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Abstract

The so-called Stein problem is addressed in the estimation of a mean vector of
a multivariate normal distribution with a known covariance matrix. For general
prior distributions with sphericity, the paper derives conditions on priors under
which the resulting generalized Bayes estimators are minimax. It is also shown
that the conditions can be expressed based on the inverse Laplace transform of
the general prior. Stein’s super-harmonic condition is derived from the general
conditions. Finally, the priors are characterized for the admissibility.

Key words and phrases: Admissibility, decision theory, estimation, generalized Bayes
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1 Introduction

The Stein problem is one of the most attractive topics in theoretical statistics. In the esti-
mation of a mean vector of a multivariate normal distribution, Stein (1956) and James and
Stein (1961) discovered the inadmissibility of the maximum likelihood estimator (MLE)
when the dimension of the mean vector is larger than or equal to three. A considerable
amount of studies have been devoted to this topic for half a century. Of these, Baranchik
(1970), Brown (1971), Strawderman (1971), Alam (1973) and Berger (1976) developed
classes of generalized Bayes estimators with minimaxity and/or admissibility. The classes
of generalized Bayes minimax and/or admissible estimators have been extended by Faith
(1978), Stein (1981), Fourdrinier, Strawderman and Wells (1998) and Maruyama (1998).
These results imply a characterization of prior distributions such that the resulting gener-
alized Bayes estimators are minimax and/or admissible. Such a characterization of prior
distributions in hierarchical Bayes models has been studied by Berger and Robert (1990)
and Kubokawa and Strawderman (2004) for minimaxity and by Berger and Strawderman
(1996) for admissibility. Most of these studies treated the scale-mixture of normal dis-
tributions as prior distributions except for Stein (1981) who derived the super-harmonic
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condition of the general prior distributions to satisfy the minimaxity of the Bayes estima-
tors. In this paper, we obtain a class of general prior distributions with sphericity which
results in the generalized Bayes estimators with minimaxity and/or admissibility.

To explain the outlines of the paper, we describe the model and the estimation problem.
Let X = (X1,...,X,)" be a random vector distributed as X ~ N,(0,1I,) for 6 =
(61,...,0,)" and the p X p identity matrix I,. The problem of estimating the mean vector
6 by 8 is considered relative to the quadratic loss L(6,8) = ||@ — 6||2. Estimator 6 is
evaluated in terms of the risk function R(6, 5) = FEo[L(0, 5)] The maximum likelihood
estimator of 0 is 50 = X. Since it is minimax with a constant risk R(w,@o) = p,
the improvement on @0 is equivalent to deriving minimax estimators but 50. To find a
minimax estimator, Stein (1956) considered a class of estimators

0, =(1—p(W)/W)X for W=|X|?, (1.1)

where 1(w) is a function of w. As stated in Stein (1956), this is a class of estimators

equivariant under the transformation X — I'X and @ — I'6 for any p X p orthogonal
matrix I', namely, (' X)) = I'6(X). Out of the class, James and Stein (1961) found the

~JS
estimator 8 = (1 —(p—2)/W) X, and established that if p > 3, then the shrinkage
~JS

estimator 4/9\] dominates 50, namely, GJ is minimax. The James-Stein estimator can be
further dominated by the positive-part Stein estimator, which is still inadmissible. This
fact is the primary motivation to derive generalized Bayes and minimax estimators, some
of which may be admissible and minimax.

In this paper, we handle the general form of prior distributions with sphericity, given
by h(]|@]|?)d6. As noted in Section 2, the generalized Bayes estimator against the prior
h(]|0]|?)d@ belongs to the class (1.1). In a precise sense, the generalized Bayes estimator
for h(]|@||*)d0 is identical to the generalized Bayes estimator against the prior w(A)d\ =
AP/2=1h(X)d\ within the equivariant class (1.1) for A = [|@||2. This is called the Bayes

equivariant estimator in this paper and denoted by 6 .

In Section 3, we obtain general conditions on h(\) under which 6" is minimax. For
the first and second derivatives h'(\), h”(X) of h(X), the function k(X)) = {(p — M)W (N) +
2AR"(A)}/h(N) is assumed to be decomposed as k() = ki1(A) + ka(N), where k() is a
nondecreasing function of A and ko(A) is a function. Then, the general conditions are
described as

(1) the first derivative of h()\) is not positive,

(2) h(X) satisfies the inequality

{ (p+2— NR"(N) +2)\0" () — {kzl(A)h()\)}’}
h'(A)

ko + 2sup
A>0

— inf ko(N) < p,

A>0
for {k1(A\)h(N)} = kL (A)R(N) + k(AR (X)), the third derivative A" (\) and a constant kg
defined by (3.20). Under these conditions, the Bayes equivariant estimator is minimax.

Especially, in the case that k()) is nondecreasing, the condition (2) can be simplified as
ko < p — 2. An example using the general conditions is given in Section 3.



In Section 4, the general conditions can be expressed based on the inverse Laplace
transform of A(X). When A(\) is written as h(X) = [~ H(t)e d¢, the function H(t) is
called the inverse Laplace transform of A(\). The general conditions on h(\) derived in
Section 3 can be rewritten by simple conditions based on the inverse Laplace transform
H(t). Especially, in the case that h(\) is completely monotone, it is known that H(t) is a
nonnegative function. Then, the Bayes equivariant estimator is minimax if H(t) satisfies
the inequality

Ko+ 2sup Ky (t) — iItlf Ky(t) <p-—3,
t

where K(t) = —(p — 4)t + (1 + 2t)H'(t)/H(t) is decomposed as K(t) = K;(t) + K»(¢)
for a nonincreasing function K;(¢) and a function Ky(t), and Ky is a constant defined by
(4.7). This condition is similar to that of Fourdrinier et al. (1998), though more general
conditions are provided in Section 4. When we check the conditions for the minimaxity
for a given function h(\), the conditions given in Section 4 are not very useful, because,
in general, it is hard to derive the inverse Laplace transform H(t) of h(\). However,
the conditions in Section 4 are useful for constructing prior distributions of the form
h(\) = [ H(t)e *dt such that the resulting Bayes equivariant estimators are minimax.

Section 5 explains how Stein’s super-harmonic condition can be derived from the
general conditions in Sections 3 and 4. Examples are given where the conditions in
Section 4 do not work, but Stein’s super-harmonic condition works well.

The admissibility of the Bayes equivariant estimators is studied in Section 6 based on
Brown’s admissibility condition. The prior distributions for the admissibility are charac-
terized, and some examples of admissible and minimax estimators are provided.

