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1. Introduction

This paper investigates the collective decision problem with incomplete information
where players’ utilities are quasi-linear. Each player receives a private signal and makes
a public announcement about this signal. Based on these announcements and the
mechanism constructed in advance, the players collectively choose an alternative and
make side payments with budget balancing. Each player’s utility may depend not only
on her private signal but also on those of the other players, i.e., the players may have
interdependent values. Their private signals may contain information about
payoff-irrelevant factors such as their interim outside values.

Since the players’ private signals are not contractible, each player may misrepresent
her private signal without being punished for such misrepresentation. Moreover, after
receiving a private signal that implies a higher interim outside value than the interim
expected utility that she can obtain from a collective decision, each player has an
incentive not to participate in the collective decision. Hence, it would be important for
the players to construct a mechanism with budget balancing that satisfies incentive
compatibility such that truth telling is considered to be a Bayesian Nash equilibrium,
and also satisfies interim individual rationality such that each player can always obtain
an interim expected utility larger than or equivalent to the interim outside value by
participating in the collective decision after receiving her private signal.' Ideally, truth
telling should be described by the unique equilibrium behavior; from a practical
viewpoint, we should achieve this uniqueness by operating only a small number of
iterative removals of undominated strategies.’

The first purpose of this paper is to present a sufficient condition for prior
distribution, i.e., Conditions 1 and 2 in Section 3, under which there exists a direct
mechanism, irrespective of the social choice function, that satisfies budget balancing,
incentive compatibility, and interim individual rationality (Theorem 2). Conditions 1
and 2 are certainly more restrictive than Condition C proposed by D’Aspremont,
Crémer, and Gerard-Varet (1990), which is sufficient for the existence of budget
balancing mechanisms with incentive compatibility but without interim individual
rationality. However, with minor restrictions on the sizes of private signal spaces,
Conditions 1 and 2 may be extremely weak. In particular, we will show that with three
or more players, if their private signals are correlated and the size of each player’s
private signal space is approximately fixed, then such a direct mechanism does exist for
generic prior distributions.

This positive result should be regarded as a distinct contribution to the mechanism

! There exist many studies on mechanism design with side payments, showing their respective
existence theorems of budget balancing mechanisms with incentive compatibility that do not
necessarily satisfy interim individual rationality. See D’ Aspremont and Gerard-Varet (1979), Arrow
(1979), D’ Aspremont, Crémer, and Gerard-Varet (1990, 2004), Crémer and Riordan (1985), Rob
(1989), Aoyagi (1998), Chung (1999), and others.

? There exists a huge volume of studies on unique implementation with incomplete information. See
the survey by Palfrey (1992). Most of the studies assumed budget balancing mechanisms to either
allow no side payments or only small side payments; therefore, these mechanisms were assumed to
require a social choice function to be incentive compatible with no side payments for its
implementation. This paper allows large side payments and does not require incentive compatibility
of the social choice function without side payments.



design literature because previous studies have failed to provide good explanations for
the compatibility of interim individual rationality with incentive compatibility. For
instance, according to the impossibility result shown by Myerson and Satterthwaite
(1983), in a model of bilateral trading with independent private signals, private values,
and zero interim outside values, there exist no such mechanisms. In contrast, this paper
shows a possibility result in the case that the number of players is three or more and
their private signals are correlated.” According to Fudenberg, Levine, and Maskin
(1995), with three or more players and correlated signals, there exists a mechanism that
satisfies incentive compatibility, interim individual rationality, and a weaker version of
budget balancing such that the expected value of the sum of side payments is
non-positive. In contrast, this paper requires complete budget balancing so that the sum
of side payments is always zero.

As a corollary of the above result, we show that a player can extract the full surplus
despite the constraints of incentive compatibility, interim individual rationality, and
budget balancing. Crémer and McLean (1985, 1988) showed that a principal can extract
the full surplus in a multiagent problem, where three or more agents receive their
private signals, but the principal does not receive any. In contrast, this paper shows that
it is possible to extract the full surplus even when all players including the principal
receive their private signals. According to McAfee and Reny (1992), in a model of
bilateral trading similar to Myerson and Satterthwaite’s model, with continuums of
private and correlated signals, there exists a mechanism with budget balancing and
incentive compatibility that allows the seller to virtually extract the full surplus. In their
model, the maximal value of side payments diverges to infinity as the agents’ total rent
approaches the value of zero. In contrast, this paper shows that it is possible to precisely
extract the full surplus even with bounded transfers.

As an example, we consider agency problems wherein a risk-averse uninformed
principal hires multiple risk-neutral agents with private information. We show that it
might be impossible for the principal to extract the full surplus either with two agents or
with independent private signals. However, with three or more agents and correlated
signals, it is generically possible to extract the full surplus.

Although most previous studies on agency problems with adverse selection
concentrated on the case of risk-neutral principals, the study of risk-averse principals
might have a high potential ability for explaining real economic phenomena. As an
example of this high potential ability, we consider auctions with a risk-averse seller and
multiple risk-neutral buyers, showing that it is possible for the seller to extract the full
surplus without harming the incentive compatibility and interim individual rationality of
the buyers.

The first half of this paper does not require truth telling to be considered as the
unique Bayesian Nash equilibrium. However, the purpose of the second half of this
paper is to show several sufficient conditions under which there exists a mechanism
with budget balancing, incentive compatibility, and interim individual rationality that
allows truth telling to be considered as the unique iteratively undominated strategy
profile. In this case, we require only two or three rounds of iterative removal of

3 McAfee (1991) reinvestigated Myerson and Satterthwaite’s model and pointed out that their
negative result was based on the assumption that zero trade was efficient if the seller’s cost was the
highest or the buyer’s valuation was the lowest.



undominated strategies. In particular, in the case of private values and four or more
players, even if we restrict our attention to direct mechanisms, unique implementation in
terms of twice iterative dominance might be generically possible. Moreover, even in the
absence of any substantial restriction on utility functions such as private values, we
show that unique and virtual implementation in terms of three times iterative dominance
may be generically possible by slightly modified direct mechanisms. In other words,
unique and virtual implementation is generically possible when the interim preferences
of players are not common knowledge.

Abreu and Matsushima (1992) showed the possibility of uniquely and virtually
implementing social choice functions in terms of iterative dominance. They used only
small side payments, constructed mechanisms that are more complicated than direct
mechanisms, and required many rounds of iterative removal in order to achieve the
unique strategy profile. However, several experimental reports indicate that real
individuals are boundedly rational and that they possibly refrain from calculating the
unique profile after practicing only two or three rounds of iterative removal.* Hence, in
practice, the use of only a small number of iterative removals would be an important
restriction. Based on the above viewpoint of bounded rationality, the present paper
constructed only simple mechanisms and used only two or three rounds of iterative
removal in order to achieve the unique profile.

The key finding is that under a slightly stronger version of Conditions 1 and 2, the
constraint of interim individual rationality is trivial in that whenever there exists a
budget balancing side payment function that uniquely implements a social choice
function, there exists another budget balancing side payment function uniquely
implementing the same social choice function that satisfies interim individual rationality
(Theorem 8). Based on this, we only have to check the compatibility between incentive
compatibility and budget balancing, without explicitly taking interim individual
rationality into account.

The organization of this paper is as follows. Section 2 defines the model. Section 3
investigates the direct mechanisms that satisfy budget balancing, incentive compatibility,
and interim individual rationality. Sections 4 and 5 investigate the possibility of the full
surplus extraction. Section 4 considers the agency problem with a risk-averse principal
and multiple risk neutral agents. Section 5 considers the partnership problem with
risk-neutral players. Section 6 shows a sufficient condition on the prior distribution
under which the existence of mechanisms with interim individual rationality is trivial.
Section 7 investigates the possibility of uniquely and exactly implementing the social
choice function via direct mechanisms in terms of an iterative dominance. Sections 8
and 9 investigate the possibility of uniquely and virtually implementing the social
choice function in terms of twice or three times iterative dominance. Section 10
concludes the paper.

