0289 | 1.0476

(0.9799) | (1.1704) | (1.3650) | (1.6328)
0000 | 0.0242| 0.0243 | 0.0246 | 0.0249
00 0.9949 | 1.0131 | 1.0290 | 1.0476

(0.9502) | (1.1389) | (1.3308) | (1.5925)

041(b)00000000O00O0O00O0O0OOOOOOO

gooboooooooobobboobobooan
0000000000000 (0 38.1(x) 000000000 t00 (¢3)DOOD00D0OOO

gboogooobooboobooboobboobi

00 1% | 25% 5% 10%

10 | 07623| 0.8232| 08774 0.9320
0000 | 0.0830| 0.0614| 0.0347 | 0.0275
00 | 0.7573| 0.8244 | 0.8763| 0.9325

50 | 0.9515| 00771 09992 | 1.0251
(0.7925) | (0.9022) | (1.0067) | (1.1415)

0000 | 0.0401 | 0.0364 | 0.0340 | 0.0306
00 | 09466 | 0.9757 | 0.9991 | 1.0258
(0.7599) | (0.8845) | (0.9953) | (1.1358)

100 | 00982 1.0167| 1.0325| 1.0509
(1.0298) | (1.2277) | (1.4264) | (1.6957)

0000 | 0.0346 | 0.0316 | 0.0298 | 0.0285
00 | 09928 | 1.0142| 1.0315| 1.0504
(0.9301) | (1.1519) | (1.3638) | (1.6346)
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041(c):000000000O0DOOOOOOOOOOO

[0]0000D0000000@8.3)00 n.00booooboooobooooboobobboDD
a=0.2(AR(1)),0 =0.0451133, n=0.009155 (0 0 00)0 000000000000 0O0O0ODO

gbooobooooobo

00 1% ] 25% 5% 10%
10 0.7720 | 0.8177 | 0.8594 | 0.9102
0000 | 0.0263| 0.0267| 00271 0.0280
0o 0.7142 | 0.7662 | 0.8140 | 0.8728
50 0.9462 | 0.9710 | 0.0928 | 1.0187

(0.7655) | (0.8709) | (0.9734) | (1.1072)
0000 | 0.0287| 0.0293| 0.0298| 0.0304
0o 0.9115 | 0.9410 | 0.9672 | 0.9983

(0.6292) | (0.7380) | (0.8365) | (0.9915)
100 0.9930 | 1.0113 | 1.0273 | 1.0463

(0.9716) | (1.1648) | (1.3630) | (1.6362)
0000 | 0.0299 | 0.0302| 0.0306| 0.0310
00 0.9670 | 0.9891 | 1.0085 | 1.0313

(0.7147) | (0.8958) | (1.0880) | (1.3611)

TSE 1956.1-1999.12 Log Return

0.087

0.037

-0.02

-0.07

-0.12

T
1

Normal Distribution
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g42.000000000obobodoooboooooon

[0]00D00000000@33)00 QL ,00000000000000000000000
a=02(AR(1)), 0 = 0.0451133, = 0.009155 (00 00)00000M 00000000000

gbooobooooobo

00 1% 25% 5% 10%
10 0.7282 | 0.7765 | 0.8221 | 0.8794
0000 | 0.0372| 0.0341| 0.0325| 0.0322
00 0.7142 | 0.7662 | 0.8140 | 0.8728
50 0.9064 | 0.9375 | 0.9655 | 0.9993
(0.6210) | (0.7342) | (0.8499) | (1.0089)
0000 | 0.0349 | 0.0348 | 0.0347 | 0.0351
00 0.9115 | 0.9410 | 0.9672 | 0.9983
(0.6292) | (0.7380) | (0.8465) | (0.9915)
100 0.9703 | 09921 | 1.0119 | 1.0352
(0.7803) | (0.9723) | (1.1826) | (1.4837)
0000 | 0.0334| 00334 0.0335] 0.0339
00 0.9670 | 0.9891 | 1.0085 | 1.0313
(0.7146) | (0.8958) | (1.0879) | (1.3611)
200 1.0130 | 1.0290 | 1.0428 | 1.0592
(1.5846) | (2.1569) | (2.8032) | (3.8193)
0000 | 0.0330| 00331 0.0332] 0.0335
00 1.0033 | 1.0098 | 1.0154 | 1.0218
(1.1813) | (1.6265) | (2.1414) | (2.9405)