Finally, it is remarked that the idea of using the inverse Laplace transform appeared
in Kubokawa (2006) who dealt with a linear regression model with an error term having
a normal distribution with an unknown variance. Since the generalized Bayes estimators
are complicated in the case of the unknown variance, the estimators treated in Kubokawa
(2006) were focused on a class of estimators (1.1) with monotone nondecreasing functions
Y(+). This paper, however, handles more general classes without assuming the monotonic-

ity of ¢(-).

2 Bayes equivariant estimators

In this section, we derive the Bayes estimator within the class of equivariant estimators
(1.1), called the Bayes equivariant estimator, and demonstrate that the Bayes equivariant
estimator can be obtained as the generalized Bayes estimator against a prior distribution
of 8. The minimaxity of the Bayes equivariant estimator will be discussed in the next
sections.

We begin with providing the risk function of the equivariant estimator @w given by
(1.1). It is assumed that the function ¢ (w) is absolutely continuous with respect to the
Lebesgue measure and satisfies that E[{¢(W)}?/W] < oco. Using integration by parts
called the Stein identity, Stein (1973, 1981) showed that the risk function of Ew is given



(W) —2(p — 2)e(W)
w

R(\0,)=p+E { - 4¢’(W)] , (2.1)

which can be expressed as

w

where g(w; A) is a density of a noncentral chi-square distribution x>(X\) with p degrees of
freedom and the noncentrality A = ||0]|?, give by

T C.V2) LS VA e g
gw;)\:2p/22 , ——e M EPETI T e,
(w3 ) = i (p/2+5)%

Let m(\) be a prior distribution of A, and the marginal density of W is given by
gr(w) = 7 g(w; \)w(A)dX. Then the difference of the Bayes risks of the estimators 6,

and 6@, is written as

Alr,8,) = /0 h {R()\, 0,) — R(\, 50)} 7(\)dX
o {W(w) —2(p — 2)ib(w)

w

—40/(w) { g ()
where this integral is assumed to be finite. By integration by parts, it is noted that
| v wgewite il — [ v i
—— [ v,
where the finiteness of [{¢?(w)/w}g-(w)dw implies that
Jim ¥ (w)gr(w) = lim 9 (w)gx(w) = 0.

Then,

Ao - [ {W“’) —2p = 2DV) ) 4 4¢<w>g;<w>} aw,

w

which is minimized at

Ur(w) =p —2 = 2wgr(w)/gx(w),
and we get the Bayes estimator

0" =(1— 1 (W)/W)X. (2.2)



This is called the Bayes equivariant estimator, for it minimizes the Bayes risk within
the class of equivariant estimators. The above expression of ¢, (w) was derived by Haff
(1991) through the variational method. When the prior () is improper, we can handle
estimator (2.2) as a generalized Bayes ¢ estlmator if ¢ (w) is finite. In this paper, we thus
treat the Bayes equivariant estimator 0" regardless of the finiteness of the Bayes risk and
J m(A)dA. Another expression of ¢ (w) given below will be useful for deriving conditions

for the minimaxity of 0. Carrying out the differentiation ¢/ (w), we may write 1, (w) as

() =p—2_2w{2?i°dj<p/2+j_-W_l _1}

E;‘;O djwﬂ 2
* dijuwi !
—w— 2wzﬁfo—]‘7, (2.3)
Zj:O djw?
where
dj:/ 51T (p/2 + 5)2%]F exp{—N/2} N w(N)dA.
0
We thus get the form
* {3 (p/2 + j + 1)22+2} ~Lywd [ N Flexp{—A/2}7(\)dA
b (a0) :w_QwZ],o{J (p/2+7+1)272} o p{—A/2}m(}) (2.4)

Z;’;O{j!F(p/2 + 5)22%}~Twd fooo M exp{—A/2}m(\)dA

It may be interesting to note that the Bayes equivariant estimator 0" can be derived
as the generalized Bayes estimator against a spherically symmetric prior distribution of
0, given by

0 ~ h(]|0]*)d6. (2.5)
In fact, the generalized Bayes estimator against prior (2.5) is given by

57 _ J J O expi-|IX — 6]]*/2}h(]|6|")d6
[ Jexp{=] X — 6|]>/2}1(]|6]]*)d6

~GB
Using the same arguments as in Kubokawa (2006), we can show that @  is identical to
the Bayes equivariant estimator 8 , given by (2.2), against the prior 7(\) = A?/271h()\).
Hereafter, the prior distribution of A is supposed to be of the form

T(A) = NP2 Th(N), (2.6)

namely, d; above (2.4) is written as
d; = / G0 (/2 + )22~ exp{—A/2}WP/2-Th(\)dA. (2.7)
0

and investigate the minimaxity of the Bayes equivariant estimator 0"

5



3 General characterization of priors for minimaxity

\A7\77re now address the problem of showing the minimaxity of the Bayes equivariant estimator
0 against the prior m(\) = A/27'h()). In this section, we derive general sufficient
conditions on h(\) for the minimaxity. To this end, assume the following condition.

(A.1) The function h(\) is three-times differentiable, and the first, second and third
derivatives of h(\) are denoted by hA'(\), h”(A\) and A”’(X). The functions h(X), A'(\) and
R"(\) are absolutely continuous and satisfy that limy_o A?/2h(\) = limy_o A?/2R/()\) =
limy_o AP2FLA7(XN) = 0 and limy oo R(N)e™ = limy oo B/ (N)e™ = limy_oo B (N)e 0 =
0for 0 <d<1/2.

Theorem 3.1 Assume that h()\) satisfies (A.1). Then the Bayes equivariant estimator

AT

0 is minimaz if the function h(\) satisfies the inequality

o Coah ) {(p+2 = NR(A) + 20" (X)}dA
T Chya(X, w)h'(N)dA
G\ w){(p = MR(N) + 200" (A) FdA

[ C,(0 w)h(N)dA <p (3.1)

where Co(N, w) = 3222w’ [jIT(a/2 + §)2% )TN/ 2T LA 2,

Proof. From (2.3), ¢ (w) is written as ¢ (w) = 372, Djw’/ 32 djw!, where D; =
dj—l - 2.]dj Since

Z;il jDjuw’ ! B Z;il Djuw’ Z;il jdjw’ ™!

U (w) = > dywi (D= djwi)? ’

it is observed that

A ={r (w)? = 2(p — 2)¢r (W)} /w — 49 (w)
—w (Zjﬁl Djw]_l) ooy

2 im0 djw > dyw
_ 42;11 ijwj—l Z;)il Djwj Z;’il jdjwj—l
Do djwd (37, djwi)?

