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Abstract

We consider goodness-of-fit tests of symmetric stable distributions based on weighted integrals of
the squared distance between the empirical characteristic function of the standardized data and the
characteristic function of the standard symmetric stable distribution with the characteristic exponent
« estimated from the data. We treat a as an unknown parameter, but for theoretical simplicity we
also consider the case that « is fixed. For estimation of parameters and the standardization of data
we use maximum likelihood estimator (MLE) and an equivariant integrated squared error estimator
(EISE) which minimizes the weighted integral. We derive the asymptotic covariance function of the
characteristic function process with parameters estimated by MLE and EISE. For the case of MLE,
the eigenvalues of the covariance function are numerically evaluated and asymptotic distribution of the
test statistic is obtained using complex integration. Simulation studies show that the asymptotic dis-
tribution of the test statistics is very accurate. We also present a formula of the asymptotic covariance
function of the characteristic function process with parameters estimated by an efficient estimator for
general distributions.

1 Introduction.

The family of stable distributions is one of the most important classes of distributions in probability
theory. The general central limit theorem asserts that if a suitably normalized sum of independently and
identically distributed (i.i.d.) random variables has a limit distribution, only possible limits are the stable
distributions (Chapter 6 of Feller (1971)). Concerning statistical inference, because of their attractive
properties such as heavy tails, many models based on stable distributions have been considered in both
social and natural sciences (Samorodnitsky and Taqqu (1994), Uchaikin and Zolotarev (1999), Rachev and
Mittnik (2000)). Therefore it is important to consider goodness-of-fit tests of stable distributions. However
few researches on goodness-of-fit tests of stable distributions have been conducted due to the difficulty in
expressing their density functions explicitly. The purpose of this paper is to propose goodness-of-fit tests
based on the empirical characteristic function, since the characteristic functions of stable distributions are
explicitly given. For past researches on goodness-of-fit tests of heavy-tailed distributions using empirical
characteristic function approach, see Girtler and Henze (2000) and Matsui and Takemura (2005). Both
papers treat Cauchy (o = 1) distribution which is one of the stable distributions.
Let f(x;u,0, ) denote the symmetric stable density with the characteristic function

B(t) = explipt — |ot]),



where the parameter space is
N={-oco<pu<oo, 0>0, 0<a<2}.

Here « is the characteristic exponent, u is the location parameter and o is the scale parameter. For the
standard case (u,0) = (0,1) we simply write the characteristic function as ®(¢; &) = exp(—|t|*) and the
density function as f(z;«). In this parameterization stable distributions form a location-scale family for
each value of a, i.e.,

x—u.a)

(s m,0,0) =~ f(

In order to cope with more general situation or for notational convenience we also write the parameters
as

g

0 = (61,02,03) = (p,0,c)

and write corresponding density, distribution or characteristic function as
fxip,o00) = f(z;0), F(a;p,0,0) = F(x;0), ®(x;p,0,a) = (z;0).

Here we note that 6 is a vector.

In this paper we often differentiate functions of the parameter 6 and the data x with respect to x, u, o
and «. Since we will consider affine invariant (location-scale invariant) tests, it is often sufficient to
evaluate the derivatives at the standard case (i, 0) = (0,1). For example we use the notation

0 0
fu($§@) = @f(w;/t, g, a)|(u,o‘):(0,l) or f/(95§04) = %f@?;u,@ a)|(u,o‘):(0,l)'

Concerning the characteristic function we also use Vy®(t;0) = (®,(t;6), P (t;60), Po(t;0)) where, for
example,

(I)”(t; 0) = ;Lq)(t’ w, o, Oé).

For standard case (u,0) = (0,1) we write

0
Dyt o) = @q’(t; 1y 05 Q)| (,0)=(0,1) -

Given a random sample x1, . .., x, from an unknown distribution F', we want to test the null hypothesis
H; that F belongs to the family of stable distributions f(z;u, o, a) and the null hypothesis Hs that F'
belongs to the family of stable distributions f(x; u, 0, @) with o = «p fixed. Note that H; D Hs. Here we
explain our proposed procedure for testing Hi, because for Hy we can simply replace & by «g.
As remarked above stable distributions form a location scale family and we consider affine invariant
tests. The proposed tests are based on the difference between the empirical characteristic function
Tj— [L

RS R .
(1.1) Pu(t) = Pn(ts 1,6) = — > explity;), ;=
j=1

of the standardized data y; and the characteristic function with o estimated from the data

B(t) = B(t; &) = e .



Here i = iy, = fin(z1,...,2p), 0 = 0 = Oop(x1,...,2,) and & = &, = ay(r1,...,2,) are affine
equivariant estimators of u, o, a satisfying

fn(a+bxi,...;a+bxy) = a+biy(r,...,x,),
onla+bxy,...,a+bxy,) = bop(x1,...,2,),
ap(a+bxy,...,a+bxy) = ap(e1,...,2,),

for all —oo < a < oo and b > 0.

As equivariant estimators we consider maximum likelihood estimator (MLE) and an equivariant in-
tegrated squared error estimator (EISE) defined in (2.6) below. The reason for considering MLE is its
asymptotic efficiency and the reason for EISE is that its definition is similar to our proposed test statistic.

Following Giirtler and Henze (2000) and Matsui and Takemura (2005) we propose the following test
statistic

(1.2) Dori=n / Bu(t) — 1 Pu(t)dt,  w(t) =, k> 0.

—00

D,, . is the weighted L?-distance between ®,,(t) and the characteristic function e !!" of f(z;a) with
respect to the weight function w(t) = e Y/, x > 0. This weight function is chosen for convenience, so
that we can evaluate the asymptotic covariance function of the empirical characteristic function process
under Hi.

The test statistic D,, ,, has an alternative representation, which is useful for obtaining its asymptotic
distribution.

(1.3) Do = / (2 (0P (6t

— 0
where

(1.4) Zult) = -

J

{cos(txj) + isin(tx;) — e~ 1omtl® (cos(tim) + isin(tﬂn))} .
1

n

~

Zy(t) corresponds to the empirical characteristic function process.

Our test statistic D, is a quadratic form of the empirical characteristic function process. Although
we derive an explicit form of the asymptotic covariance function of the empirical characteristic function
process, it is not trivial to derive the asymptotic distribution of D, ,, under H; and H> from the covariance
function, especially when the parameters are estimated. See chapter 7 of Durbin (1973a) and Durbin
(1973b) for tests based on empirical distribution functions with estimated parameters and see Giirtler
and Henze (2000) and Matsui and Takemura (2005) for tests based on empirical characteristic functions.
As in Matsui and Takemura (2005) we evaluate the asymptotic distribution of D, , for the case MLE
by numerically approximating the eigenvalues of the asymptotic covariance function. By numerically
evaluating the asymptotic distribution we can also check the convergence of the finite sample distributions
which we obtain by Monte Carlo simulations.

Concerning EISE, as shown below, the asymptotic covariance function of the empirical characteristic
function process is very complicated. Furthermore we found that Monte Carlo simulation involving EISE
is very time consuming. Therefore in this paper we show theoretical results on our proposed test statistic
involving EISE and leave numerical studies to our subsequent works.



This paper is organized as follows. In Section 2.1 we first define and summarize properties of MLE
and EISE. Then in Section 2.2 we state theoretical results on asymptotic distribution of D, , under H;
in Theorem 2.3 and Theorem 2.5 and results under Hy as the corollaries of these theorems. Numerical
evaluations of asymptotic critical values of D, , under H; and H> for MLE are discussed in Section 3.
Simulation studies of MLE and corresponding test statistic D,, , are given in Section 4, including the
study of finite sample power behavior in Section 4.3.

2 Main results

2.1 Estimators and their asymptotic properties

For our purposes we need asymptotic covariance matrices and “asymptotically linear representations” (AL
representations) of the estimators. We describe asymptotic properties of maximum likelihood estimator
(MLE) following DuMouchel (1973). We also define an equivariant integrated squared error estimator
(EISE) and give asymptotic properties of EISE. For MLE explicit expressions of the asymptotic covariance
matrix and AL representations are given in the Cauchy case o = 1.