TOPIX 1956.1-1999.12 Log Return

0.107

0.057

0.007

-0.05

-0.10

T
1

Normal Distribution
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gs51000dd

0] DOO0DDO0OO0DO0DO0O0OO0OO0O0OO0DOO0OO0ODOO0O0O0O0O0O0O0O000000O000
TSE 300

HEN g doogbbo o0ogd HEN HEN

1956.1-1999.12  0.0081 0.0451 0.0115 -0.9073  3.8870

goooog

@o) 1 2 3 4 5
0000 00812 -0.0628 0.0425 -0.0306 0.0469
@o) 6 7 8 9 10

gooo 0.013 -0.0627 -0.0688  0.0469 -0.0262

TOPIX

HEN g doogbbo o0ogd HEN HEN

1956.1-1999.12  0.0072 0.0506 0.0074 -0.4168 1.5160

goooog

@o) 1 2 3 4 5
0000 00540  0.0413 0.0077 0.0190 0.0756
@oo) 6 7 8 9 10

goon  -0.0621 0.0182 0.0152 0.0423 0.0458

TOPIX

HEN g doogbbo o0ogd HEN HEN

1986.1-1999.12  0.0030 0.0626  0.0027 -0.2319  0.7890

goooog

@o) 1 2 3 4 5
0000 00488  0.0070 0.0065 0.0523 0.1135
@oo) 6 7 8 9 10

goobo  -0.0883 -0.0592  0.0683  0.0640 0.0703

TOPIX

HEN g doogbbo o0ogd HEN HEN

1989.10-1999.12  -0.0037 0.0646 -0.0047 -0.1850  0.8060

goooog

@o) 1 2 3 4 5
0000 00034 -0.0170 0.0066 0.0335 0.0839
@o) 6 7 8 9 10

gooboo  -0.1008 -0.0354  0.0435 0.0360 -0.0115
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O]

cooooooooo

m,o

0520000

TSE:ODODOO0O0000O

gbooboboobooboobooboobobo

1% ] 25% 5% | 10%

10 | 07340 | 0.7905| 0.8392 | 0.8963

50 | 0.9251| 00516 | 09748 | 1.002

(0.6776) | (0.6803) | (0.8802) | (1.010)

100 | 09738 | 09930 | 1.009| 1.029

(0.7668) | (0.9322) | (1.094) | (1.331)
TSE:DDDO0ODDDD00000O0O0

1% ] 25% 5% 10%

10 | 07160| 0.769%| 0.8200| 0.8802

50 | 0.8992| 00307 | 0.9587 | 0.9914

(0.5879) | (0.6983) | (0.8099) | (0.9577)

100 | 09618 | 09832 1.002| 1.024

(0.6774) | (0.8441) | (1.020) | (1.268)

TOPIX:00OOOOOOCO

1% ] 25% 5% 10%

10 | 07053| 0.7581| 0.8054| 0.8626

50 | 0.8969| 009243 | 0.9485 | 0.9770

(0.5804) | (0.6746) | (0.7677) | (0.8902)

100 | 00480 | 0.9682| 0.9857| 1.006

(0.5863) | (0.7239) | (0.8659) | (1.0616)

TOPIX:ODODOODOOODOODOODOODO

1% | 25% 5% 10%

10 | 06818 07350 | 0.7839| 0.8441
50 | 0.8637| 0.8963 | 0.9254 | 0.9594
(0.4806) | (0.5785) | (0.6787) | (0.8128)

100 | 09308 | 09534 | 0.9734| 0.9969
(0.4882) | (0.6205) | (0.7637) | (0.9694)
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