* For example, see Costa-Gomes, Crawford, and Broseta (2001).



2. The Model

Let N={1,2,...,n} denote the finite set of players. We will assume that n >3,

except in Proposition 1 of this section, Proposition 3 of Section 3, and the first part of

Proposition 4 of Section 4. Each player i e N receives her private signal ,, and €,

denotes the finite set of private signals for player i. Let Q=[]Q,, Q_ = []Q,,
ieN JjeN /{i}

and Q , = h ]7!(}2 , - A private signal profile @ =(w,),., € Q 1is randomly drawn in
eN/i,j

accordance with a common prior distribution p:Q —[0,1]. We assume that p has
full support, i.e., p(w)>0 forall o e Q. The conditional probabilities are denoted by

pi(a)i) = zgp(a)) 5
i@, |w)=22
p;(w,)

pij(a)j |a);) = Zpi(a)—i |a)i)9

w_; €Q
pgj(a)—i—j | a)i) = Zpi(a)_i ’ a)i) >
®;€Q;
and
pi (a)—i | a)l)
pi(w;|o)
where @, =(®,) .y, €Q, and o, =(®,),cy, €2, - For every subset
D, cQ,, let
pj](Dj |o,) = Zpil(a)/‘ |®,).
®;€D;
Let A denote the set of alternatives and A the set of simple lotteries on A. We
assume that each player i's utility is quasi-linear in that when the private signal
profile and the alternative are @ € Q and a € 4, respectively, and player i receives
the side payment ¢, € R, her utility is given by

pij(a)—i—j |a)i7a)j) =

u,(a,w)+t,.
We assume the expected utility hypothesis. For every simple lottery ae A, let
u,(a,w) =Y u,(a,w)a(a), where T is the support of the lottery « , which is

ael’
countable. A social choice function is defined by f:QQ—> A4, where f(w) is
regarded as the desirable alternative when the private signal profileis @ € Q.
For every ie N, the set of messages for player i is denoted by M,. Let

M=][M, and m=(m,),, € M . A message rule for player i is defined as a
ieN
function ¢, : Q), - M,. Let @, denote the set of message rules for player i. Let
O =[]®, and ¢=(4),., ®.
ieN
Fix the set of message profiles M arbitrarily. A mechanism is defined by (g, x),



where g: M — A is an outcome function, x;: M — R 1is a side payment function for
player i,and x=(x,),., 1sa side payment function with budget balancing in that
D x(m)=0 forall meM .

ieN
When all players announce a message profile m e M , the resultant lottery and side
payment for each player i are g(m) and x,(m), respectively. When g(m) is a
degenerate lottery, it will be regarded as a pure alternative.
Fix a positive integer k arbitrarily. Let ®) =®,. For every positive integer #,

we define @7 — @, as the set of message rules for player i, ¢ € ®!", satisfying that
there existsno @' € ®/”' /{#.} such that for every ¢, e ®""',
2w (g(¢ (@), ¢/(@)), 0) + x,(¢_ (@), ¢/(,))} p(w)

weQ)

> 2 Au(g(P(w)), ) + x,(#(w)} p(@).

weQ)

A message rule profile ¢ € @ is said to be k times iteratively undominated in (p,g,x)
if ¢ e ®". We will use the concept of iterative dominance only in the latter part of this

paper, i.e., in Sections 6, 7, 8, and 9, where we will consider only the case of k& € {2,3}.
In all sections except Sections 6, 8, and 9, we consider only direct mechanisms where
M,=Q, forall ieN
and
g=1.
Hence, a direct mechanism is denoted by ( f,x), where
x,:Q—>R forall ieN.
The honest message rule profile in a direct mechanism is denoted by ¢ € ® where
¢ (w)=w forall weQ.
For every i e N and every w, € Q,, the interim outside value that player i can
obtain when she observes her private signal @, and decides not to participate in the
collective decision is denoted by U, (®,) € R. We introduce the following requirement

on x.

Interim Individual Rationality (IIR): For every i€ N andevery w, € Q),,
>, (f(@)),0) +x,(@)}p(0, | @) 2 U (@) .

w_eQ)_;

In the direct mechanism (f,x), when all players announce their private signals
honestly, IIR requires the resultant interim expected utility for each player to be larger
than or equivalent to her interim outside value U, (®,); therefore, each player has the
incentive to participate in the collective decision, irrespective of her private signal. The
following proposition shows a necessary and sufficient condition for the existence of a
budget balancing side payment function that satisfies IIR. We denote
H; 1 Q, —)R+U{0}, /Jz(lui)ieN’and A:Q—>R.



Proposition 1: Suppose n>2. Then, there exists a budget balancing side payment
function x that satisfies IIR if and only if

(1) 2.2 2uf(o),0)p (e, |0)-U(@)}p(@)20.

ieN 0,eQ); w_eQ_;

Proof: By using Theorem 1 proposed by Fan (1956) in the same manner as used in
D’Aspremont and Gerard-Varet (1979, Theorem 7), we can show that a budget
balancing side payment function x that satisfies IIR exists if and only if for every
(u,A), whenever
(2) Mw)= p,(o_;|o)u(w;) forall ie N andall weQ,
then
3) > Z(; { %ui(f(w),w)Pi(w_i | @) =U; (@)} p,(@,) 2 0.

ieN 0eQ, w ,eQ.,
In this case, we used p,(w,) € R, U{0} and A(®)e R as multipliers for the inequality
in the definition of IIR and equality in the definition of budget balancing, i.e.,
Zx[(a)) =0, respectively.’
ieN

Suppose that (u,A) satisfies the equalities (2) and that there exist ie N,
JeN/}, w,eQ,,and k>0 suchthat » u(w;)=k and wu(@)>kp,(@,). Then,
0;eQ;

forevery w_, €Q_,,

pi(a)—i | a)z){luz(a)z) - kpz(wl)} = pj(a)ﬁ,‘ | C()]){,Ll]((l)/) - kp](a),)} >0.
This implies that x,(w,)>kp,(@;) forall w, €Q,; therefore, z,uj(a)j) >k, which

0;eQ;

is a contradiction. Hence, whenever (u,A) satisfies the equalities (2), then there exists
k=0 such that u(w,)=kp,(®w,) forall ie N and o, €Q.. From the inequality (3),
it follows that

z z { zui(f(a))aa))pi(w—i |a)i)_Ui*(0)i)}lui(0)i)

ieN w,eQ; w_eQ_;
=ky, > A Duf(@),0)p(o,|0)-U ()} p(o)>0,
ieN 0,€Q; w_eQ_;
which implies the inequality (1).
Q.E.D.

The inequality (1) implies that the sum of players’ ex ante expected utilities is
greater than or equal to the sum of players’ ex ante expected outside values. It should be
noted that the inequality (1) corresponds to the ex ante social rationality suggested by

Fudenberg, Levine, and Maskin (1994) when U, (w,)=0 forall ie N and o, €Q,.

Throughout this paper, we will assume that the inequality (1) holds.
Similar to the manner observed in the proof of Proposition 1, even when it is

> The same technique used in the application of Fan’s theorem can be found in the proofs of Theorem
2 and Propositions 3 and 7.



possible to choose any set of message profiles M , we can check that the inequality (1)
is still necessary and sufficient for the existence of an indirect mechanism (g,x) with

budget balancing and a message rule profile ¢ € @ satisfying that
g(¢(w)) = f(w) forall weQ
and that when players announce their messages according to the message rule profile ¢,

the resultant interim expected utility for each player i € N is larger than or equal to her
interim outside value, i.e.,

> {1, (g($(@)), 0) + x,(f(@)}p, (0, | @) 2 U] (@,) forall o, eQ,.

w_€Q_;

We introduce the following requirement on x .