N

From (2.1), it follows that the Bayes equivariant estimator € is minimax if A* defined
by

3* EA io: djwj/ io: Djwj_l
j=0 j=1

(e.) y o0 . i—1 00 . .
:Zj;1 Djw‘J B 4Zj;1 ]Djw']_1 n 4Zj;1 dew‘] —2(p—2)
Ej:(] djw? Zj:l Djw? Zj:O djw?




is not positive for any w. Since 2jd; = d;_1—Dj, it is seen that 23 % | jdjw’/ > djw! =
w— 22 Djw’ [/ 377 djw?, so that A* may be rewritten as

Ar_ _Z;; Djw’ n Z;;(Dj—l — 2jDj)w’
Z;io djw? Z;; Djw’

—2(p —2), (3.2)

where Dy = 0.
We first evaluate the term D; for j > 1. From definition (2.7) of d;, D;/d; = d;_1/d; —

2j is expressed as
JoT APRHIZZR(X) e 2dA
fooo AP/2HI=1]R(N)e= M 2d\

Dj/d; =4j(p/2+j—1) 2.

By integration by parts under assumption (A.1), it is noted that

(p/2+37—1) / AP/2I=2p(\)e™M2d )\

0

=[NP R (N ) e M + / NP2 R(N) /2 — B (A) Ye2d A
0

1 [~ .
=5 /0 NP/ZHITLER(N) — 2B/ () }e ™M 2d), (3.3)
which yields that
D;/d; = —4j / NP/ (N e M2d )N/ / NP2 (N )e M 2d . (3.4)
0 0

Using integration by parts under (A.1) again, we can demonstrate that
j / NTINP2R (N)e2d A
0

. 1 [ .

=[\P2HR (Ve M2, — 5 / {(p = MR (N) + 200" (\)} NP/2FT71e=22q )\

0
1 [ .

=3 / {(p = MR (N) + 2XR" (N} NP/2F1e=A 24 )

0

Hence from (3.4) and definition (2.7) of d;, we get the expression

o do Lo = DI + 20 (N)) N2t
J— fooo AP/2+i=1](\)e=M2d\

/ {0 — V() + 2007 (A)} A1V 2y (3.5)

d;
B 2
~JI0(p/2 + §)2%

We next evaluate the term D;_; —2jD, for j > 1. From (3.4) and (2.7), the term may
be written as

. Dj;_ A
Dy —2jD; = — < I —2j> 49

fOOO /\p/2+j—1h/(/\)€—)\/2d/\

D, T =
Diy . /°° i _ 4j
— (=L o NPPZFILR!(\)em M2\ -, 3.6
( D; j) 0 e I (p/2 + j)2% 30



Using (3.4) and (2.7) again, we observe that

Djoy (= 1) o7 N2 (e 2N [ N 2R(A) e 2N d;
D, J SN (N) e N 2AN ) [N IR(N)e V2N d;
fOOO /\p/2+j—2h/()\)€—)\/2d)\

o N2 =T () e 2N

=4(p/24+7 -1 —1)
since dj_1/d; = 4j(p/2+j — 1) [ AW/2H=2R(X)e 2N/ [ AP/2HI71h(N)e™»2dA. Then,
D;_ o .
— (7—1 — 2j) / NP/ZEI=LR (\)e ™M 2\ (3.7)
Dj 0

=40 -)@/2+7) - 1)/ APPEIZ2R (N)e ™ 2d + 2j/ NPT (V)2
0 0

Similarly to (3.3), for j > 2, we can get the equality
(p/2+37—1) / NP/ZEI=2R(\)em M2\

0

1 [~ ,
=5 / NPPZRIZLERY (X)) — 20" (N\) Je ™2, (3.8)
0

under assumption (A.1). This equality still holds for j = 1 since
/ NPP21e= 2210 — X)R(A) 4 2AR" (M) }dA = 0, (3.9)
0

which can be derived by using integration by parts. From (3.8), the r.h.s. of equality
(3.7) is rewritten as

— <£ — 2j> /OO )\p/2+j—1h/<)\)€—>\/2d)\
D;j 0

=4(j—1) / NP/ZEIZ2R1 (\) e M2\ 4 2 / NP/ () e M2\, (3.10)
0

0

Further using integration by parts for j > 2 gives the equality

(j—1) / NPPETZ2R (X)) e M2dA
0

1 [~ .
=5 / NP/ZEI=L L 2 — X)R"(N) + 20R" (A)} e 2d .
0

It is noted that this equality holds for j = 1, because

/ N2e=N2L (2 — MR'(A) + 200 (A)}dA = 0.

0



Then from (3.6) and (3.10), for j > 1, we get the expression

. 8j /°° - -
D. | —2iD; = : NP2l (\Ye=M2d N
1= 2D j!F(p/2+j>22ﬂ{ 0 (A)e
_ / NPT (g 2 — XN)R"(N) + 200" (V) } e—WdA} . (3.11)
0

Finally, we shall rewrite A* given by (3.2) using expressions (3.5) and (3.11) of D;
and D;_y — 25D, respectively. Although equality (3.5) is shown for j > 1, it still holds
for j = 0 from the equality (3.9). From this fact, (2.7) and (3.5), it follows that

S Dyl Y 6 [ NN (p = \H(N) + 20 () }dA
Sy dl SN PUESEIOVER
St ¢y [ AP 2 (p — AR (X) 4 2AR"(A) FdA
> ¢ J AT RN )dA
J Gy w){(p— M) + 200 () 1A

=2 3.12
J G0 w)h(VdA | (3.12)
where ¢; = w?/[j!T'(p/2 + 7)2%]. Also from (3.4) and (3.11), it is observed that
> o2 (D1 — 2§ Dj)w?
E;il Djwj
22;‘;1 4jcj f/\P/Z—i-j—l{_h/()\) + (p +9— )\)hno\) + 2)\]1,”()\)}6_)‘/%1)\
- S Aje; [ WP () eV 2dN
C A 2 - Mh"(\ INR (N YA\
— _2+2f P+2< ,w){(p+ ) ( )+ ( )} ' (313>

J CpraOh, w) (N dA

Combining (3.12) and (3.13) yields (3.1) from (3.2). Therefore, the proof of Theorem 3.1
is complete. [

To derive a sufficient condition on A(-) for the minimaxity, we use the following lemma
(for the reference, see Theorem 2 in Wijsman (1985)).

Lemma 3.1 Let X be a random variable, and let f(x), g(x) and u(z) be functions. If
both g(x)/ f(x) and u(x) are monotone in the same direction, then the following inequality

holds:
Elg(X)u(X)]- E[f(X)] = Elg(X)] - E[f(X)u(X)],

where it is assumed that all the expectations exist and E[f(X)] > 0. The reversed inequal-
ity holds if g(x)/f(z) and u(x) are monotone in opposite directions.