As shown in DuMouchel (1973), MLE is asymptotically normal and asymptotically efficient. The
likelihood equation is given by

n

aL 1 /oo —it(zj_u)
2.1 =0 = S — e = )®,(t:a)dt =0,
(2.1) op ; 2rf(*E ) Jooo u(tie)

oL ! 1 /°° —it(H)
2.2 | RPN = | T ), (ta)dt =0,
(2.2) 9 Z Pt ) ()

n 00 -

(2.3) o o > Il_/ e ) a0t = 0,

O (R a) S
where

(®u(t:0), By (0), @a(t; @) = (ite 1", —c [t 17| log]#])

EISE is an affine equivariant version of the ISE (integrated squared error) estimator proposed by
Paulson et al. (1975). The original ISE estimator of Paulson et al. (1975) is not equivariant. Robustness
and efficiency of ISE estimators of location and scale parameters are discussed in Thornton and Paulson
(1977) for the normal case and in Besbeas and Morgan (2001) for the Cauchy case. EISE is based on the
standardized empirical characteristic function. Let

1 & Cxi—
D (t; p,0) = ﬁZeXp (Zt — M>,
j=1

which is the same as (1.1) with fi,, and &, replaced by p and o. Write

o0

1@ (t; 11, 0) — 1 Pt

(2.4) Qo) = [

—0o0

where we use the following weight function

(2.5) w(t) = exp(—v[t|*), v >0.



Here we call & weighting index and v weighting constant. EISE (fi,, 65, &) is defined to be the minimizer
of Q(u, 7, )

(2.6) Q(fin, Op, Gp) = min Q(u, o, ).

0,

It is easy to see that EISE is affine equivariant by definition. Note that the weighting constant x in the
test statistic (1.2) and the weighting constant v in (2.5) for EISE may be different. In our theoretical
results on EISE we can treat more general weighting functions, i.e., w(t) > 0 is an arbitrary even function.
However for performing goodness-of-fit tests, it seems natural to set ag = @ and v = k. The integral Q(6)
can be calculated as

Q(@):/Z{;zﬂ;cos(t .~ 21)/0) —chos 1)/o)e +e—2lfl‘”}w(t)dt.

The estimators satisfy the following estimating equations 0 = 0Q /0pu = 0Q /00 = 0Q /0 & 0 = QL (0) =
Qa(e) - Qa(‘g)'

n

@0 Q) = [ {33 sin (o - /o)t futeya

— 00

j=1
(2.8) Qo (0) = ;/Oo [{n12 ; cos (t(zj — a1)) — zz;cos (t(zj — p))e 17" 4 e2|ot|°‘}
00 k=1 j=
x{w' (o|t))olt] + w(ot)} + 2{ Zcos ) — el"”a}a]ataelat'aw(at)] dt,

(2.9) Qu(6) = / { Zcos 1)/o) — t|a}e_|t|altlo‘log|t|w(t)dt

where w'(z) = dw(z)/dz. Note that in case of Q,(6) differentiation was done after the transformation
t — ot. b
In the rest of this paper we use the following notations. —— means weak convergence of random

variables or stochastic processes, P, means convergence in probability.

The asymptotically linear representations (AL representation) give an method of approximating
asymptotic behavior of the estimator by sum of functions of i.i.d. random samples. For the standard
symmetric stable case f(z;a) we need following three expressions,

Vi, = le ) + T1n,

\/ﬁ(é‘n - a) = = Zk‘l(Xj) + T3n, T1n,T2n, T3n i’ 0.

For the case of MLE, AL representations are given in terms of the score functions ((2.1-2.3)) and the
Fisher information matrix. The proof is standard and omitted.



Theorem 2.1 Let I(6) denote the Fisher information matrix

Ly 0 0 2
0“log f(x,0
I0)=| 0 In Iy |, ILj0)=-E [ag-g(e-)]'
0 I3 I33 o

The AL representations lg(x) = (I,(x),ls(x),la(x)) at the standard case (u,0) = (0,1) are given by
lo(z) = I71(0)hy(z), where hy(z) are

1 o ; a
2.1 h = —— te~ e~ It gt
(210 ) = ey | e
o & ; a
2.11 ho = —— —itz o=l o gy
21 @) = gy [
1 > —itx  —|t|Y |4

Concerning EISE we can employ standard theory of U-statistics. The proof is given in Appendix A.

Theorem 2.2 Define a 3 X 3 symmetric matriz
(2.13) A= A(a) = A0)|(4,0)=(0,1)

by
Aip = A2 =0,
Ay = / e 21" 2 (t)dt,

o
Ay = o / e |2 w (1) dt,
—0o0
o0 «@
Ay = « / e A7)t 12 log |tw(t)dt,
—0o0
o0 «@
Ay = [ e tog ) Pu (e,
—00

and define hg(x) = (hu(z), he(x), halx))" by

(2.14) hu(z) = /Ootsm(m)etl"w(t)dt,
(2.15) ho(z) = —a /Oo(cos(t:c)—e_tla)e_|t|a|t|o‘w(t)dt,
(2.16) ha(z) = — /_Oo(cos(m)—e—ltl“)e—lt‘*yt;alog\t\w(t)dt.

For EISE the AL representations lg(x) = (I,(x),ls(x),lo(x)) at the standard case (p,0) = (0,1) are given
by

(2.17) lo(z) = A(a) the(x)



and their asymptotic covariance matrix at the standard case is given by

Hy, 0 0 Jiip 0 0
AT VEhg(X)hp( XAV =A7 [ 0 Hye Hoo |AV=| 0 Joo Jaz |,
0 Hao Haa 0 Js2 Js3

where each element of H = Elhg(X)hy(X)] is

H,, = / / {2(e_|s_t — e lsHl )}e_(|5| U st w(s)w(t)dsdt,
—00 —0o0
H. — a?/oo /°° {;(e—w—ﬂa+e—|s+t°“)_e—<|s|a+t|a)}e—(|s|a+t|a>|st|aw(s)w(t)dsdt7
o0 o0 ]. «@ (o3 [e% [e% a [e%
Ho = a / / {2<e—ls—t B P L >}e—<lsl HU) st Logs [faw(s)w(t) dsds,

H,, = / / {2(e|5t + e IsFtTy — o= (lslo ] )}e(s HHY) |5t log |s] log |t|w(s)w(t)dsdt.

Note that the above AL representations and asymptotic matrices involve definite integrals, which
require numerical integration. But for some special cases like Cauchy (o = 1) we can calculate several
integrals analytically. Analytic expressions are useful for checking correctness of numerical calculations
concerning Theorem 2.1. We give the following Corollary for the case of @ =1 and MLE.

Corollary 2.1 Let v = 0.577216 denote FEuler constant. In the Cauchy case (o = 1) and MLE, at
(u,0) = (0,1), the AL representations are given as lg(x) = I~ hg(x)|a=1, where

2x 2 —1
W) = i MW=y
ha(@) = 2% [Lioga+1) = 149] + —2% arct
X = —F—0 |z 10g(T — arctan x
. 221128 T ’

1 1 1 (72 9
111212225, 123213225(1—7—1%2), 13325 €+(7+10g2—1) .

A similar result is given in Section 6 of Matsui and Takemura (2006) and the proof is omitted.

2.2 Asymptotic theory of the proposed test statistics

In this section theoretical results on asymptotics of the proposed test statistic D, , are obtained. From
another expression of D,, .. (1.3) we derive weak convergence of Z, (t) and weak convergence of test statistic
D,, . in the following two theorems. These results correspond to those of Cauchy case stated in Matsui
and Takemura (2005) where parameter o = 1 is fixed. As a special case we also describe the Cauchy case
involving estimation of « in the corollary below. Furthermore a general formula of asymptotic covariance
function of the empirical characteristic process with parameters estimated by an efficient estimator is
given in the latter part of this section. As already remarked several times, we can assume without loss
of generality that Xi,..., X, is random sample from f(z;a) because of affine invariance of our tests.
Following Giirtler and Henze (2000) we use the Fréchet space C'(R) of continuous functions on the real
line R for considering the random processes. The metric of C(R) is given by

o0

p(ﬂc,y) _ 22—]' ,Oj(-’E,y)

= 1tpiley)



where p;(z,y) = maxi| < |z(t) — y(t)|.