Incentive Compatibility (IC): For every ie N, every w, € Q,, and every m, € Q2,,
Z {u,(f(@),0) +x, (@)} p;(@_; | ®,)

w_€Q_;

2 Z{ui(f(a)—i’mi)’a))+xi(a)—i’mi)}pi(a)—i | a)i)'

w_€Q_;

IC implies that the honest message rule profile ¢ is a Bayesian Nash equilibrium in
the direct mechanism (f,x).



3. Interim Individual Rationality and Incentive Compatibility
We introduce the following two conditions on p .

Condition 1: For every (o,,®,) € Q, xQ,, the collection of probability distributions
on Q  , givenby

By(w,@,) ={p, (|0, 0)| (0], w;) € Q; xQ,, either & = &, or v, = ,}
is linearly independent; in other words, for every (w(w, N ojeo, € R and
every (W(@,)) s ca, /1, € R whenever

4) 2w(@)py(o,|o,0)+ Y wo)p,(o,,|o,0)=0

o]eQ, e, [, }
forall v, ,eQ ,,
then
(5) w(w))=0 forall o/ €Q, and w(w,)=0 forall w, €Q, /{w,}.

Since p,(-|®,®)) is a |Q_1_2| -dimensional vector, it follows that if
|Qflfz|2|Ql|+|Qz|—l, then the |Ql|+|Qz|—l vectors in B,(w,w,) are linearly

independent, i.e., Condition 1 holds, for generic prior distributions.

Condition 2: For every i e N/{L,2}, the collection of probability distributions on Q ,
given by

E(a)z) = {pi(' | a)i) | w; € Qi}
is linearly independent; in other words, for every (w(@,)),, .o € R
(6) dw(w,)p, (0w, |w)=0 forall w,eQ,,

w;eQ;

Q.
] , whenever

then
(7) w(w,)=0 forall w, €Q,.

Since p,(-|w;) is a |in|-dimensi0nal vector, it follows that if |Q7i| > |Qi| for all
ie N/{1,2} , then the |Ql.| vectors in P(w,) are linearly independent for all

ie N/{1,2}, i.e., Condition 2 holds, for generic prior distributions. Conditions 1 and 2
are not more restrictive than pairwise identifiability by Fudenberg, Levine, and Maskin
(1994). In fact, pairwise identifiability requires a version of linear independence similar
to Condition 1 not only for the pair of players 1 and 2 but also for all other pairs.
Moreover, Condition 2 is weaker than pairwise identifiability. The following theorem
states that if |Q+2| > |Ql| +|Qz| -1 and |Qﬂ.| > |Ql.| for all ie N/{1,2}, there exists a
budget balancing side payment function x for generic prior distributions that satisfies
IC and IIR, irrespective of the social choice function f .

Theorem 2: Suppose that p satisfies Conditions 1 and 2. Then, there exists a budget



10

balancing side payment function x that satisfies IC and IIR.

Proof: We denote «;, : Q7 — R, U{0} and a =(a,),, . By using Theorem 1 proposed

by Fan (1956) in the same manner as used in Proposition 1, we can show that a budget
balancing side payment function x that satisfies IC and IIR exists if and only if for
every (a,u,A), whenever
(8) Aw) = p(o_; | o) za[(a)i’a)[’) - zp[(a)ﬁ' | w;)a[(w;’a)i)
wjeQ; wjeQ;

+p(o,|o)u(w,) forall ie N andall weQ,
then
9) 2.2 2 u(f(@),0)~u(f(o,,a)o)p (o, |o)a(o,o)

ieN weQ weQ;
2, 2 2 uf(@)o)p (e, |o)-U(@)hu@)=0.
ieN w,eQ; w_eQ_;

In this case, we used «,(®,,) e R, U{0} as the multiplier for the inequality in the
definition of IC. Fix (e, u,A) arbitrarily. Suppose that the equalities (8) hold. Fix
(v,,0,) € Q, xQ, arbitrarily. Let

w(@;) = pf(wz | @)y (0], 0)) forall o eQ, /{w},

w(@;) = _p; (0, | w,)a,(0;,,) forall w,eQ,/{w,},
and

W(a)l):plz(a)z | o) {w (@,) + Zal(a)lva)l,)}

w[eQ, l{w}

_p;(a)l | @,){p,(@,) + ’ Qz;{az}(a)zaa);)} .
It should be noted that the equalities (4) hold. Condition 1 implies that the equalities (5)
hold; therefore,

o, (w,0,)=0 forall o €Q,/{w},

a,(w,,0,)=0 forall w;, eQ,/{w,},
and

pi(@, o) {m(@)+ Yo (o,o))

w[eQ, /{w}

_p;(a)l | @,) {1, (@,) + 2062(602,6();)}=0,

0,eQ, [{w,}

Since the above equalities hold for all (@,,®,) € Q, xQ,, it follows that

plz(a)z | o) (@) = p; (@, |0y, (@,) forall (o,0,) € Q,xQ,,
which implies that there exists & >0 such that

u (o) =kp (o) forall o, €Q,.
Hence, from the equalities (8), it follows that

Aw) =kp(w) forall weQ.
Fix ie N/{,2} and o, €Q, arbitrarily. Let

Zi(a)i) =kpi(0)i)— Zai(a)i,a)i’)—yi(a)i)

w]eQ,; {w;}

and
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z(w)=a,(w,0,) forall o €Q,/{w,} .
It should be noted that the equalities (6) hold. Condition 2 implies that the equalities (7)
hold; therefore, for every i e N/{,2} andevery w, €Q,,

a(w],0,)=0 forall o €Q,/{w,}
and

(@) =kp(@,).
Based on the above arguments and the assumption given by the inequality (1), we have
proved that

Z Z Z {u;(f(a))a a)) - u[(f(a)fi’ a)l’)’ w)}pi(a)ﬁ' | a)[)a[(a)i’ a)l’)

ieN weQujeQ;

+Z Z { Zu[(f(a))ia))pi(a)—[ |a)[)_U:(a)[)}/u[(a)[)

ieN w,eQ; w_eQ_;
= kz z { Zu[(f(a))ia))p[(a)—[ | @) _U:(a)[)}p[(a)i) 20,
ieN weQ; w_eQ_;
which implies the inequality (9).
Q.E.D.

Myerson and Satterthwaite (1983) investigated a model of bilateral trading and
showed the nonexistence of a budget balancing side payment function that satisfies IC
and IIR. Their negative result was based on the assumption that there existed only two
players, i.e., n =2, and that their private signals were independent, i.e., for every
ieN, p(|w) was independent of w, € Q,. In contrast, Theorem 2 of this paper
assumes that n >3 and that the players’ private signals are correlated. The following
proposition states that when »n =2, there may not exist a budget balancing side
payment function x that satisfies IC and IIR, irrespective of whether the players’
private signals are correlated.

Proposition 3: Suppose n =2, that the inequality (1) holds with equality, i.e.,
(10) Z z { Zu,(f(a)), a))pi(wﬂ' | a)i) _Ui*(a)i)}pi(a)i) =0,

ieNw,eQ; w_;eQ_;
and that there exists @ Q) such that

(11) Z{ul(f(a))ad)lawz)+u2(f(a))aa)1’d)2)}p1(a)2 |@)p, (@, | @,)

weQ
> UL (@) +Us(@,).
Then, there exists no budget balancing side payment function x that satisfies IIR and IC.

Proof: From IIR and the equality (10), for every ie N and every o, € QQ., it must
hold that
Z{”l(f(w), w)+x,(0)}p; (a)j o) = Ui*(a)i) .