Lemma 3.2 If b(\) is a function of X\ such that b(\)/h(\) is nondecreasing, then the
ratio of integrals

/Cp()\,w)b()\)d)\//Cp()\,w)h(/\)dA

18 nondecreasing in w.



Proof. Differentiating [ C,(A, w)b(A)dX/ [ Cp(X, w)h(A)dA with respect to w, we see
that it is sufficient to show that for ¢; = wi[j!T'(p/2 + 7)2%]7,

> je; / /\p/“j‘lb()\)e‘*/Qd/\ch / AP/2HI=Th(X) e 24
- :
> Z / AP/2HI=1p(\)e ™M 2d N Z je / AP/2HI=1 (X)e™ 24,

Let f(j) = ¢; [ A/2H=1h(N)e 2dN, g(j) = ¢; [ AP/2H-1p(N)e 2dA and u(j) = j in
Lemma 3.1. Since u(j) is increasing, from Lemma 3.1, we need to show that ¢g(j)/f(7) is
nondecreasing in j, namely,

J ATV 2AN [ APEHIb(N) e 2
[APPHETR(N) e M2dN = [ A/ZHiR(N)e/2dA

for any j. Using Lemma 3.1 again, we can verify this inequality since both b(\)/h()\) and
A are nondecreasing in A. Therefore, the requested monotonicity is proved. [

Lemma 3.3 Assume (A.1) and that

(A.2) h()\) is nonincreasing.
If limy g AP/2d(\) = limy o 722 d(X) = 0 for 0 < § < 1/2, then the following inequality
holds for a differentiable function d(\) satisfying that d(X)/h(X) is nondecreasing:

J Cprasu)d (WA _ [ Cy(X w)d(A)dA
[ Cra\ )N = [ Cy(X, w)h(N)dA’

(3.14)

Proof. For the numerator of the r.h.s. of (3.14), integration by parts gives that

/ N NP/2FI=Le A2 (NN = L
0 p/2+]

Applying a similar integration by parts to the denominator, we observe that

/ T L) /2 — d () HA (3.15)

S G w)dNAN [ Cpaa(h w){d(N)/2 — d'(A)}dA
SCo O )hVAA — [ CpraOn ) {h ()2 = (V) JaX°

so that inequality (3.14) can be rewritten as

J Corshw)d(NAX _ [ CyoalA w){d(N)/2 — d'(A)}dA
[ CralN, >h<AdA—fcp+2 w){A(N)/2— K\ }dN

which is equivalent to

[Conatnu b2 = KON [ Gpuarw)d()ax

> [ Cpaar w){d0)/2 = CHN [ Cuahw)W )N

10



since h'(A) < 0. This inequality can be simplified as

/ Chva (A, w)d (\)dA / Cpas (N, w)h(N)dA
> / Coaa(N w)d(N)dA / Chia(A, w)H (N)dA. (3.16)

By integration by parts, it can be shown that

(
/C’p+2 (A, w)h'(A / 5 (A, w)h(N)dA,

[ Gt wirar=- [ ¢ 0w

where C},5(A) = (d/dA)Cpi2()). Hence, inequality (3.16) may be rewritten as
/ €1 (A w)d(A)dA / s\, w)h(A)dA
< / Cia(, w)d(N)dX / o (A w)h(A)dA. (3.17)
Let F() = CpuaO)h(X), gA) = Cpra(h w)d(A) and u(X) = Chya(A,1)/Cpia(\,w)
in Lemma 3.1. Since g(A\)/f(A) = d(\)/h()\) is nondecreasing, from Lemma 3.1, we

need to check that C} ,(\, w)/Cpi2(N, w) is nonincreasing in A.  Since Cpia(A,w) =
So2g ap NP em N2 for a; = wi[jIT(p/2 4 j + 1)2%] 71, it is observed that

Chrahw) 325 a{(p/2 4+ J)APH =1 — (1/2) €247 }em A2

Cpra(\w) > NI A
_En2e 01 o
Ej a; N 2
Note that
. ; 1 W wi—1)\i-1
; a;(p/2 + j)N T/ +7 ; G 2 T 2D
1 We= 1

— w A\
Tp/ox 1241

Then from (3.18), it is sufficient to show that 3772 (5 4+1)"'a;N/ 3272  a; M is nonin-

creasing in A. Since 1/(j + 1) is decreasing in j, this monotonicity follows from the

problem 4(i) in Lehmann (1986, p.428). Hence, we obtain inequality (3.17), which proves
inequality (3.14) of Lemma 3.3. ]

Define k(\) by

(p — MR(N) + 2\R" ()
h(\) ’

k(\) = (3.19)

11



and assume that it is decomposed as
k(A) = ki(A) + k2(N),

where ki()) is a nondecreasing and differentiable function of A and ko(\) is a function.
Let ko be a constant such that

P > w0 (p/2 + j)2%]~ L AP/245 =1 (M) R(N) e 2d A
0 Z .

w—00 Ej wilfI0(p/2 4 j)2%]~1 [ Ap/2+i—1e=2/2h(X)dA (3.20)

Combining Theorem 3.1 and Lemma 3.3, we obtain sufficient conditions given by the
following theorem.

Theorem 3.2 Assume conditions (A.1) and (A.2) and that hm,\_,o N2E (A)R(A) = limy oo k1 (A)R(A)e

0 for 0 < § < 1/2. Then the Bayes equivariant estimator 0" is minimaz if h(X\) satisfies
the inequality

Jio+2 sup f[(p +2 = NA"(N) +2AR"(N) — {/{:1()\)h(/\)}’])\p/zﬂ_le_)‘/?d/\
§>0 fh’()\))\P/2+j_1e_/\/2d)\
fk2 M) AP/2+T=1e= A2\
]>0 f h(\ )\p/2+J Le—A/2d )\

<p. (3.21)

This inequality is satisfied if

{ (42— V() + ZA(J;/)"(A) - {kl(A)h(A)}’} ~fk() <p  (322)

where {ki(\RO)Y = K (AN + k(AR ().

ko + 2sup
A>0

Proof. From (3.1) of Theorem 3.1, it is observed that
J G Wk (NAA)AN [ Cp(A w)k:g()\)h()\)d)\

T, 0 w)h(N)dr T, 0 w)h (VA (3:23)
o2 [Gunpr2 ) Lo s IS0
T Coraln ) VAN e, ahay J =

For the first term in the Lh.s. of (3.23), from Lemma 3.2, it follows that
(

[ GOBINA [ Gy w)k (VAN
WO whNAN ek [ Cy0h w)A(A)dA

The second term is evaluated as
[ %, w)ks(A)h(A)dA
fC’ (A, w)h(N)dA

Using (3.14) of Lemma 3.3 for d(\) = k1(A\)h(N), we have the inequality

pr+2()\,w){k1()\)h(/\)}’d/\ < fC’p()\,w)kl(/\)h()\)d/\
[ o) (NAA = [ Cy(h w)h(N)dA

12



Using this inequality, we can see that the third term in the Lh.s. of (3.23) is less than or
equal to

0 o, L1 2= VI 4+ 200" (A) — {1 (V)N e 2d
igg [ W (N AP/2FI=Te=A2d )\ 5

which is also less than or equal to

{ (P +2 = MR"A) + 2A0"(A) — {kl(k)h(k)}’}
h'(A) '

2 sup
A>0

Combining these results gives conditions (3.21) and (3.22). n
Letting k1(A) = 0, we get a simple condition from Theorem 3.1.