We first give the asymptotic covariance function of the empirical characteristic function process with
parameters estimated by MLE and EISE. In the following theorems the elements of the inverse of the
Fisher information matrix I(f) and the matrix A in (2.13) are denoted with superscripts I/ and A%.

Theorem 2.3 Let Xq,...,X,, beiid. f(z;a) random variables and let Zn be defined in (1.4). Then Zn

D . . . . . : .
— Z in C(R), where Z is a zero mean Gaussian process with covariance functions given below.
MLE :

(2.18) [(s,t) = e tsl" — (1% {Illst + 1% |st|"a?
+1%3|st|%alog |st| + I33|st|* log |s| log |t|}e—(|t"+ls|°‘).
EISE :
[(s,t) = e 1t=sl" — = (17 +1s1)

+ {Ji1st + J22a2|st\a + Jozar|st|*(log |s| + log |t|) + J33]st|” log |¢| log ]s]}e*(maﬂ‘s'a)
+ {(BoAZ 4 BoAZ)a([t|* + [s|%) + (B, A% + Bo A%)([t|* log [t| + |s|* log |s]) } e~ (1" +1sID)

— AMgeI” / els= =1y w () du2]
~ a(A2q + A% log |#]) [t %" / sl =l [y () duf2]

(2.19) _(A23a+A33log\t\)tyae—lt"‘/ els == 1™ 1 log [uw (u)du[2]

—00

where (2] after a term means symmetrization with respect to s and t, i.e., g(s,t)[2] = g(s,t) +g(t,s), and
o0 « o0 «@
B, = / e~ 2% |y log |u|w(w)du, B, = a/ e 2% | w(w) du.
—0o0 —0o
As a corollary the asymptotic covariance function for the case of fixed « is given as follows.

Corollary 2.2 Under the same conditions of Theorem 2.3, when « is fized, ZAn(t)L Z in C(R), where
Z is a zero mean Gaussian process with covariance functions given below.
MLE :

D(s,t) = e 151" — o= (I"H1I™) (1M gt 4 12250 ?)e (17 +1s1).

EISE :
(s, t) = e 175" — eI £y st + Jnpa?|st]™ + A2 Boa([t]™ + |s|*) ye~ (1)
o0 oo
— Allte_ﬂa/ eIl =1y (w) du[2] —A22a2]t]ae_|t|a/ eIl =1l 2w (u) du2).
—00 —0o

The following corollary gives the asymptotic covariance function when the true distribution is Cauchy
C(p, o), but the characteristic exponent « is estimated by MLE.



Corollary 2.3 Let X1,...,X, be iid. C(0,1) random variables and let Z, be defined in (1.4), where

parameters are estimated by MLE. Then Zn L. Zin C(R), where Z is a zero mean Gaussian process
with covariance function given below.

(2.20) To(s,t) = e =5l — {1 4+ 2(st + |st]) JeleI=1H
12
3 {log |s| + (v +1og2 — 1)} {log |t| + (v + log 2 — 1)} |st]|e~ =71,

Furthermore for efficient estimations including MLE, we can derive more general result after some
formulations. We assume parameter space O is p-dimensional. First, we define an efficient estimator 6,
of 6y as such that

Vil — o) = le (o) LT,

(2.21) = ZZE i360) + €n,

where €, — 0. This definition coincides with formula (20) of Durbin (1973b), though his definition is
given for nuisance parameters. He also gives conditions that the estimator 0,, satisfies formula (2.21) under
more general arguments including local alternatives (see the condition (A3) of Durbin (1973b)). Note
that Durbin (1973b) considers estimation only for nuisance parameters 0,, including local alternatives
and the parameters of interest (the null hypothesis) are not estimated. However in our case the whole
parameters are estimated without nuisance parameters because the null hypothesis of H; is the whole
parameter space.
Second, we modify the conditions (iv) of Csorgé (1983) as

()* lg(z;0) in (2.21) is a p-dimensional Borel measurable function, E[lg(X1;6p)] = (0,...,0), and
I7Y(00) = Ellg(X1;00)l5(X1;00)] is finite and positive definite.

Theorem 2.4 Let Xi,...,X, be iid. F(x;0p) random variables and let k(x,t) = cos(tx) + isin(tz).
Consider the kernel transformed empirical characteristic process

(2.22) Zy = /k(x,t)d{\/ﬁ(Fn(fv) —F(g:;én))},

where Fy,(z) denotes the empirical distribution function. Then Z, L2, Z in C(R) under the conditions
(1)*, (i), (v) and (vi) of Csorgd (1983) where l(;00) is replaced by lg(-;6p) and (iv)*. Here Z is a zero
mean Gaussian process with covariance function

(2.23) [(s,t) = ®(s —t;00) — ®(s;00)D(t;00) — Vo®(s;600) T~ (0)Ve®(t; 0p),

where ®(t;00) is the characteristic function and Vo®(t;00) is the derivative of ®(t;00) with respect to
parameter vector 6.

Theorem 2.4 is interpreted as the Fourier kernel transformed version of Theorem 2 of Durbin (1973b)
with nuisance parameters corresponds to the estimated null hypothesis. In our subsequent works we will
consider extension of Theorem 2.4 to the case of local alternatives.

Finally we state the following theorem concerning the weak convergence of D, .



Theorem 2.5 Under the conditions of Theorem 2.1

o0 . 00
Dnﬁ = / Zn(t)Qa_ne—Unlilo'nﬂandt A} DH — / Z(t)Qe—K,m dt.

—00 —00

The proofs of the above theorems are given in Appendix B. We omit the proof of Theorem 2.5 since
after obtaining Theorem 2.3 the proof is the same as that of Theorem 2.2 of Giirtler and Henze (2000).

3 Approximation of the asymptotic critical values of the proposed test
statistics

In this section we investigate the distribution of D, for MLE. We briefly explain how to obtain the
characteristic function of D,. Detailed treatments of this approach in statistical applications are given in
Tanaka (1996) or Anderson and Darling (1952). Since the characteristic function of D,; contains infinite
product of functions of eigenvalues which can not be evaluated analytically, we approximate eigenvalues
by theory of homogeneous integral equations of the second kind and the associated Fredholm determinant.
Then utilizing complex integration, we invert the characteristic function and obtain series representation
of the distribution of D,. Detailed theoretical argument of inversion process is given in Slepian (1957).
Actual computational approximations are given in the next section. At the end of this section we transform
our kernels I'(s, ) on R? to kernels K (s,t) on [—1,1]? for convenience in numerical computation.

In this paper we omit consideration of D, of EISE since kernels I'(s,¢) have definite integrals and
we need many numerical approximations. On the other hand for the case of MLE we can utilize past
researches on Fisher information in DuMouchel (1975), Nolan (2001) and Matsui and Takemura (2006) to
confirm the accuracy of our computation. For k > 1 we can use the following standard form of Mercer’s
theorem.

Theorem 3.1 (Mercer’s Theorem, Chapter 5 of Hochstadt (1973)) Let K(s,t) be the kernel of
a positive self-adjoint operator on L?[—1,1] and suppose that K (s,t) is continuous in both variables. Then

(3.1) K(s,t) = Z :

Jj=1

fi(s)f;(®), 0<A <A <--- 7100,

<

where \j is an eigenvalue and f;(t) is the corresponding orthonormal eigenfunction of the integral equation

1
(3.2) )\/_IK(s,t)f(t)dt = f(s).

The series (3.1) converges uniformly and absolutely to K (s,t).