®,;€Q;
We denote 77,:Q2, > R and 1 =(7,),.,. We willuse 7,(®w,) € R as the multiplier for

this equality. By using Theorem 1 proposed by Fan (1956) in the same manner as used
in Proposition 1, we can show that a budget balancing side payment function x that
satisfies IIR and IC exists if and only if for every («a,7,1), whenever
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(12) M) = p[(a)_j | w[) Zaz‘(a}n a)[l) - Zpi(a)j | w;)ai (a)ila a)i)

w]eQ; w]eQ,;

t+p(0; |o)n (o) forall ie N andall e,

then
(13) zz z{ui(f(a))aa))_ui(f(wi,aa)j)aa))}pi(a)—i | w)a, (@, o))
ieN weQ w/eQ;
+2 2 A 2 u(f(@),0)p(o, | @) -U (@)}n(0)>0.
ieN 0,€Q; w;eQ;
We specify
o, (&,0,)=p (0|, foral o eQ,
a,(w,0)=0 forall o, €eQ,/{w,} and o €Q,,
771‘(0’)1‘) =-1,
and

n(w,)=0 forall w, €Q,/{w,}.
From n =2, it should be noted that for every i € N and every w2,
pi(a)‘/ |601) Z;,)ai(a)i,a)i’)_ ngl(a)] |a)i’)ai(a)l.’,a)i) +pi(a)j |601)771(0)l)
=-pi(@,|0)p,(0, | ®,).
Let
MNo)=-p(o, | o) p,(o,|@,) forall e Q.
It should be noted that («,7,4) satisfies the equalities (12). Based on the inequality
(11), it follows that
Z Z Z {u;(f(a))a o) - ul(f(a)l” a)_j)a a))}pi (a)—i | a)[)a[(a)i’ a):)

ieN 0eQ wjeQ;

+Z Z { Zui(f(a))7a))pi(a)j |a)i)_Ui*(a)i)}77i(a)i)

ieN 0,€Q; w;eQ;

=D 2 2 u(f(@,0).0,0)-u(f(@,0,).d,0,)}p (o, &)p, (]| @)

ieN 0,€Q; w/eQ,

_Z{ Zui(f(é)iaa)j)aa}i’a)j)pi(a)j ’a}z)_Uz*(aA)z)}

ieN w;eQ;

== u,(f(@), &, 0,) +u,(f (@), 0, 3,)} (0, | &) py (@, | &)

weQ)
+U, (&) +U,(0,)<0,
which contradicts the inequality (13).
Q.E.D.

It must be noted that the inequality (11) holds if U (&,) and U,(d,) are
extremely small. Hence, Proposition 3 implies the nonexistence of a budget balancing
side payment function that satisfies IC and IIR in the two-player case if for every player
there exists a private signal such that the associated interim outside value is extremely
small. Further implications will be shown in the next two sections.
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4. Full Surplus Extraction by a Risk-Averse Principal

Consider the following situation in which a risk-averse principal hires n
risk-neutral agents. Each agent i e N receives a private signal o, € Q,, whereas the

principal does not receive any. Each agent i€ N announces her message
m, € M, =Q, in a direct mechanism (f,x) where the side payment function x may

not correspond with budget balancing.® Based on their message profile m e M , the
agents collectively choose the alternative f(m) e A. Each agent i receives her profit

u,(f(m),w) and pays the money —x,(m)e R to the principal. The principal’s utility
is given by v(-> x,(m)), where v:R— R is an increasing and concave function.
ieN
Each agent i's utility is given by u,(f(m),®)+ x,(m). We assume that the interim
outside value for each player is set at a value equal to zero, i.e.,
U (w)=0 forall ie N andall w, €Q,.
Similar to the manner observed in the proof of Proposition 1, we can check that
there exists a side payment function x such that
(14) Y x(@)= Yu(f(0)o)p(®) forall weQ,
ieN ieN,0'eQ
and for every ie N, player i's interim expected utility is always equal to zero, i.e.,
Z{u,(f(a)), o)-x,(o)}p (o, |w)=0 for all w, €€),.

w_€Q_;
In this case, when all the agents announce honestly in accordance with ¢, the principal

receives a fixed amount of money > u,(f(@"),®")p(®"), irrespective of what the
ieN,w'eQ)

true private signal profile is; therefore, the principal’s expected utility is given by

2 (=2 x (@) p(@) =v( Yu(f(w)o)p(@)).

weQ) ieN ieN,0'eQ
Since v 1is increasing and concave, this value is equivalent to the maximal expected
utility for the principal with the constraints of IIR for all agents. The principal can be
said to extract the full surplus if there exists x that satisfies IC, IIR, and the equalities
(14). Similar to the manner observed in the proofs of Theorem 2 and Proposition 3, we
can prove the following proposition.

Proposition 4: If n=2 and there exists @ € Q such that
(15) D (f(0),0,,0,) +u,(f(@),0,,0,)} p (@, | &) p,(0, | &,)

weQ)

> 2w, (f(@), ) +u,(f(@), )} p(@),

weQ)

then the principal cannot extract the full surplus. If n>3 and p satisfies Conditions
1 and 2, then the principal can extract the full surplus.

It should be noted that the inequality (15) holds in the two-player case if each player

% The side payments between the principal and the agents are always in accordance with budget
balancing.
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i € {1,2} possesses high utility when she receives the private signal @,, irrespective of

the other player’s private signal and the collective decision; in other words, for every
wel),

u,(f (@), d,,,) > Zul(f(w'),w')l?(w')

w'eQ

and

u,(f(@),0,0,) > Yu,(f(@),0)p(@").

'eQ)

Hence, the first part of Proposition 4 implies that the principal cannot extract the full
surplus in the two-agent case if for each player there exists a private signal that provides
her with an extremely high utility. On the other hand, the latter part of Proposition 4
implies that in the case of three or more agents, the principal can extract the full surplus
for generic prior distributions if |Q_1_2| > Q1| + |Q2| -1 and |Q_i| > |Ql.| for all
ieN/{L2}.

As an example, we consider auctions with a single risk-averse seller and multiple
risk-neutral buyers and with private values. The seller has one unit of commodity for
sale. Each buyer i's private signal o, implies her own valuation, where €2, is given

by a finite set of positive real numbers. The set of alternatives is given by 4=N,
where the alternative i€ 4 implies that the commodity is transferred to buyer i.
Hence, for every buyer ie N,

u(a,w)y=w, if a=i,
and

u(a,w)=0 if a=i.
The social choice function f is efficient, i.e., forevery w € Q) andevery ie N,

o, 2w, forall je N whenever f(w)=i J

The expected full surplus is given by
Z Zul(f(a))9 ) p(®) = Z(m&}lvx a)i)p(a)) .
ieN weQ) weQ) ‘e
The latter part of Proposition 4 implies that with three or more buyers, if

|Q_1_2| > |Ql|+|§22|—1 and |Q_i| > |Ql.| for all ie N/{,2}, then the full surplus
extraction by the seller is generically possible. However, with only two buyers, the
risk-averse seller may not be able to extract the full surplus. For every i e N, buyer
i's highest possible valuation is denoted by @, € Q,, where

@, >, forall w, €Q, /{w,}.
Assume that each buyer’s highest possible valuation is greater than the expected full
surplus, i.e.,

o, > %(r%xa)j)p(a)) forall ieN.

This is a trivial assumption when each buyer has the same highest possible valuation.
It must be noted that when » =2, this assumption implies the inequality (15). Hence,
from the first part of Proposition 4, it follows that the risk-averse seller cannot extract

7 Without any substantial change of our arguments, we can allow f (@) to be a lottery over
multiple agents whose evaluations are the highest.
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the full surplus when there are only two buyers.