Corollary 3.1 Assume (A.1) and (A.2). Then condition (3.1) holds if h(\) satisfies the

inequality

(2= MR £ 20070 (p— NI + 200" (\)
o ey ISR TEY =

When k()) is nondecreasing, namely, in the case of k(A) = k1()), we get the following
proposition.

Proposition 3.1 Assume that the function h(\) satisfies (A.1) and (A.2) forp > 3. Also
assume that k(X)) = {(p — A)R'(A) +2AR"(N)}/h(N) is nondecreasing in X. Then . (w) is
nondecreasing in w and the Bayes equivariant estimator 0" is minimax if ko < p—2 for
ko defined by (3.20).

Proof. The assumption in Proposition 3.1 corresponds to the case of k(\) = ki(A)
or ka(A) = 0 in Theorem 3.2. Noting that

% {ENRN)} = =R'(X) + (p+ 2 = A)R"(X) + 220" (N),

we observe that

2 sup
A>0

{ (p+2— VA"(N) + 200" () — {k:()\)h(/\)}’} ,
h'(A) '

Hence, the condition of Proposition 3.1 is derived from Theorem 3.2. The monotonicity
of 1 (w) follows from Lemma 3.2. u

Example 3.1 (Prior related to a multivariate ¢-distribution) Consider a prior dis-
tribution with a density proportional to (b + [|0]|*)"“d@ for nonnegative constants b
and c. Let w(\) = M/271h()) for h(\) = (b+ A)~°. To check condition (3.22), we
need the first, second and third derivatives of h(\), given by W' (\) = —c(b + \)~¢7 1,
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R'(N) = c(c+1)(b+A)"2? and h"(\) = —c(c+1)(c+2)(b+ A)~¢"3. Then, k()\) defined
by (3.19) has the form

b—2c+p—2__%0—1w}_ (3.24)

k(/\)zc{l_ b+ A (b+\)?

When b—2c+p—2 > 0, the function k() is nondecreasing. Taking kg = ¢ for k¢ defined
by (3.20), we see from Proposition 3.1 that the Bayes equivariant estimator is minimax if
the constants b and ¢ satisfy the condition

p—2+0

O<c§min{p—2, 5

} and b > 0. (3.25)

We next consider the case that b —2c+p —2 < 0 and b > 0. In this case, k())
is decomposed as k(\) = ki (\) + ka(N) for k1 (N) = ¢ — 2¢(c+ 1)b/(b+ A)? and ko(\) =
c¢(2¢—b—p+2)/(b+A). Then we use Theorem 3.2 to derive a condition for the minimaxity.
Since {ki(A)h(A)}Y = —c2/(b+ A" + 2c(c + 1)(c+ 2)b/(b + X\)*3, it can be seen that

(p+2— NA"(N) + 200" (A) — {k (MDA} el
ey :1+(20—b—p+2)b+)\,

so that condition (3.22) is expressed by

k:0+28up{1+(20—b—p+2)

c+1 _ c(20—b—p+2)<
A>0 A>0

b+ A IEE
Since ko = ¢, it is easy to see that condition (3.22) holds if
c+22c—b—p+2)(c+1)/b<p-—2.

By solving this inequality, the condition for the minimaxity is given by

b+p—2 1 5
T<c<é{b+2p—8+\/(b+2p) +16(p—1)b}, 5.26)
O<b<p-—2.

It can be guaranteed that there exists a ¢ satisfying the above inequalities in (3.26) if
0<b<p—2.

Combining the above arguments, we conclude that the Bayes equivariant estimator is
minimax if the constants b and ¢ satisfy either (3.25) or (3.26). n

Remark 3.1 The conditions in Theorem 3.2 may be helpful for constructing prior distri-
butions such that the resulting Bayes equivariant estimators can be minimax. Let k1(\)
be a nondecreasing function and assume that there exists a constant k( satisfying condi-
tion (3.20). Let ko(A) be an integrable function satisfying condition (3.21) or (3.22) of
Theorem 3.2. Then, denote k(\) = k1(A) 4+ k2() and solve the differential equation

(p— AR (A) + 2AR"(N)

O = k(A). (3.27)

14



Letting £(A) = (d/dX)log h(X) = B'(X)/h()), we can rewrite equation (3.27) as
_ kY
20
which is the Riccati differential equation. In the case that there exists a particular solution,
denoted by ¢y(\), of equation (3.28), we can get the general solution of (3.28). First, let
y(A) = L(A) — lo(N) and p(A) = —205(\) + (A — p)/(2N). Then, (3.28) is rewritten by
y'(N) +2(A) —p(Ny(A) =0, or

y'(A) 1

—p(\) e = 1, 3.29
Lo ) (3.29)

which is the Bernoulli differential equation. By letting z(A) = 1/y(\) again, equation
(3.29) leads to the linear differential equation

Z(A) +p(N)z(N) =1,

(3.28)

which has the general solution

20 = {/: exp {/}\:p(s)ds} dt + c} exp {— /)\:p(s)ds} |

where \g, A; and C are constants. Since £(\) = £y(A) + 1/z()), this solution gives the
general solution of the Riccati equation (3.28), given by

exp{ [ [ 2150 + (s —p)/(2s)]ds}
S exp{ [y [~2(o(s (—p)/(zs)]ds}dt+c'

In general, it is hard to find out a particular solution ¢5(\). However, this idea of
solving the Riccati equation possesses a possibility of extending a class of prior distri-
butions. For example, consider the prior distribution treated in Example 3.1, namely,
ho(A) = 1/(X\ + b)°, where the notation ho()) is used here instead of h(X). Then, k()) is
given by (3.24). This means that ¢o(\) = —c/(A+b) is a particular solution of the Riccati
equation (3.28) when k() is given by (3.24). In this case, the general solution of (3.28)
is