If kK <1 we need to deal with kernels which are not continuous at two points (—1,—1) and (1,1). We can
see discontinuity at (—1,—1) and (1,1) in Figures 1, 3 and 5 in the case kK = 1. On the other hand there
is no discontinuity at these points for k = 2.5 as shown in Figures 2, 4 and 6. However as in Anderson
and Darling (1952) the following version of Mercer’s theorem by Hammerstein (1927) is useful.

Theorem 3.2 Suppose that the covariance function K(s,t) of a Gaussian process is continuous except
at (—=1,-1) and (1,1) with 0K (s,t)/0s continuous for |s|,|t| < 1,s # t, and bounded in |s| < 1 — € for
every t € [—1,1] and every e > 0. Then the right hand side of (3.1) converges uniformly in every domain
in the interior of [—1,1]2.

10



We apply the above theorems to a continuous covariance function K(s,t) of a zero mean continuous
Gaussian process Z(t), —1 < t < 1, with a finite trace fil K(t, t)dt < oco. Let Xi,Xs,..., be i.id.
standard normal random variables. Then the series

=1
= — ()X
;ﬁ‘m

converges in the mean and with probability one for each ¢ € (—1,1). Then Y (¢) is a Gaussian process
with EY (¢) =0 and E[Y (¢)Y (s)] = K (s,t). Thus Y (¢) defines the same stochastic process as Z(t). Let

o [ yemaie (IS L e Vg Ly
(3.3) W _/1Y(t)dt—/1{;\/)\>jfj(t)X]} dt_jz:;)\ij.

The characteristic function of W? is given as

o0

E(e W ) = Elexp zuZXQ/)\ H [exp( quQ/)\ H 1 —2iu/Aj) é
J=1 Jj=1 J=1

The characteristic function has an alternative expression 1/4/D(2it) where D(\) is the associated Fred-

holm determinant
d A
D(\) = 1—— .
) H< Aj)

j=1

There are two problems in treating the characteristic function in the form of the Fredholm determinant.
One is in the approximation of D(\) itself and the other is in the Levy’s inversion formula.

In the case of stable distributions the Fredholm determinant can not be explicitly evaluated and
approximation of D()) is needed as in the Cauchy case in Matsui and Takemura (2005). We approximate
D()) by discretizing the homogeneous integral equation and approximating eigenvalues of resulting finite
system of linear equations. Then the integral equation (3.2) is approximated by the following finite system
of linear equations

IS W
f = NKfv
where
K(&lv&l) K(glagN) f(gl)
K= : : .=
KN, &) .. K(En,¢&n) fn)

Then the Fredholm determinant is approximated as

5 N - N A s
— —_ — = —_ = <
Dn(N) ‘1 NK’ 11 (1 Aj) , 0<M <

J=1

IA
>
z

where 1/\; = 1/A;(N) are the eigenvalues of K/N. This method is called a quadrature method and we
state a version of Theorem 3.4 of Baker (1977) concerning the convergence of eigenvalues.
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Theorem 3.3 Let the eigenvalues \;(N) be obtained by the quadrature method. If K(s,t) is positive
definite and continuous in s,t € [—1,1],
Jim 3(N) =,

for each j and .
lim Dy(A) = D())

N—o0

for each A.

Remark 3.1 The covariance functions in (3.7) and (3.8) below do not satisfy the conditions of this theo-
rem if k < 1. However this theorem gives only a sufficient condition for the convergence. In our problem
the values of BN()\) seem to converge as we increase N even for the case k < 1 and the resulting value is
consistent with our Monte Carlo simulations. Therefore in the next section we use the approximation of
this theorem even for the case k < 1. It remains to theoretically prove that the approzimation is valid for
the case k < 1.

The probability density function of the proposed statistic is given by inverting the characteristic
function ®(¢t) = 1/4/D(2it). Since integrand of inversion formula is often wildly oscillating and converges
to 0 slowly, the ordinary numerical integration is difficult (Section 6.1 of Tanaka (1996)). However we
can utilize theory of complex integration in Slepian (1957) and invert ®(¢) very efficiently. This method
of inversion does not seem to be commonly implemented in statistical computations.

Assuming that the kernel K (s,t) has no multiple eigenvalues and the number of the eigenvalues are
infinite, the density and distribution of D, are calculated as

A2k
2 e Y

dy,

A2k—1

EER N T

Aok o=y
FD( ) - 1 o /;\216 1
k 1 y H] 1 ,\ y

The series are alternating and convenient for checking convergence. Although the above representa-
tions have singularity at each endpoint of integral range, we can remove the singularity by the following
transformation y — z as in Slepian (1957). The k-th integral is transformed by

1 /A Ao A A
<%_2§1>coswz+2<2k+ 2k— 1), 0<z<1.

(3-4) y=517 5

2
B Aok—1\ [ A2k
dy = Tr\/<y > ) ( 5 y> dz.

Hence we obtain the following representations suitable for numerical integration.

Then

Aok )\216 1 )

(3.5) i /le \/_y y_ dz,

I35 |- 3]
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1€—xy\/)\2k_y A2k 1)

1% 1= 3

dz,

(3.6) _ i /

where y is given by formula (3.4).

Finally we will make a transformation of variable and map R? into [—1, 1]? in order to satisfy the finite
interval condition of Mercer’s theorem. This transformation also is useful for numerical approximation of
eigenvalues. For deriving the distribution of D,, we have to incorporate the weight function e * into
the kernel, i.e., we consider the following kernel

[(s,t)e s+,
Now we make the transformation s — wu defined by
s = —sgnu-log(l—|ul), —-1<u<l1.

Then 1
ds = ——du
1 — [ul

The kernel and the eigenfunctions are transformed as

['(—sgnu-log(l — |u]),—sgnv - log(1 — |vl|))
V(L= [ul)(1 = Jo]) ’
(= sanu - log(1 — Ju)))

V1=Tul

Eigenvalues of (3.2) do not change by this transformation and so does Fredholm determinant. After this
transformation, writing s, t instead of u,v again, we have the following kernels on [—1,1]%:

[(s,t) — K(u,v)=

fi(s) =

(3.7) Hy: K(s,t) — {e—l—sgns-log(l—|s|)+sgnt~1og<1—|t|>|a _ o~ log(1—[s])|~ | Tog(1]¢)|

—(IH sgns-sgnt-log(l —|s|)log(1 — [¢])
+a”1%| log(1 — |s[) log(1 — [¢])|*
+al*|log(1 — [s|) log(1 — [¢])|* log | log(1 — |s]) log(1 — [¢])|

+1% log(1 — |s[) log(1 — [¢])|* log [log(1 — [s])] - log | log(1 — Itl)l)

w« e~ 1og(1=|s])|*~|log(1—¢])|* } {(1—|s|)a - |t|)}KT_1

(3.8) Hy: K(s,t) = {e—l—sgn5~10g(1—|5|)+sgnt~10g(1—|t|)|a _ ¢~ [og(1=[s])|*—[log(1—[t])|*
— (I sgns - sgnt-log(1 — |s|) log(1 — |t]) + a®T?*|log(1 — |s|) log(1 — [¢[)|*)
« o~ 1og(1=]s])|*—| log(1—¢])|~ } (1 —|sha — ey =

13
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Figure 6: MLE-H1 (o = 1.8, k = 2.5)
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3.1 Numerical approximation of critical values of D,

We approximate the eigenvalues in (3.6) by the quadrature method for the kernels (3.7) and (3.8). 800
eigenvalues are calculated by the above simple algorithm for the case of {x = 1.0,2.5,5.0,10.0}. We do
not consider x = 0.1 and 0.5 since convergence of infinite integral of D,, , becomes very slow for small
weights and we had numerical difficulties. In Matsui and Takemura (2005) the approximated sum of
Z;’;l 1/X; did not converge to E[D,] first for small x. We mention that, unlike the Cauchy o = 1 case,
we did not observe multiple eigenvalues for other symmetric stable distributions (a # 1).