Proposition 1 implies that if incentive compatibility is not required, the seller can
always extract the full surplus even in the two-buyer case. Moreover, we can check that
if we require ex ante individual rationality, instead of interim individual rationality, that

> Au,(f(@),0)+x,(w)}p(w)=0 forall ieN,

weQ)
then the seller can extract the full surplus in a wide class of environments with two
buyers. Suppose that (p, f) satisfies the “sorting” condition that for every i€ {1,2},

every w, €Q,/{w,},and every @, € Q, /{w,},
2 (f(0),0),0)-u,(f(0),0)p (o, | o)

®;€Q);
2 z{ui(f(a)i’9a)j)’5i9a)j)_ui(f(a))bai?a)j)}pi(a)j |a~)z) if 0~)i <o,
a)/er
and

Z{ui(f(a)i”a)j)’a))_ui(f(a))ﬂa))}pi(a)j |a)1)

®;€Q;
= z{ui(f(wi”wj)ﬁgji’a)j)_ui(f(a))ﬁgji’a)j)}pi(wj @) if @,>a,
w;€Q;
where o] € Q, /{w,} is the smallest element of €, that is larger than @,. Then,
according to standard analysis, for every ie{l,2}, it follows that there exists
s; : Q, > R such that

2 {u,(f (@), 0)+ s, (o)} p(0; | @)

®,;€Q;
2 Z{ui(f(aw)iaa)j):a)) - Si(ai)}pi(a)j |@;) forall @, €Q,.
@;€Q; ‘

For every i€ {1,2}, let

x, (@) =s,(;) - Sj(a)j) - Z {u,(f(w),0)+s,(@;) - Sj(aj)}p(ﬁ) )

e

which satisfies the incentive compatibility and ex ante individual rationality with
equality. Hence, without interim individual rationality, the seller can extract the full
surplus even in the two-buyer case.
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5. Full Surplus Extraction by a Risk-Neutral Player

Fix any player i" € N arbitrarily. We will say that player i" can extract the full
surplus if there exists a budget balancing side payment function x that satisfies IC and

IIR where the properties of IIR hold with equality for every player except player i , i.e.,
forevery ie N/{i"} andevery o, €Q,,
(16) Z {u,(f(@),0)+x,(0)}p(o; |©)= Ui* (@,).

w_€Q_;
One of the interpretations is that before receiving a private signal, player i will design
a mechanism in order to maximize her ex ante expected payoff. The following

proposition shows a sufficient condition under which player i" can extract the full
surplus.

Proposition 5: Suppose that p satisfies Conditions 1 and 2. Then, player i can
extract the full surplus.

Proof: The inequality (1) implies that we can choose U;*(a)i*) for each w.eQ.
such that

U;*(a)i*) > U; (w.) forall w.eQ.,
and

(17) { Zu.(f(@)o)p.(o . |o.)-Ulo.)}p(0.)

(u‘eQ*
=1

+ z z { zu (f (o), a))p (0. i |a)i)_Ui*(a)i)}pi(a)i):0'

ieM /{i"} 0€Q; w_€Q_
Based on Theorem 2 and the equality (17), if Conditions 1 and 2 hold, it follows that
there exists a budget balancing side payment function x that satisfies IC such that the
equality (16) holds forall ie N/{i"} andall @, € Q. and

Yu.(f(w),o)p. (0 . |o.)=U. foral o.ecQ.
o +€Q »
This implies that player i* can extract the full surplus.
Q.E.D.

Crémer and McLean (1985, 1988) investigated the auctions of a single seller and
three or more bidders and showed that the seller can extract the full surplus if the
bidders’ private signals are correlated. They assumed that the seller does not receive any
private signals. In contrast, the present paper permits the seller to receive her private
signal and considers the constraints of IC and IIR for this seller as well as the bidders.
The following proposition states that if there exists a player whose private signal is

independent, player i° may not be able to extract the full surplus.

Proposition 6: Fix ie N/{i"} arbitrarily. Suppose that there exist @&, € Q. and
o, € Q. /{®d,} such that
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(18) 2 {u,(f(@),0)p (&, | &) —u,(f (@), &, &) p (@ | &)}

a_;€Q_;

< UI*(GN)I) _Ui*(a’)i) .
Suppose that p,(-|®,) is independent of w, € Q.. Then, there exists no side payment
function x, for player i such that for every w,€Q.,

(19) 2 {u,(f(@)), @) + x ()} pi (e | @)

27‘ i{ui(f(co_i, o)), 0)+x(o_,0)p (0, o) forall o] cQ,,
and o
(20) Z(z{ul(f(a))): a)) + X, (a))}pi(a)—i | a)i) = Ui* (a)z) .

Proof: Suppose that x, satisfies the inequalities (19) and the equalities (20). Based on the
inequalities (20), the fact that p,(-|®,) is independent of o, € Q,, and the inequality (18),

it follows that
2w (f(@),d ;,0,)+x, (@) p (@, | &,)

_;eQ_;

- 2w, (f(&,,0)),0_,0,)+x(0,0,)}p, (&, | &)

_;€Q_;

= 2 u,(f(@),3,,8)+x(2)}p(@, | &) ~U (&)

w_eQ_;

= 2w (f(&),6.,6)p(@.|6)~u(f(@),0)p(&, &)} +U (&)

_;€Q_;
~U/(#)>0.

This contradicts the inequalities (19).
Q.E.D.

Proposition 6 implies that if there exists a player i e N/{i"} such that p,(-|®,) is
independent of ®, €Q, and the inequality (18) holds for some @, €, and
@, €Q, /{@,} , then player i" cannot extract the full surplus. It should be noted that the

inequality (18) holds when the difference in the interim outside values between the
private signals @, and @, is large. It should also be noted that even if the interim

outside values U, (@,) and U, (@,) are equivalent, the inequality (18) holds when
player i's payoff in the case of @, is better than that in the case of @,, i.e.,
u(f(w),o ,o)>u(f(®),o) forall @, 6 Q.
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6. Uniqueness and Interim Individual Rationality
We introduce the following two conditions on p .

Condition 3: The collection of probability functionson €2, , given by
}_jlz(a)laa)z) ={pu(|o,0,)| (0,0, eQ xQ,}
is linearly independent; in other words, for every (W(@,,,)) ., v )00, € Rl ,

whenever

zw(a)lawz (o, |e,0,)=0 forall o ,,eQ ,,
(@),0,)eQ;xQ,

then
w(w,,0,)=0 forall (o,w,)cQ, xQ,.

Since p,(-|®,w,) isa |Q_1_2| -dimensional vector, if |Q_1_2| > |Q]|+|Q2 , then it

follows that the |Q1|+|Q2|—1 vectors in P,(@,,®,) are linearly independent, i.e.,

Condition 3 holds, for generic prior distributions. However, it must be noted that
Condition 3 is more restrictive than Condition 1.}

Condition 4: For every i € N/{2}, the collection of probability functions on Q _, , given
by

f_)zi(a)i) ={p,(|o)| o eQ;}
is linearly independent; in other words, for every (w(@,)),, .0, € Rl , whenever

S w(w,)py (0, |®)=0 forall w,,eQ,,,
;€Q;
then
w(w,)=0 forall w, €Q,.

Since p,,(-|m) isa |szﬂ.|-dimensional vector, if |szfl-|2|Q,-| forall ie N/{1,2},
then it follows that the |Ql.| vectors in P, (w,) are linearly independent for all

ie N/{,2}, ie.,, Condition 4 holds, for generic prior distributions. However, it must be

noted that Condition 4 is more restrictive than Condition 2. The following proposition will
be useful for constructing a side budget balancing payment function that satisfies IIR without
harming other properties such as incentive compatibility and uniqueness.