((A) = Lo(A) +

() = =5 + AW,

where
(A -+ b)2eNP/2eM2

AN) = — - :
Ji, (s +b)2esp/2es/2ds + C
Since £(\) = (d/dA) log h(A), the general solution provides the solution of h(\) as

h()) = exp { A :[—c/(t +b)+ A(t)]dt} -5 iob)c exp { A A A(t)dt} (330

where C and A, are positive constants. As stated above, function (3.30) provides the same
quantity of k() as in (3.24). Hence, the Bayes equivariant estimator for (3.30) would be
minimax under the same condition (3.25) if h(\) given by (3.30) satisfies (A.1) and (A.2),
though we need another hard work to check these conditions for function (3.30). n
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4 Expressions based on inverse Laplace transforms

The general conditions on the function h(A) have been derived in Section 3 for the mini-
maxity of the Bayes equivariant estimator. When h(\) has an inverse Laplace transform,
denoted by H(t), the general conditions can be expressed based on the inverse Laplace
transform H(t). This expression is not only useful for checking the minimaxity, but
also helpful for constructing prior distributions which result in the generalized Bayes and
minimax estimators.

For a nonnegative function h()), it is assumed that

(B.1) there exists a function H(t) such that

h()) = /O T He P,

and H (t) satisfies the following conditions: limy o \??>~2H(s/\) = 0 for s > 0 and there
exists an integrable function ®(s) such that \?/272|H(s/\)|s"e™* < ®(s) for n = 0,1,2 and
small A > 0. Also, limy_o tH (t) = limy_oc e MH(t) = 0 for ¢t > 0 and [¢"|H(t)|e Mdt <
oo forn=0,1,2,3.

The function H(t) can be derived by the inverse Laplace transformation, defined by

I .
H(f) = lim / B\ + i 7)eHi iy,

R—o0 27T R

for ¢ = v/—1. The inverse Laplace transformation is guaranteed under the integrability
JoT [H (t)e |dt < co. Another derivation of H(t) is given by

H{t) = tim (E>n+1 i (1),

n—oo nl t t

called the Post’s inverse formula, where h(™(z) = (d"/dz™)h(z). Since [;°m(N)dA =
SO H®@) [S AP em P dNdE = T(p/2) J;°t7P2H(t)dt for m(X) = AP/271h(X), it is seen
that the prior () is proper if [ ¢t7P/2H(t)dt < oc.

The inverse Laplace transform allows us to rewrite the function v, (w) based on an

integral expression. The following lemma is useful for the purpose.

Lemma 4.1 For a positive constant a and a function f(t), the following equation holds:

o0 y

w’ Y —(142t)A/2

J=0

0 1
:2a w/[2(1+2t)} t dt 41
| e e (1)

where it is assumed that [~ [7 XTI 1e=UF20M2] f(4)|dAdt < oco.
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In fact, integrating out the L.h.s. of (4.1) with respect to A yields

o0

[ > (5 2t>)j F(t)d.

Noting that 7 (j!) " {w/[2(1 +2t)]}7 = exp{w/[2(1 4 2t)]}, we get the r.h.s. of (4.1) and
Lemma 4.1 is verified.

Applying Lemma 4.1 to both the numerator and the denominator of the second term
n (2.4), we can rewrite it as

B Joo(1+2t) P2 Yexp{w/[2(1 + 2t)]}H (t)dt

Ynlw) =w —w T+ 26) 2 exp{w/[2(1 + 26) JH (t)dt
21+ 2t) PP exp{w/[2(1 4 26)] }H (t)dt

T+ 2t) PR exp{w/[2(1 + 20)] H(f)dt

which is equal to

72 2t(1 + 2t) P> Vexp{—wt/(1 + 2t) }H(t)dt
Jo (L 2t)7/ exp{—wt/(1 + 2t) } H (t)dt

@bﬂ(w) =w

Using the inverse Laplace transform, we now replace the condition in Theorem 3.1.
Define the functions K (t) and ¢(t;w) by

Kit)=—(p—-4)t+t(1+20)H'(t)/H(t), (4.2)
q(t;w) =(1 + 2t) P2 H(t) exp{w/[2(1 + 2t)]}.

Theorem 4.1 Under assumption (B.1), the Bayes equivariant estimator 0" is minimaz
if the following inequality is satisfied for any w > 0:

S KWL+ 20" g(tw)dt [ K (t)a(tw)dt
Jt(1+2t)~1q(t; w)dt fthd sp—3 (4.3)

To prove Theorem 4.1, the following fundamental property of the Laplace transforma-
tion is useful: for positive integer n,

/ (et = (D) h(\) = (—1)"h™()),

where D = d/dt and h(™(\) = d"h()\)/dt", the n-th derivative of h(]\).

Proof. We begin with proving the following equalities:
/ K H(E)e ™t = — h(\) + (p— MI'(A) + 230" (V), (4.4)

/ K () H(£)e ™t =21'(A) — (p + 2" (N) + A" (A) — 200" (\). (4.5)
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To evaluate the term [ K(t)H(t)e *d¢, it is noted that the term is written by —(p —
4) [tH(t)e Mdt + [¢(1+ 2t) '(t)e~*dt. By integration by parts,

/t(l +2t)H' (e Mdt = [t(1+2t)e MH(1)],-,

— /(1 + 4t H (t)e Mdt + A/t(l + 20) H (t)e” Mdt
= — B(X) = 4hy () + My (M) + 20ha(N),
where h,(\) = ["H (t)e~d¢t for a positive integer n. Since h,(\) = (—1)"(d™/dA")h(N),
/ t(1+ 200 H'(t)e Mdt = —h(X) + 4K/ () — A (A) + 2XR"(N),

so that equality (4.4) is obtained. For the second equality, note that

/ (0 H (e dE = —(p — 4) / 2H(t)eMdt + / 2(1 + 26 H' ()e M dt,

and the same arguments as discussed above can be applied. By integration by parts,

/t2(1+2t)H'(t)e—”dt [(1+2t)e MH(1)],-,

-2 /(t + 3t H (t)e Mdt + A/tQ(l + 2t)H (t)e Mdt,
so that
/ (8 H (D)t = =21 (A) — (p + 2)ha(N) + Mha (V) + 20k (\),

which leads to equality (4.5).