The infinite series and infinite products in (3.6) have to be approximated by a finite sum and finite
products. Let [ and m (I < m) denote the number of terms in the sum and the products respectively.
Then we can approximate Fp(x) as

dz.

v (e ) (y— Dot
Fp(a) ~ 1_213(_1)k/1 ( 2 y) (y 2 )
" y\/H}":l (1- £v)

k=1

The series is alternating. Therefore the range of the critical value can be obtained by substituting
lower bound of each positive term and upper bound of each negative term separately. However deriving
analytical bound of integral of each term of series is difficult. Hence for accuracy of approximation of
Fp(z) we depend on numerical confirmation. First, we found that finite interval quadrature (QAG) is
very accurate if we set relative error bounds below 107> and the convergence of series is very fast. The first
10 terms of series are enough to obtain 1% relative accuracy for most x and x large enough to calculate
critical values. Further for m > 300 the value of Fp(z) does not change with m for most x and large .
Finally the approximated percentage points (10% and 5 %) coincide with simulation results in Section 4.

We give Table 1 and Table 2 for approximate percentage points of D, under hypothesis H; and H»
respectively. Intervals of a € (0.5,2.0) for Hy and a € (0.5,2.0] are 0.1. In each table, we set m = 500
for k < 5.0 and m = 300 for k = 10.0, and set [ = 25 for k < 2.5 and [ = 10 for x > 5.0. Trial and
error indicates that since D, for large x is very small, we use only accurate large values of 1/\; among
800 values. We also plot the percentage points of each D, under H;j in Figures 7-10. The values of
percentages are continuous with respect to a # 2. For large values of x, percentage points of small « are
large compared to that of large «.

4 Computational studies

In this section we give various computational results. Since the exact finite sample distributions are
difficult to obtain, first we approximate the percentage points of D, under H; and H respectively by
Monte Carlo simulation. Then the power of testing Hs for the finite sample is evaluated.

4.1 Maximum likelihood estimation

For MLE we maximize likelihood function in parameter space —oco < u < 00, 0 > 0, 0 < a < 2 by
utilizing the first derivatives of each parameter. Maximizations are done by the method based on M.J.D.
Powell’s TOLMIN from IMSL library. Although explicit forms of the density and the derivatives are not
available for stable distributions, the method suggested by Matsui and Takemura (2006) which improves
the original method of Nolan (1977,2001) gives very accurate approximations. We use median as the initial
value for p and for ¢ and a we do grid search and obtain the parameter values which maximize median
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inserted log-likelihood among, say, 2000 points. Note that although we can set a = 1 for the initial value
of a, the convergence is slow compared with grid search based initial values. Base on 1000 Monte Carlo
replications, the values of the estimators and the simulated information matrices I(d) = Cov[f;,6;]~" are
given in Table 3 for a € {0.8,1.0,1.5,1.8,2.0} and the sample size n € {50,100,200}. We put true values
at the upper row of each values of o in Table 3. Except for a = 2, simulated values of I (é) coincide
with theoretical values I(#) which are given in Matsui and Takemura (2006). Though information of «
at @ = 2.0 is 0o and asymptotic normality is not guaranteed (DuMouchel (1973)), we can estimate «
computationally at « = 2. Interestingly we observe & = 2.0 for 80%—90% of the cases for n > 100 and
we also observe some downward bias.

4.2 Finite sample critical values of D,,

We omit the case o = 2 for both H; and Hs, since there are many papers concerning testing normality,
e.g., Henze and Wagner (1997), Csorgé (1986,89) or Naito (1996). Further we investigate D, , only
a =1.0,1.5,1.8 for convenience. More extensive simulation studies of D, ,; for other values of « are left
to our future works.

We can compute D, ., by (1.2), when the values of the estimators have converged. Based on 5000 Monte
Carlo replications, the upper 10 and 5 percentage points of the statistics D, .., k£ € {1.0,2.5,5.0,10.0} are
tabulated in Tables 4, 5, 6, 7 for Hy and Table 8, 9, 10, 11 for Hy. We tabulate simulated values in upper
row and asymptotic values in lower row in box of each value of a.. In the tables of H; when « and x are
large, the convergences of D,, . to D, are slower than other values of a and . This tendency is also seen
in the tables of Hy. This is explained as follows. Since behavior near origin of the characteristic function
reflects behavior of the tail of distribution, the convergence of the empirical characteristic function near
origin may be faster than that at distant values when the tail of distribution is heavy. However we find
the values of D, ,, converging D,; for all values of o and k as n — oo.

4.3 Analysis of finite sample power

In this section we examine finite sample power under Hy. For alternative hypothesis we consider Student’s
t distribution with j degrees of freedom for j = 1,2,3,4,5,10,00, (t(1) = C(0,1) and t(c0) = N(0,1)),
since stable models are sometimes compared with Student’s ¢ models in empirical applications. We
consider only o = 1.5 and o = 1.8 for null distribution of Hs because the simulation studies are heavy
when many values of «a are considered. Investigations of other values of « are also left to our future works.

For the significance levels ( = 0.1,0.05, finite sample power of the proposed tests are tabulated in
Table 12 and 15, based on 1000 Monte Carlo replications. We summarize our findings. For o = 1.5 the
test with Kk = 10.0 has poor power compared with other values of k¥ and the test with x = 5.0 is the most
powerful. When alternative hypothesis is ¢(3) or near ¢(3) finite sample power is not good. For o = 1.8
the test with x = 10.0 has also poor power as in the test for « = 1.5. While the test with x = 5.0 is
the most powerful for heavy tail alternatives, the test with x = 2.5 is more powerful for the light tail
alternatives. These results are interesting because although the tails of ¢(i) and f(z;«) are different, the
distributions are not distinguishable well in finite samples.

Finally make a remark on how to perform a test of H;. The problem is that even the asymptotic
null distribution under H; depends on the true value of a. In the following remark D?M denotes the
observed valued of the test statistic for H; and D, .(&; o) denotes the upper & percentage points of the
null distribution of D, . for Hy when « is the true characteristic exponent.

Remark 4.1 We can consider several procedures for Hy.
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1. Hy is rejected if DY) . > SUPae(0,2] Do (§5 @),

2. We consider a € [a,b] where [a,b] C (0,2) is a fized range and put Hy : « € [a,b]. Then H; is
rejected if D?wg > SUPq¢[ab] D, (& ).

3. We plug in the estimate ciy in Dy x(&; &) and Hy is rejected if DY), > Dy, x(&; ).

Though procedure 1 is logically correct for finite sample, it has the drawback that the null hypothesis
with small true characteristic exponent g may be rejected by comparing D?w to percentage points near
a =2 (See Figures 7-10). Therefore procedure 2 and 3 are also worth considering. From the viewpoint of
asymptotic theory we can use procedure 3. We may use Procedure 2 considering the standard error in éy,.

A  Proof of Theorem 2.2

For simplicity we definite some constants and functions.
w(x) = d*w(z)/dx®,  wi(t) == w ([t)|t] +w(t), wa(t) := alt|*w(t),

= / e 1w (t)dt, ey :/ e 2% wy (t)dt.
2/ —00

Expanding the estimating equation Qg(0) = (Qu(0), Qs(0), Qa(#)) = 0 around the true parameter 6y =
(0,1, ), we have

Qo(t) + 2287 9, —g9) =0,

where 0 is some value between 6y and ¢,,. We can write

ViQu(#) = —jﬁzgmxj),
j=1

(A1) ViQ®) = LS (. x) - L3 amx) ¢
j=1

7,k=1

1 n
Vi) = 53 eX)
where

gl(z) = /00 sin(ta)te 1 w(t)dt,

—0o0

g2(x) = /OO {cos(tm) - e_‘ﬂa} (|t|*log |t|e_|t|a)w(t)dt,

—00

hi(x1,29) = /00 cos(t(x1 — x2))wy (t)dt,

—00

ho(z) = /OO cos(ta)e 1" (wy (t) — wy(t))dt — ¢1 + ¢2,

—0o0
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2y/nQ,(0) can be expressed in the form of a U-statistic

X1, X
2/ Qo (0) = Vi | U, + L 1)— 0 Z?hl G X)) P = VAUn + 1, T =0,
n (n— j<k
where
-1 n
n
Ui > X - ha05) —mOb = (3) D hO6.x
1<]<k<n 1<j<k<n

By standard argument on U-statistics (Chapter 3 of Maesono (2001), Chapter 5 of Serfling (1980)) we

only need to evaluate
CL(.Tl) = E[h(Xl,XQ) ‘ X1 = l‘l],

since
Z2a I S N}
Calculating
o0
E[hl(Xl,X2)|X1 = :cl] = / COS(txl)eimawl(t)dt
— 00

and E[ha(X2)|X1 = x1] = E[ha(X2)] = ¢1, it can be shown that a(z;) is written as

a(xy) = /OO cos(tx1)e 1 wy(t)dt — cs.