Proposition 7: Consider an arbitrary collection of functions (v,) where v, :Q, = R for
all ieN, and
Zvi(a)i)pi(a)i) =0.

ieN,w;eQ;

® It must be noted that if |Q727l.| > |Q,-| for all ie N/{l} and |Q+2| > |Ql|><|Q2
must hold that n > 4.

, then it
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Suppose that p satisfies Conditions 3 and 4. Then there exists a collection of functions
(y,) suchthat y, :Q_ . —> R forall ieN,
dyi(w,)=0 forall @ €Q

ieN
and
dYyvi(w)p(o,|o)=v,(w,) forall ieN andall @, €Q,.

w_€Q_;

Proof: Condition 4 implies that for every i e N/{1,2}, there exists ¢, such that
Zti (@, )p,(0,, |o)=v (o) forall v, eQ,.

P, S
Let
wy (@) =v,(0)+ D { Yt(o,)ip,(0,]|0,).
®,eQ , N2}
It should be noted that
(21) 2vi(@)p (@) + 2w, (@,)p,(@,)=0.

€Q ©,€Q
By using Theorem 1 proposed by Fan (1956) in the same manner as used in Proposition
1, it follows that there exists z:Q, x€Q, — R such that

2. z(@,,0,)p (o, |o) = v, (®,) and

,€Q),

Zz(wl’a)z)pz (0, |@,) =-w,(®,)

w,eQ)
if and only if for every (7,,7,), whenever

(22) n(o,)p (o, | ) =n,(0,)p,(® |w,) forall (o,w,)ecQ xQ,,
then

(23) Z m(o)v (o)) + 2772 (0,)w,(w,) =0.

0,€Q, ©,€Q,
Similar to the manner observed in the proof of Theorem 2, it follows that whenever
(n,,m,) satisfies the equalities (22), then there exists k& >0 such that

n(w,)=kp(w,) forall ie{l,2} andall w, €Q,.
Hence, based on the equality (21), it follows that the equality (23) holds; therefore, we
have shown that such a function z:Q, xQ, — R exists. Condition 3 implies that there
exists ¢, :Q_, , > R such that

Z (o ,)p,(o_, |o,0,)=z2(0,,0,).
w_1_,€Q_ |,

This implies that
2t )py(o o) =v (o) forall o eQ,

0_1_,€Q |,
and
Zt1(a)7172)p12(a)7172 |@,) =w,(w,) forall w,eQ,.

0,0 |,
We specity (y;) as follows. Forevery w e Q,
vi(w,)=t(w_,,;) forall ie N/{2}
and
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y(@,)== 2t(0,,).

ieN/{2}
Based on the above arguments, it follows that
Y y(w,)=0 forall weQ

ieN
and
Yy )p(o, )=V (o) forall ieN andall o, €Q,.

w_€Q_;

Q.E.D.

The following theorem states that under Conditions 3 and 4, the existence of a
mechanism with budget balancing that implements the social choice function implies
the existence of a mechanism with interim individual rationality as well as budget
balancing that implements the social choice function; therefore, interim individual
rationality is a trivial requirement.

Theorem 8: Consider an indirect mechanism (g,x) with budget balancing. Suppose
that ¢ is the unique k times iteratively undominated message rule profile in (p,g,x).
Suppose that p satisfies Conditions 3 and 4, and that

(24) D ug(d(@), o) p (o, |0)-U; (o)} p,(0)=0.

ieN w,€Q; w_eQ_;
Then, there exists a budget balancing side payment function X such that ¢ is the
unique k times iteratively undominated message rule profile in (p,g,X), and it satisfies
interim individual rationality in that for every i€ N and every o, €Q,,

> {u,(g(f(@),0) + x,(H(@)}p (0 |0) 22U ().

w_€Q_;

Proof: Based on the inequality (24), it follows that there exists (v,) such that for every
ieN,
Z Zvi(a)i)pi(a)i) =0,

ieN w;€Q;

and for every w, € Q,,

vi(0)2U/(@0)~ ¥ {u(g(d(@),0)+x,(p(@)}p (@, o).

0_,eQ
From Proposition 7, it follows that there exists (y,) that satisfies the properties in
Proposition 7. We specify X by

%.(m)=x,(m)+y,(m>) forall ieN andall meQ.
It should be noted that (p, f,X) satisfies interim individual rationality in the above
sense. Since y, is independent of m,, it follows that ¢ is the unique k-times

iteratively undominated message rule profile in (p, g, Xx).
Q.E.D.

? The inequality (24) corresponds to the inequality (1) in direct mechanisms, which is regarded as a
necessary condition for satisfying IIR as well as budget balancing in indirect mechanisms.
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Hence, from next section onward, we will only show the existence of a budget balancing
mechanism that uniquely implements the social choice function without explicitly requiring
interim individual rationality.
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7. Twice Iterative Dominance

We introduce the following condition on p .

Condition 5: Forevery i € N/{l},every o, €Q,,andevery o/ €Q,,
pz‘l(' | a)i) # pzl( | a)i’)'

It must be noted that if |Q1| > 2, then Condition 5 holds for generic prior distributions.

We introduce the following conditions on f .

Condition 6: There exists d:Q — R such that for every @ € Q and every o' eQ
that satisfies o, # o,

u (f(@0),0),0) +d(0,,0) > u(f(@), ) +d (o).

Suppose that player 1’s utility u,(a,®) is independent of @ , and that player i's
utility u,(a,w) is independent of @, for every ie N/{l}. These suppositions are
regarded as weaker versions of the private value assumption that every player’s utility is

independent of the private signals of the other players. Suppose that a social choice function
f is strictly efficient; in other words, for every @ € Q,

> u,(f(@).0)> Yu,(f(a)0) forall acdl/{f(@).

ieN ieN
We specify that
d(w)= X u(f(w),).

ieN /{1}
It must be noted that Condition 6 holds in this case.'® The following proposition states
that under Condition 6, if |Q1| > 2, then there exists a direct mechanism with budget

balancing for generic prior distributions, in which truth telling is considered as the
unique twice iteratively undominated message rule profile.

Proposition 9: Suppose that Conditions 5 and 6 hold. Then, there exists a budget
balancing side payment function x such that ¢ is the unique twice iteratively
undominated message rule profile in (p, f,x).

Proof: For every ie N/{l}, we define s,:Q, xQ, — R in a manner such that for
every (o,,m,)e ), xQ,,
Si(a)15a)j)=_{1_p:(a)l ‘a)i)}Z_ Zpil(a)]"a)i)z :
[ eQ /{w}

Condition 5 implies that for every ie N/{l}, every o, € Q,,and every o, € Q, /{w,},

' This was first suggested by Groves (1973), D’ Aspremont and Gerard-Varet (1979), and others. See
also Matsushima (1990a) for dominant strategies.
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(25) Y s (@,0)p (@ |0)> T s(o,0)pi (o o).

weQ €
The following is the proof for the inequalities (25). Consider the maximization problem
given by
max > [-{l-q(@)}’ - Y q(a) 1) (@ | @)
(q(o)eR ™ 525 o
subject to Zq(a)l) =1.
e
The first order condition is
2p (o, |@)-2q(w)=p forall w eQ,,
where p 1s a real number. Together with Zq(a)l) =1, this implies that
e
g(w) = p!(w, | ®,); therefore, this implies the inequalities (25).
Fix a positive real number k >0 arbitrarily and specify x as follows. For every
mebM,
x,(m)=d(m),

LS5 tmom),

n—2 jeni2)

x,(m) =—d(m)+ k{s,(m;,m,)—

and for every ie N/{,2},

1
—_— ZSj(ml,mj)}.