Using Lemma 4.1, we can see that the following equalities hold:

fK q(t; w)dt
[ q( t,w )dt
> wi[fIT(p/2 4 §)2% )71 [ AP/2H51e=N2 [ K (t)H (t)e~ M dtdA
T wiljIT(p/2 + )22 )L [ NP2 [ H (e Mdtdh

and
[ K(@#)t(1+2t) q(t; w)dt
ft 1 —|—2t) q(t; w)dt
S0 wiIT(p/2 + j + 1)2%]71 [ W2H =2 [ () H (t)e M dtd )
B > wilIT (p/2 4§ + 1)2%]71 [ \/24ie=A2 [1H (t)e~Mdtd\

It is noted that assumption (A.l) can be satisfied by (B.1). In fact, from the con-
dition limy_oA?/?2"2H(s/A\) = 0 and the dominated convergence theorem, it follows
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that limy_o A/2h(N) = limy_o AP/2R/(A) = limy_o \?/2*1A”(\) = 0. Also note that for
A > Ny, [tH(t)|eMdte ™ < [t"|H(t)|e"M'dte®*, which tends to zero as A — oo,
because [ t"|H(t)|le~™'d¢t is finite from (B.1). This implies that limy . h(A)e ™ =
limy oo B/ (Ve ™ = limy o B’(N)e™® = 0 for 0 < § < 1/2. Hence, condition (4.3)
can be derived from the above equalities and Theorem 3.1 by noting equalities (4.4) and
(4.5). The proof of Theorem 4.1 is therefore complete. ]

Assume that K (t) is decomposed as
K(t) = Ki(t) + K»(t),

where K (t) is a nonincreasing function of ¢ and K,(t) is a function. Let Ky be a constant
such that

Ko > lim | Ky (gt w)dt/ / o(t: w)dt. (4.6)

w—00

Making the transformation s = 2wt/(1 + 2t), we can express inequality (4.6) as

Ko > lim Jo Ki(s/[2(w — $)])H (s/[2(w — 8)]))(1 — s/w)P/*"2e™/2ds

o Jo H(s/[2(w — $)])(1 — s/w)P/?=2e=5/2ds ; (4.7)

which is useful for getting the limiting value.

Theorem 4.2 Assume (B.1) and that
(B.2) [tH(t)e Mdt is a nonnegative function.

Then the Bayes equivariant estimator 0" is minimaz if the following inequality is satisfied:
[ Ka(t)t(1 + 2t)7P27 H(t) exp{w/[2(1 + 2t)] }dt
Ko+ 2sup
w (1 +2t)7P2 1 H (t) exp{w/[2(1 4 2t)] }d¢
[ Ka(t)(1 4 2t)"P2H(t) exp{w/[2(1 + 2t)] }dt

—inf <p-3. 4.8
Yo (Lt 20 PRH() exp{w/2(1+ 20}t 1 (48)
Further, if
(B.2') H(t) is a nonnegative function,
then inequality (4.8) is satisfied under the condition
Ko + 2sup K(t) — inf Ky(t) < p — 3. (4.9)
¢

T

In the case that K(t) = Ky(t), @ is minimaz when Ko < p — 3.

Proof. From the monotonicity of K (t), it follows that

[ K01+ 20 gt w)dt _ [ K(b)g(ts w)ds
[t(1+2t)qt;w)dt = [q(t;w)de
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In fact, this inequality can be verified by putting f(t) = q(t;w), g(t) = t(1 + 2t) " 'q(t; w)
and u(t) = K;(t) in Lemma 3.1. Thus, condition (4.3) holds if for any w > 0,
[ Ki(t)q(t;w)d 2fK2 t(1+2t) 'q(w)dt [ Ko(t)g(t; w)dt
fqt,wdt [ (1 +2t) " q(t; w)dt fthdt

<p—3. (410

We here show that the ratio of integrals [ Ki(t)q(t; w)dt/ [ q(t;w)dt is nondecreasing in
w. The derivative with respect to w is proportional to

Kl()(tw)dt/ twdt—/K1 twdt/—tht (4.11)

1+ 225 142t
Letting f (¢ ) = q(t;w), g(t) = K1(t)q(t;w) and u(t) = 1/(1 + 2t) and noting that both
g(t)/f(t) = Ky(t) and u(t) = 1/(1+2t) are nonincreasing, we can see that quantity (4.11)

is nonnegative, so that the ratio of integrals [ K;(t)q(t; w)dt/ [ ¢(t; w)dt is nondecreasing
in w. Hence,
S EKi(t)q(t;w)dt [ K (t)g(t; w)dt
sup = lim .
w0 q( t,w )dt w—co [ q(t;w)dt

Therefore, condition (4.8) in Theorem 4.2 is obtained from (4.10) and (4.12). It can be
easily verified that inequality (4.9) implies inequality (4.8). ]

(4.12)

It is noted that assumption (B.2") is equivalent to the function h(\) being completely
monotone (see Feller (1971)). Then, condition (4.9) is similar to that of Fourdrinier et al.
(1998). When K (t) is nonincreasing, namely, in the case of K(t) = K;(t), we get the
following proposition from Theorem 4.2.

Proposition 4.1 Assume that the function H(t) satisfies conditions (B.1) and (B.2') for
p > 3. Also assume that K(t) = —(p —4)t +t(1 + 2t)H'(t)/H(t) is nonincreasing in t.
Then 1, (w) is nondecreasing in w and the Bayes equivariant estimator @ is minimax if

Ko <p—3 for Ky defined by (4.6) or (4.7).

Theorem 4.2 provides a class of prior distributions such that the resulting Bayes equiv-
ariant estimators can be minimax. Let K (t) be a nonincreasing function and assume that
there exists a constant K such that

w—00

Ko > lim [ Ky(t twdt// (t:w)d

which is also described by (4.7). Let Ky(t) be an integrable function satisfying condition
(4.8) or (4.9). Then, denote K (t) = K;(t) + K2(t) and solve the differential equation

—(p— 4)t+t(1+2t)%logH() K1),

for a positive function H(t). A solution of this equation is given by

H(t) = (14 26)P=9 2 exp {/tt %dx} :
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Where to is a positive constant. Then the Bayes equivariant estimator against the prior
h(]|60]1?) = [ H(t) exp{—|@]|*t}dt is minimax if H(t) satisfies (B.1).

Applying Theorem 4.2 to the prior distribution treated in Example 3.1, we can get
the same Conditions as in Example 3.1. In fact, the function h(\) can be expressed by
h(X) = (b+A)~¢ = [ H(t)e Adt for H(t) = t“"Le~", which gives

K(t):—2bt2—(b—2c+p—2)t+c—1.

Using condition (4.8) in Theorem 4.2, we can derive the same conditions as in (3.25) and
(3.26) for the minimaxity of the Bayes equivariant estimator. Another example is given
below.