After showing the convergence of second derivatives 0Qg(0*)/00 ', A we can obtain AL representations,
V0, — 00) = =A™ /nQg(6p).

The proof of 0Q(6*)/00 L, As as follows. As before the derivatives are evaluated at (1, 0) = (0,1).
Write

a%:fa) - ii/_zcos(tw e w(t)dt,

n

=1
Qs (0) 1 /OO [ 1 2 SIS 20t | g2
Teol) — - —5 ) cos(t(xj —xp)) — = Y cos(taj)e T 4 e (w” (B[t + 2w’ ([t])[t])dt
o 2 —00 n2 4.k n]:l

*% > /OO (cos(ta;) — e 1) e M 1@ L(—a?|t]™ + a® + a)w(t) + 20w (t)|t|} dt
—~ |

o0
+a? / e AU 2w (8)dt,
—00

8%‘;(9) = ;Z/m(cos(mj)—e_t|a)e_|t|a|t|a [{log |t|(—alt|* + a+ 1) + 1} w(t) + log |t|w'(t)|¢]] dt
— ]

o
to / =211 12 Jog [¢ (1) dt,
— 0
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0Q(9)
o

= 7112/00 (cos(tay) — e ") (1 = 1] 1] (log [t])*w(t)dt
j=17 -

+ / e~ 2% |12 (log [¢]) 2w (t)dt.

Making use of E[cos(tX) — e 11"] = 0 and by Fubini’s theorem we can calculate their expectations,

E[W} = /Zteﬂath(t)dt,

o
E[a%l(a)} N % _Zu—e—“"’><w”<t>|t|2+2w’<t>tht

o / e 2% ¢ 2 (¢) it
o0 T
E[a%oz( )} = a / e 211" [t Log [t (t)dt,

{232

/ e~ 217 1412 (log |t])2w(t)d.

E[0Qy,(0)/00;] = 0 for other parameters §; since the density is symmetric. By the weak law of large
numbers and continuity of integral about parameters we can finish the proof. O

B Proofs of Section 2.2

B.1 Proof of Theorem 2.3

The idea of proofs is essentially the same as those of Giirtler and Henze (2000) based on the original proof
of Csorgd (1983). However, since parameter « is additionally estimated and stable distribution f(x;ag)
dose not have the a-moment E[|X|%], & > a9 > 0, we reproduce here the outline of the whole proof.
Note that the kernel k(s, ) is changed from Giirtler and Henze (2000). Before considering Fréchet space
C(R), we first assume the restricted space C(S) of continuous functions on a compact subset S with the
supremum norm || f|loc = sup;cg | f(t)|. Letting k(x,t) = cos(tz) + isin(tz), an alternative representation
of Z,(t) is given by

A~

Zu(t) = \}ﬁ Z} Leos(ta;) + isin(ta;) — /o 1" (cos(tin) + i sin(tin)

~

_ /k(x,t)d{\/ﬁ(Fn(w) — F(ai0.)) }.

This is the form of kernel transformed empirical process. We have to check the condition of (i)* (ii)
(iv), (v) and (vi) of Csorgé (1983). Condition (i)* is satisfied from the definition of the kernel k(z,¢

Ih.*
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cos(tx) + isin(tx). Condition (ii)* is easy following Giirtler and Henze (2000). For 0 < € < ay,

| k(x,s) — k(z,t)| = \/(cos(sx) — cos(tz))? + (sin(sz) — sin(tx))?
= V2y/1—cos((s —t)z)
= 2| sin((s — t)z/2) |

4|s =t x|V,

IN

and E[|X|° < oo]. For condition (iv) we can check that the covariance matrix E[I(X){(X)'] for MLE and
EISE are finite and positive definite from Theorem 2.1 and Theorem 2.2. Condition (v) for EISE is easy
because ly are bounded and continuously differentiable from Theorem 2.2. However for MLE we need
some argument since hy = fy/f of Theorem 2.1 has no explicit form. For any compact set K € R if
z € K, f(z;a) and fp(x; ) are continuously differentiable with respect to z. Thus hy is exists almost
everywhere and finite © € K. To see this we differentiate Fourier inversion formula directly and confirm
its integrability. Note that the density f(x;«) has no singularity. However as  — oo we have to consider
the tail orders of f(x; «) and fp(x; ) going to 0. We utilize asymptotic expansions of f(x; «) and fy(z; @)
in Matsui and Takemura (2006):

flar) = L3 TR (o g (70 ke

f’(ﬁ; a) = % Z W(_l)k Sin(%“k)m—ka—Q’

fa(.’L'; a) _ jri F/((kCMf ‘1i‘)'1) (_1)k—1 sin <7rgl€> x—ka—l
k=1 '

k 1 k k
— Z (@ + (—1)Ft B cos <m;> —logz sin (7[3>:| g ket

From expansions and the following relations

fulwio) = —fl(z;50),  folz;a) = —flzia) —af(z;a),

we can confirm that ly’s exist almost everywhere and finite except for hy at z = oo since hqy(z) = O(log ).
From the expansions we see that another condition of (v), i.e.
0
(B.1) Vi(u) = sup {‘l(az; 90)} + ‘al(:x;GO)
x

|| <u

}<oo, Yu > 0,

is also satisfied. Note that in the proof of Theorem at p.527 of Csorgé (1983) non-existence of Iy at x = oo
is permissible. Therefore condition (v) holds.

Concerning condition (vi), for symmetric stable distributions elements of Vo®(t;0) = (®,(t;0), P (;6),
®,(t;0)) are written as

Pu(t;0) = W = {—sin(ut) + i cos(ut) yte™ 11"
w
D(t; o
o (t;0) = W = —{cos(ut) + isin(ut) e 171 |ot|%a /o,
g
Bo(t;0) = W = —{cos(ut) + isin(ut) ye 171" |ot|* log |ot].
«
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Putting (i, 0,a) = 6y = (0,1, ) we obtain
Vo (t;00) = (D,u(t; @), Do (t; ), R (t; @) = (ite ", —e [t %a, —e 11" [¢]* log |¢]).

Because Vy®(t;0) is continuous and bounded if (¢,0) € S x O, where g is a closed parameter space
sufficiently near 6y, the condition is satisfied. Therefore the weak convergence of Zn(t) to a zero mean
Gaussian process Z is proved in the space (C(S), || - ||oo). Since the compact set S is arbitrary, the space
(C(9), | - |lso) can be extended to Fréchet space C(R) easily.

The kernel transform of AL representations are given as follows. Write Fy(x) = F(x, 6p) for simplicity.
1. MLE :

(B.2) /00 E(x, s)lp(x)dFy(x) = T~ H(0)Ve®(s;0).