-2 JeN/{Li}
It should be noted that x satisfies budget balancing. Based on the inequalities (25), it
follows that for every sufficiently large k, every ¢ ® and every ie N/{l}, if
¢, =¢ and @ #¢ ,then

2w (f (@) g (0,)),0) +x, (@) §; (0,)} ()

weQ)

> {u,(f (@), 0) + x,($(@))} p(@) .

weQ)

This implies that whenever player 1 announces honestly, then all other players have a
strict incentive to do the same. Condition 6 implies that for every ¢ e ®, if ¢, # ¢,
then

x,(m) = k{s,(m,m,) -

2, (f($(@)), @) + x,($(@))} p(e)

weQ

= 2 {u(f(¢(@)),») +d(¢(@))} p(w)

we)

< Z{u1(f(a)1’¢71(a)71))a ) +d(o,¢.(0.))}p(w)

we)

= Z {ul(f(¢l*(a)l)9 ¢ (@), )+ x, (¢1*(0)1)a ¢ (0_))}p(®).

weQ)

This implies that player 1 has the strict incentive to announce honestly, irrespective of
what the other players’ message rules are. Hence, we have proved that ¢° is the unique

""" This is based on the idea of proper scoring rules. For its application to mechanism design, see
Johnson, Pratt, and Zeckhauser (1990), Matsushima (1990b, 1993), Aoyagi (1998), and others.
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twice iteratively undominated message rule profile in (p, f, x).
Q.E.D.

Matsushima (1990a) showed a sufficient condition on the common prior distribution
under which, with private values, there exists a budget balancing side payment function
that considers truth telling to be the unique twice iteratively undominated message rule
profile when the social choice function is strictly efficient. This sufficient condition
requires linear independence of the conditional distributions, which is more restrictive
than Cm}giition 5. Hence, Proposition 9 is regarded as the generalization of Matsushima
(1990a).

"2 Arya, Glover, and Young (1995) also showed the possibility of uniquely and virtually
implementing social choice functions in terms of twice iterative dominance on the private value
assumption.
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8. Virtual Implementation

It should be noted that Condition 6 excludes a wide class of environments with
interdependent values. By using a modified version of the direct mechanism, this
section aims to show that a social choice function is uniquely, and not exactly but
virtually, implementable in terms of twice iterative dominance, even in a wide class of
environments with interdependent values."> We consider indirect mechanisms (g, x)

where the set of messages for each player i € N is specified as
M, =Q:.
At one time, each player makes two announcements about her private signals. We
specify that m, = (m',m’)e M, and ¢ = (4 ,¢’) e ®, where
#' Q. —Q, foreach he{l2}.
The honest message profile is denoted by ¢~ € @, where
¢""(w,) = w, foreach he{l,2}.

For every &>0, a mechanism (g,x) is said to satisfy the & —closeness to f 1if for
every <),

g (@)N(f(@)21-¢.

We introduce the following conditions on (p, f).

Condition 7: For every i€ N, every w, €Q,, and every o/ €Q,/{w,}, there does
not exist S € R such that for every a € 4,
Z“i(aaw)pi(a)—i |w;) = Zui(a,a)i’,a)_i)pi(a)_i | a);) +p.

w_€Q_; w_€Q_;

Condition 7 implies that each player has different preferences with regard to the
pure alternatives across her private signals. Since Condition 7 is weaker than Condition
6, we can say that it holds in a wide class of environments with interdependent values.
We introduce the following condition on p .

Condition 8: For every i € N, there exists (i) € N /{i} such that for every o, € Q, and
every o/ € Q, /{w,},
Pn(l‘)(' | @,) # pu(i)(' |@)) .

It should be noted that whenever |Qi| >2 for at least two players i€ N, then

Condition 8 holds for generic prior distributions. The following proposition states that
under Condition 7, for generic prior distributions, there exist mechanisms with budget
balancing that uniquely and virtually implement the social choice function in terms of
twice iterative dominance.

" There exist many papers on unique and virtual implementation with incomplete information, such
as Abreu and Matsushima (1992), Matsushima (1993), Duggan (1997), Serrano and Vohra (2000,
2001), and others.
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Proposition 10: Suppose that Conditions 7 and 8 hold. Then, for every & >0, there exists a
mechanism with budget balancing (g,x) that satisfies the & — closeness to f such that

@ is the unique twice iteratively undominated message rule profile in (p, g, x).

Proof: Based on Condition 7, for every ie N, it follows that there exist /,: Q. — A

and e :Q, > R such that for every w, €Q,,
(26) 2ul(w),0)p(e|o)+e(w)> Zul(o),0)p(o,;|o)+e(w)
w_€Q_; w_€Q_;
forall o/ eQ{w,}.
We will occasionally regard f(®@) as the degenerate lottery that assigns probability 1
to the alternative f(w). We specify g by

g(m)=(1-&)f(m*)+Z 3 1(m)).

N jen

For every ie N/{l}, we define s5,:Q , — R in a manner such that for every

—1(7)

O_ iy €L

2 2
Si(a)fl(i)) =—{l- pfifz(i)(a)fift(i) @)} — Zp—i—z(i)(a)—i—z(i) @) .

0] eQ, l{w,}
Similar to the manner observed in the proof of Proposition 9 (the inequalities (25)),
from Condition 8, it follows that for every i e N/{l} and o, € Q,,
(27) zsi(a)—z(i))pit(i)(a)—i—z(i) @) > Zsi(a)i”a)—i—z(i))piz(i)(a)—i—t(i) | ®,)

Oy ()€ iy (iy Oy ()€ ii(iy
forall o €Q,/{w,}.
Fix a positive real number & >0 arbitrarily. We specify x in a manner such that for

every ie N andevery me M ,
&£

xi(m)zgei(m;'l)_ zej(mj')+k{Si(mii—z(i)9mi2)_ Zsi(mii—j’mjz‘)}'

n—1 jen/uy JeN Hiti=u(j)
It should be noted that (g, x) is in accordance with budget balancing and satisfies the
¢ —closeness to f . Based on the inequalities (26), it follows that for every ie N and

every pe®,if ¢ #¢ ', then
2 Au(g(d(w), )+ x,(4(@))} p(@)

weQ)

- 2 {u,(g(¢. (@), (@), 0) + x,(¢_(0.,),4(@))} p(@)

weQ)

=& Z;z{uf(li (4 (0,)), @)+ e,(4; (@) —u,(I,(®,), 0) — e,(0,)} p(0) < 0,

where ¢ = (4,

honest announcement about her first message, irrespective of the other players’
announcements about their first message. Based on the inequalities (27), it follows that

for every sufficiently large k, every e ®, and every ieN, if ¢,=¢" for all
jeN,and ¢ #¢ °,then
2 Au,(g(¢(@)), ) + x,($(@))} p(@)

weQ)

,#7). This implies that each player has a strict incentive to make an
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- Y iu(g(p(@.).¢" (@), 0) +x,(4.(0.).4 (®)))} p(@)

weQ)

= 2 0=, (f(#* (@), @) + ks, (@__, ), 8 (@)

weQ)
_(1 _g)ui (f(¢—21(a))aa)z):a)) _ksi(a)—t(i))}p(a)) <0.
This implies that whenever all players make honest announcements about their first

message, each player has a strict incentive to make an honest announcement about her
second message, irrespective of the other players’ announcements about their second

message. Hence, we have proved that ¢ is the unique twice iteratively undominated

message rule profile in (p,g,x).
Q.E.D.
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9. Three Times Iterative Dominance

It should be noted that Condition 7 excludes an important class of environments in
which each player’s private signal may have information only about payoff-irrelevant
factors such as the interim outside values. As shown by Matsushima (2004), no
inconstant social choice function is uniquely implementable when the private signals of
players do not have any payoff-relevant information; therefore, players’ ex post
preference profile is common knowledge in the sense that for every ie N, every
weQ,and every o' € Q/{w}, there exists f € R such that

ui(':a)’) = ui(':a)) + ﬂ
Serrano and Vohra (2001) also showed this result by providing an example with interim
individual rationality. By using another modification of the direct mechanism, this
sections aims to show that any inconstant social choice function is virtually
implementable in terms of three times iterative dominance when the players’ interim
preferences are not common knowledge. We introduce the following conditions on

(p. f)-

Condition 9: There exist a nonempty proper subset D, < Q,, two lotteries @ € A,

a €A, and tworeal numbers /€ R and 7 € R that satisfy the following properties.
(i) For every o, € D,,
2u (@, o)p (o, |o)+ ‘> Yu(@,0)p (0, o)+ t,
0_eQ_, w_€Q_,
and for every w, € Q,/D,,
Yu (@ o)p (o, |o)+i< Yu (@ o)p (o, |o)+T7.
®_1eQ_, w_€Q_;

(ii) Forevery ie N/{l},every o, €Q),,andevery o/ € Q, /{w,},
p;l(Dl | ;) # pil(Dl |@)).

The first property of Condition 9 implies that each player’s interim preference is not
common knowledge. It should be noted that with private values, players’ ex post
preferences are not common knowledge only if the first property holds. It should be
noted that the second property holds for generic prior distributions. We introduce the
following condition on p .

Condition 10: There exists #(1)e N/{l} such that for every o, €Q, and every
o €Q, Ho,},
plz(l)(' | @) # p1l(1)(' | @) .

It should be noted that Condition 10 holds for generic prior distributions. Serrano
and Vohra (2000) showed a condition on the prior distribution under which every
incentive compatible social choice function is virtually implementable in Bayesian Nash
equilibrium. Conditions 9 and 10 are weaker than this condition.

We consider indirect mechanisms (g,x) where the set of messages for each player
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ie N/{l} is specified as
M, =Q,,
and the set of messages for player 1 is specified as
M, =M xM} =1{0,1}xQ,.
Similar to the direct mechanism, each player makes a single announcement about her

private signal, except player 1. The latter does not only make a single announcement
about her private signal but also announces either 0 or 1. We specify that

m, =(m;,m})eM, and @ =(4/,4’) e @, where
B :Q, —>1{01} and ¢’ :Q, —>Q,.
The honest message profile is denoted by ¢? € @, where éi =¢ forall ieN/{},
#2(w,) =, forall w, €Q,,
$ (w)=0 forall w eD,,
and
d(w)=1 forall w,eQ,/D,.
The following proposition states that under Conditions 9 and 10, for generic prior

distributions, there exist indirect mechanisms with budget balancing that virtually
implement the social choice function f in terms of three times iterative dominance.

Proposition 11: Suppose that Conditions 9 and 10 hold. Then, for every & >0, there exists
an indirect mechanism with budget balancing (g,x) that satisfies the & — closeness to f

such that ¢? is the unique three times iteratively undominated message rule profile in
(p.8,%).

Proof: Let

[(0O)=a and I()=a.
We specify g as

g(m)=(1=¢)f(m,m_)+éel(m),
where we regard f(w) as the degenerate lottery that assigns probability 1 to f(®).
For every ie N/{l}, we define s,:{0,1} xC2, - R in a manner such that for every
w, €Q;,

5:(0,0)=~{1-p;(D, |@)}* = X p/(D |@))

w[eQ; {w;}

and

s;(Lo,)=—{1 _pz‘l(Ql /D, |a)i)}2 - ZP}(Ql / D, |a)i’)2 .

w]eQ; /{w;}

We define s, Q) m €Q 0

2 2
S (a)ﬁ(l)) = _{l_plz(l)(a)—l—z(l) @)} — Zplz(l)(a)—lfz(l) o))" .

[ eQ, [{w}

— R in a manner such that for every o_

The second property of Condition (9) implies that for every ie N/{l} and every
w, €,
(28) 5;(0, a)z')p3 (D, | ;) +5,(1, a)z')p3 (/D |w,)
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>5,(0,0,)p;(Dy | @) +5,(1,0)p;(Q, /D, |@)) forall o eQ,/{w}.
Condition (10) implies that for every o, € Q2,,
(29) zsl(a)—t(l))plz(l)(a)—lﬂ(l) |@,) > Zsl (o], a)pz(l))pu(l) (a)—l—z(l) |@,)

1) €211 OS2y

forall o/ €Q, /{w,}.
Let

e(0)=7¢ and e()=7 .
Fix a positive real number k >0 arbitrarily and specify x in a manner such that for
every ie N/{l,u(1)} andevery me M ,

ge(m!) 1 ,;f {(mf,m ;)
xi(m):_——‘rk{si(ml’mi)_ }9
n—2 n—2
x,(m) = ge(m;) + ks, (m},m__,,,) ,
and
Zsj(mllamj)
x,(l)(m) = k{sl(l)(mll, ml(l)) -, (mf’ m_l_lm) _ jeN/{l,zi/;)}_ . )

It should be noted that (g,x) is in accordance with budget balancing and satisfies the
& —closeness to /. Based on the first property of Condition 9, it follows that for every

ped,if ¢ =4, then
2 {u (g(¢(@)), ®) + x,(§(@))} p(@)

- Zg:){ul (g4 (0,),4/(®)), ) +x,($_(0,),4/(®)))} p(@)
=& ZQ{MI (l(¢ll(a)i ), @) + e(¢11 () —u, ([, (@), ) —e(®,)} p(w) <0,

where ¢ = (¢31‘,¢f) . This implies that player 1 has a strict incentive to make an honest
announcement about her first message. Based on the inequalities (28), it follows that for
every sufficiently large &, every ¢e®, andevery ie N/{1},if 4 =@ and ¢ =4,
then

2 (g(f(w)), 0) + x,(4(@))} p(@)

weQ)

— > {u,(g(¢ (@), §(@,)), ) + x,($_ (@), §(@,))} p(@)

weQ)

= 3 u,(g(4(@)), @) + ks, (4 (@).4,(@,))
weQ
~11,(8(4_ (@), ,(@)), @) ~ ks, (8 (). 4,(@,))} p() < 0.
This implies that whenever player 1 makes an honest announcement about her first
message, each player has a strict incentive to make an honest announcement, except
player 1. Based on the inequalities (29), it follows that for every sufficiently large A
andevery ¢pe®,if ¢/ =¢' and ¢ =4 forall ie N/{I},then

2. {u (g(#(@)), ®) + x,(§(@))} p(@)

weQ)
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- ZQ‘{ul (g(¢71 (a)—l ) ¢1’(a)1 ), @) + Xy (¢71 (a)—l ) ¢1'(a)1 )i p(@)
= 2w (g(@(@).0) +ks (8 (@), .10 (@)
—u,(g(§(@)), ®) — ks, ($(@))} p(0) < 0.

Hence, we have proved that ¢3 i1s the unique three times iteratively undominated
message rule profile in (p,g,x).
Q.E.D.
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10. Conclusion

This paper investigated mechanism design with incomplete information and
quasi-linearity. We showed that with three or more players and a restriction on the size
of the private signal space for each player, there exists a side payment function that
satisfies budget balancing, incentive compatibility, and interim individual rationality.
With regard to agency problems with adverse selection, we showed that the risk-averse
principal could extract the full surplus without harming the incentive compatibility and
interim individual rationality of the agents. These possibility results depended on the
assumptions that there exist three or more players and that their private signals are
correlated. We showed that the full surplus extraction might be impossible either when
there exists only two players or when the players’ private signals are independent. We
also investigated the possibility of uniquely implementing social choice functions by
practicing only a small number of iterative removals of undominated strategies. We
showed that whenever players’ interim preferences are not common knowledge, then,
for generic prior distributions, every social choice function is uniquely and virtually
implementable in terms of three times iterative dominance via a simple modification of
the direct mechanism.
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