2. EISE :

(B.3) /k(x,s)lg(a:)dFo(a:) :Al/k(a:,s)hg(x)dFo(x),
where

/k(x,s)hu(x)dFo(af) = i/oo el =1y (u) du,

/k(m,s)hg(a:)dFo(m) = Bye k" - a/oo e ls =l =1l gy (w) du,

/k:(x,s)ha(m)dFo(:E) — Bue MI" - /00 el 1) Jog |ulw(w) du.
Let (-,-) denote the standard inner product of R3 . Write

O(t;6,) = ®(t;600) — (0, — b0, Vo®(t,65))
= /k(wj)dFo(x) — (bn — 00, Vo®(t,6},)),

where 6 is some value between 6y and 6,. Note that 6} L, ). Now replace V(0, — 6o) by its AL
representations. Then Z,(t) is written as

Zsz/%@@dh@@M@—PMMH—<¢m&—amVMwwm>
= Z(t) + AD (1) + AP (),
where

ZX(t) = /k(x,t)d{\/ﬁ(Fn(x) — Fy(z))} - <\/15219(xj),v9<1>(t; 90)>.
j=1

Zy also converges to Z. The remainder terms Aﬁ?’ and AS') are defined by

AD = (il — 00), Vo®(t:bo) = Vo®(1:6;))
Agl?)) = - <€n, ng)(t, 00)> 5 €n = (Tnh T'n2, 7/177,3),'
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These remainder terms satisfy sup |A?)] il 0, and sup|A®)]| 0 by conditions (iv) and (vi) of
tesS teS
Csorgd (1983). The asymptotic process Z has an alternative expression

20 = [ a0 @) ~ { [ n(o)aBe, (o). Tan(ts00)).

where Bp,(x) is the Brownian bridge corresponding to the distribution function Fy, having covariance
function E[Bg,(s)Br,(t)] = Fo(s At) — Fo(s)Fo(t). Z* and Z have the same covariance function

(BA) T(s,t) = (s—t;00) — D(s;00)2(t: 00) + (s, 00) Ellg(X1)lg(X1) ]2 (2 bo)
- <Vg<1>(s;90)7/k(xjt)lg(az)ng(x)> - <V9(I>(t; «90),/k:(x,s)l9(x)dF0(x)>.

Note
/k(w, VR D dFy(z) = /k(fc,s _ )dFy(x) = B(s — 1: 0).

Evaluating (B.4) for the case of MLE and EISE using (B.2) and (B.3) proves Theorem 2.3. O

B.2 Proof of theorem 2.4

We have only to show

(B.5) Vo®(s;00) I 1(0)VeD(t;0p) = <V9<I>(t;90),/k(:v,s)lE(m)dFo(m)>.

Because AL representations can be written by I71(0)d1og f(x;600)/06, their kernel transformations are

/ k(2 $)lg(x)dFo(x) = I-'(6) / k(x,s)(%ggéx;%)dFo(x).

- 1 0f(x;60) .,
= T 1(9)/k(x,s)f($;00) 20 f(x;0p)dx

= [1(9)1/6isra-f(3359‘3)dx

27 00
= I YO)Ved(s;60).

Since both sides of the formula (B.5) are scalars the proof is over. a

B.3 Proof of corollary 2.2.1

Let a = 1. Then I~1(0) is explicitly written as

2 0 0
o=\ o0 2+%(’y+log2—1)2 %(”y—l—log2—1) .
0 %(’y+10g2—1) 12

T2

Letting o = 1 in (2.18) and replacing I~1(#) by the above matrix we can prove the corollary. O
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Table 1: Upper £ percentage points of D, under H;

a [ &k ] 1.0 | 25 5.0 10.0
1.9 [[ 0.1 [ 1.097 [ 0.1030 | 0.00759 | 0.000973
0.05 | 1.352 | 0.1338 | 0.01000 | 0.001267
1.8 [ 0.1 | 1.037 [ 0.0963 | 0.00977 | 0.002283
0.05 | 1.273 | 0.1240 | 0.01257 | 0.002984
1.7 ([ 0.1 [0.991 [ 0.0958 | 0.01375 | 0.003974
0.05 | 1.211 | 0.1217 | 0.01754 | 0.005183
1.6 || 0.1 | 0.957 | 0.1007 | 0.01921 | 0.006077
0.05 | 1.161 | 0.1258 | 0.02431 | 0.007895
15| 0.1 | 0.933[0.1108 | 0.02615 | 0.008650
0.05 | 1.122 | 0.1361 | 0.03280 | 0.011180
1.4 ([ 0.1 [ 0.918 [ 0.1260 | 0.03469 | 0.011770
0.05 | 1.094 | 0.1527 | 0.04313 | 0.015120
1.3 ][ 0.1 [ 0.915 | 0.1462 | 0.04503 | 0.015530
0.05 | 1.078 | 0.1754 | 0.05553 | 0.019813
1.2 | 0.1 [0.925 | 0.1717 | 0.05740 | 0.020042
0.05 | 1.078 | 0.2041 | 0.07025 | 0.025370
1.1 0.1 |0.048 | 0.2027 | 0.07206 | 0.025434
0.05 | 1.095 | 0.2390 | 0.08755 | 0.031916
1.0 [[ 0.1 [ 0.988 [ 0.2395 | 0.08923 | 0.031846
0.05 | 1.130 | 0.2804 | 0.10765 | 0.039574
0.9 || 0.1 | 1.044 | 0.2824 | 0.10903 | 0.039422
0.05 | 1.186 | 0.3288 | 0.13063 | 0.048454
0.8 || 0.1 | 1.118 | 0.3315 | 0.13145 | 0.048287
0.05 | 1.262 | 0.3840 | 0.15627 | 0.058625
0.7 || 0.1 | 1.213 | 0.3855 | 0.15611 | 0.058531
0.05 | 1.362 | 0.4446 | 0.18397 | 0.070081
0.6 | 0.1 | 1.325 | 0.4413 | 0.18217 | 0.070175
0.05 | 1.482 | 0.5065 | 0.21239 | 0.082722
0.5 || 0.1 | 1.441 | 0.4928 | 0.20834 | 0.083189
0.05 | 1.609 | 0.5615 | 0.23966 | 0.096393
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Table 2: Upper £ percentage points of D, under Ho

a [ &k ] 10 | 25 5.0 10.0
2.0 || 0.1 | 1.216 | 0.1258 | 0.00881 | 0.000241
0.05 | 1.499 | 0.1622 | 0.01177 | 0.000335
1.9 | 0.1 |1.150 | 0.1129 | 0.00921 | 0.00142
0.05 | 1.413 | 0.1444 | 0.01164 | 0.00179
1.8 | 0.1 [1.110 | 0.1111 | 0.01354 | 0.00329
0.05 | 1.357 | 0.1398 | 0.01679 | 0.00416
1.7 [[ 0.1 [ 1.080 | 0.1157 | 0.01984 | 0.00566
0.05 | 1.313 | 0.1431 | 0.02457 | 0.00713
1.6 || 0.1 | 1.058 | 0.1256 | 0.02773 | 0.00858
0.05 | 1.277 | 0.1532 | 0.03426 | 0.01076
15| 0.1 |1.044 | 0.1404 | 0.03721 | 0.01211
0.05 | 1.249 | 0.1697 | 0.04578 | 0.01514
14 ([ 01 | 1.037 [ 0.1599 | 0.04840 | 0.01636
0.05 | 1.231 | 0.1919 | 0.05927 | 0.02037
1.3 0.1 |1.039 [ 0.1840 | 0.06148 | 0.02144
0.05 | 1.222 | 0.2195 | 0.07493 | 0.02660
1.2 | 0.1 |1.051 | 0.2127 | 0.07670 | 0.02748
0.05 | 1.225 | 0.2524 | 0.09300 | 0.03396
1.1 0.1 |1.074 [ 0.2465 | 0.09428 | 0.03464
0.05 | 1.242 | 0.2907 | 0.11376 | 0.04262
1.0 || 0.1 |1.111 | 0.2862 | 0.11445 | 0.04307
0.05 | 1.276 | 0.3356 | 0.13742 | 0.05273
0.9 || 0.1 | 1.159 | 0.3305 | 0.13723 | 0.05291
0.05 | 1.322 | 0.3855 | 0.16395 | 0.06443
0.8 || 0.1 | 1.226 | 0.3811 | 0.16263 | 0.06426
0.05 | 1.389 | 0.4424 | 0.19326 | 0.07779
0.7 || 0.1 | 1.310 | 0.4365 | 0.19018 | 0.07714
0.05 | 1.476 | 0.5045 | 0.22466 | 0.09278
0.6 || 0.1 | 1.412 | 0.4936 | 0.21890 | 0.09144
0.05 | 1.583 | 0.5678 | 0.25681 | 0.10919
0.5 || 0.1 | 1.517 | 0.5464 | 0.24726 | 0.10689
0.05 | 1.696 | 0.6250 | 0.28773 | 0.12661
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Table 3: Simulation results of symmetric stable distributions (1000 iterations)

n & f o Iy Iy I33 Lo I3 I3
2.0 0 1 0.5 2.0 00 0 0 *
50 | 1.976 0.00014 0.977 0.607 1.875 5.647 -0.029 -0.010  -0.828
100 | 1.990 0.00017 0.975 0.868 1.402 9.445 0.032 -0.057 -0.594
200 | 1.994 0.00094 0.977 0.784 1.239 12.77 -0.009 0.078 -0.539
1.8 0 1 0.4552 1.3898 0.5937 0 0 -0.3138
50 | 1.818 0.0012 0.991 0.487 1.231 0.676 -0.033 -0.026 -0.267
100 | 1.822 0.0033 1.002 0.482 1.356  0.584 0.005 -0.016  -0.340
200 | 1.810 -0.0000 1.000 0.450 1.399 0.603 -0.007 -0.003 -0.323
1.5 0 1 0.4281 0.9556 0.4737 0 0 -0.2174
50 | 1.548 -0.0022 1.012 0.3161 0.5796 0.4252 0.005 -0.009 -0.1927
100 | 1.524 -0.0000 1.000 0.3914 0.9138 0.4278 0.001 -0.010 -0.2291
200 | 1.510 -0.0003 1.000 0.4028 0.9474 0.4683 -0.018 -0.006  -0.2229
1.0 0 1 0.5 0.5 0.8590 0 0 -0.1352
50 | 1.026 -0.0029 0.996 0.4243 0.4877 0.670 -0.004 0.0248 -0.1779
100 | 1.001 -0.0041 0.988 0.4438 0.4205 0.746 0.007 0.003  -0.1527
200 | 1.006 -0.0039 1.001 0.4929 0.5013 0.845 -0.003 -0.0251 -0.1534
0.8 0 1 0.6800 0.3586 1.3928 0 0 -0.0913
50 | 0.815 -0.0016 1.005 0.5434 0.3243 1.111 -0.01432 0.0015 -0.083
100 | 0.811 -0.0001 1.003 0.6015 0.3459 1.171 0.00435 -0.0313 -0.097
200 | 0.805 -0.0009 1.000 0.6232 0.3708 1.303 0.01785 -0.0276 -0.086
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Figure 9: Upper quantiles (k = 5.0, Hy)
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Figure 10: Upper quantiles (x = 10.0, H;)
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Table 4: Upper 10 percentage points of Digo, under Hy

a\k 1.0 2.5 5.0 10.0
1.8 1.037 0.1037 0.01271 0.00326
1.037 0.0963 0.00977 0.00228
1.5 0953 0.1213 0.03061 0.00996
0.933 0.1108 0.02615 0.00865
1.0 1.032 0.2541 0.09450 0.03336
0.988 0.2395 0.08923 0.03185

Table 5: Upper 5 percentage points of D1gg , under Hy

a\r 10 25 5.0 10.0
1.8 1279 0.1334 0.01681 0.00451
1.273  0.1240 0.01257 0.00298
1.5 1.141 0.1504 0.03968 0.01348
1.122 0.1361 0.03280 0.01118
1.0 1216 0.3059 0.11400 0.04230
1.130  0.2804 0.10765 0.03957

Table 6: Upper 10 percentage points of Dago , under Hy

a\x 10 25 5.0 10.0
1.8 1.029 0.1003 0.01119 0.00279
1.037 0.0963 0.00977 0.00228
15  0.929 0.1145 0.02807 0.00926
0.933 0.1108 0.02615 0.00865
1.0 1.006 0.2462 0.09072 0.03233
0.988 0.2395 0.08923 0.03185

Table 7: Upper 5 percentage points of Dagg , under H;

a\r 10 25 5.0 10.0
1.8 1290 0.1292 0.01467 0.00386
1.273  0.1240 0.01257 0.00298
15 1.125 0.1419 0.03575 0.01222
1.122 0.1361 0.03280 0.01118
1.0 1.161 0.2887 0.10938 0.04015
1.130  0.2804 0.10765 0.03957
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Table 8: Upper 10 percentage points of D1gg , under Ho

a\k 1.0 2.5 5.0 10.0
1.8 1.100 0.1126 0.01415 0.00356
1.110 0.1111 0.01354 0.00329
1.5 1.030 0.1403 0.03709 0.01202
1.044 0.1404 0.03721 0.01211

Table 9: Upper 5 percentage points of D1gg , under Ho

a\k 1.0 2.5 5.0 10.0
1.8 1.333 0.1397 0.01878 0.00533
1.357 0.1398 0.01679 0.00416
1.5 1.220 0.1690 0.04710 0.01590
1.249 0.1697 0.04578 0.01514

Table 10: Upper 10 percentage points of Dago . under Ho

a\k 1.0 2.5 5.0 10.0
1.8 1.077 0.1108 0.01369 0.00332
1.110 0.1111 0.01354 0.00329
1.5 1.037 0.1414 0.03754 0.01204
1.044 0.1404 0.03721 0.01211

Table 11: Upper 5 percentage points of Dag ,, under Ho

a\k 1.0 2.5 5.0 10.0
1.8 1.368 0.1409 0.01818 0.00470
1.357 0.1398 0.01679 0.00416
1.5 1.244 0.1695 0.04620 0.01561
1.249 0.1697 0.04578 0.01514

Table 12: Power of D, ,, under Hy (v = 1.5, significance levels £ = 0.1, 0.05, n = 100)

3 0.1 0.05
K 1.0 25 50 100 1.0 25 50 10.0

0,2) | 44 68 76 45 || 30 49 45 2
(1) 82 93 96 95 || 75 90 92 92
(2) 16 20 17 15 | 9 12 10
£(3) 11 10 5 3 |6 6 2
(4) 12 12 9 3 | 7 6 3
(5) 14 15 15 5 | 8 9 5
(10) 26 40 42 15 || 14 22 16

O O O =
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Table 13: Power of D,, ,, under Hy (v = 1.5, significance levels £ = 0.1, 0.05, n = 200)

0.1 0.05
1.0 25 50 100} 1.0 25 5.0 10.0
79 99 100 100 || 63 96 99 98
98 99 100 100 || 96 99 100 100
24 26 21 16 16 18 14 10
1210 10 9 6 6 ) 3
16 24 32 27 g8 12 16 8
23 40 50 47 12 26 33 19
48 83 93 92 34 66 84 68

Table 14: Power of D, ,, under Hy (v = 1.8, significance levels £ = 0.1, 0.05, n = 100)

0.1 0.05
1.0 25 5.0 1001} 1.0 25 5.0 10.0
14 14 3 0 8 8 1 0
98 100 100 100 || 96 100 100 100
95 72 7T 70 41 60 65 35
28 35 34 22 20 25 23 12
16 18 14 6 10 10 6 3
11 12 9 4 6 6 3 1
9 10 3 0 4 5 1 0

Table 15: Power of D,, ,, under Hy (v = 1.8, significance levels £ = 0.1, 0.05, n = 200)

0.1 0.05
1.0 25 50 100/ 1.0 25 5.0 10.0
20 23 18 0 10 12 4 0
99 100 100 100 || 97 99 100 100
83 94 94 &9 72 8 89 80
45 54 49 33 28 37 37 21
24 25 18 7 13 15 9 4
16 17 9 3 7 9 4 1
13 12 9 1 5 6 2 0
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