Example 4.1 (Scale mixture of a normal distribution) Consider the scale mixture
of the normal distribution

6|t ~N,, (0,(20)7'1,),

b2 (4.13)
t NmV(t)dt, t > O,

for constants a, b and a function v(t) satisfying the conditions
(NM-1) a>band 1 —p/24+a<b< (p—2)/2,
(NM-2) the function v(¢) is nonnegative differentiable and bounded.

The function h()) is given by h(X) = [ H(t)e dt for H(t) = t*/*T72(1 + 2t)~v(t)
where the normalization constant is ormtted It can be verified that assumptions (B.1)
and (B.2') are satisfied under the conditions (NM-1) and (NM-2). From the arguments
between (2.5) and (2. 6) the generalized Bayes estimator against prior (4.13) is the Bayes
equivariant estimator 8 against the prior m(A) = A/2-Lh()). The function K (t) defined
by (4.2) may be written as

K(t)=—2a+p—4t+ (p/2+b—2)(1+2t) + t(1 + 2t)V/'(t)/v(t)
=2(b—a)t+ (p/2+b—2)+t(1+2t)V/(t)/v(t).
When (1+2t)t2/(t)/v(t) is nonincreasing in ¢, the function K (¢) is nonincreasing under

the conditions (NM-1) and (NM-2). Noting that the constant Ky defined by (4.6) or (4.7)
is given by KO = p/2 + b — 2, we see from Proposition 4.1 that the Bayes equivariant

estimator 6 against prior (4. 13) is minimax if (1 + 2¢)t2/(¢)/v(t) is nonincreasing in t.

When (1 + 2¢t)t/(t)/v(t) does not have a monotonicity property, let K;(t) = 2(b —
a)t + (p/2 + b — 2) and Ky(t) = t(1 + 2t)/'(t)/v(t). From condition (4.9), it follows that
the Bayes equivariant estimator is minimax if

(1+20)t/(t) . . (1+2t)t/(¢)
b—i-QSLtlpT—lrtlfTS(p—%/Z (4.14)

For a suitable function m(t), solve the differential equation
(1+2t)t/(t)/v(t) = m(t).
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A solution of this equation is given by

for a positive constant to. Take the function m(t) such that v(t) is bounden for any ¢.
Then, v(t) satisfies the condition (NM-2) and condition (4.14) is expressed by

b+ 2s1ip m(t) — irtlfm(t) <(p—2)/2. (4.15)

For example, consider the function m(t) = —2ct/(1 + t*) for ¢ > 0. Then, v(t) < 1,
namely, v(t) is bounded, and condition (4.15) holds if b+ ¢ < (p — 2)/2.

In the case that m(t) = (1 + 2t)tv/(t)/v(t) is nondecreasing in t, condition (4.14) can
be used. However, we can derive a better condition from (4.8) by using the monotonicity
property of m(t). From the monotonicity of Ky(t) = m(t), it is noted that

[m(@)t(1 +2t)7P/2LH (t) exp{w/[2(1 + 2t)] }dt
[ (1 + 2t)=P/2-1H (t) exp{w/[2(1 + 2t)] }d¢

is nonincreasing in w, so that

[m()t(1+2t)7P2 L H(t) exp{w/[2(1 + 2t)] }dt
"W Tt + 22 LH () exp{w/[2(1 + 2t)] Jdt
[ m(t)t(1 + 2t) PP H () dt
[t +2t) P2 LH(¢)dt

Similary,

inff m(t)(1 4 2t)"P2H (t) exp{w/[2(1 + 2t)] }dt
w o [(1+2t)"P2H(t) exp{w/[2(1 + 2¢)] }d¢
fm )(1+2t)7P2H (t) exp{w/[2(1 + 2t)] }dt
w—>oo [ (1 +2t)=P/2H (t) exp{w/[2(1 + 2t)] }d¢

Since Ky = p/2 + b — 2, condition (4.8) can be rewritten as

fm t(1 4 2t) P21 H (t)dt
Jt( 1—|—2t) —p/2-1H (t)dt
fm )(1+2t)P2H(t) exp{w/[2(1 + 2t)]}dt
i J(1+2t)=P2H (t) exp{w/[2(1 + 2t)] }d¢

<(p-2)/2. (4.16)

For example, consider the increasing function m(t) = 2¢t/(1 + 2t) for ¢ > 0. Then, the
function v(t) is written by

v(t) = exp {20 /t(1 + 23)—2ds} = Cpexp{—c/(1+2t)},

to
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which is bounded. It can be verified that

. [m(t)(1 4 2t)P2H(t) exp{w/[2(1 + 2t)] }d¢ _

w—oo  [(1+42t)7P2H(t) exp{w/[2(1 + 2t)]|}dt

Hence, condition (4.16) can be expressed as

b+ 4c

Jo Tt (1 4 2t) P27 2 exp{ —c/(1 + 2t) }dt < (p—2)2
(1 1 2) P2 T exp{—c/(1 + 20)}dt — ’

or

I5 2070 (1 — )P+ exp{—cz}dz <(p—2)/2, (4.17)

fol 207b(1 — 2)p/2+b—lexp{—cz}dz

b+ 2c

which is derived by making the transformation z = 1/(1 + 2t). On the other hand, (4.15)
yields the condition that b+ 2¢ < (p — 2)/2, which is not better than (4.17), although we
need to resort to numerical computation to check condition (4.17). n

5 Derivation of Stein’s super-harmonic condition

In this section, we shall provide another expression of condition (3.1) and clarify the
relationship between condition (3.1) and the super-harmonic condition of the prior density.

Theorem 5.1 Assume condition (A.1). Then condition (3.1) is equivalent to

[y, w)s(A)dA J Gy ) =N + s(0A _ )
[ G\ w) [° W (t)et/2dter2dN [ Co(A\, w)h(N)dA - '
where
s(A) = ph'(X) + 2\0" (N). (5.2)

Proof. From (3.15), it is observed that for an absolutely continuous function f(\),

| Coatnuitrnrz - ronjar= [ 60w fjan
We here consider the differential equation
f)/2=FN) =1,

which has a solution of the form f(X) = [° h/(t)e~/?dt €2, Then under condition (A.1),
we get the equality

/ Cpia( N\, w)h' (N)dA = / Cp(A, w) / N W (t)e~2dt M 2d. (5.3)
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Since s'(A) = (p+ 2)h"(A) + 2Ah" (), the same argument is used to get that
/ CraOn w) {(p+2 — A)R"(A) + 2XR"(A)} dA
= /Cp+2()\, w) {=A"(A) + s'(A) } dA (5.4)
= / Cp(A, w) /A N {—th"(t) + §'(t)} e7/2dt 2.

By integration by parts, it is noted that

o0 1 oo
/ s'(t)e 2dt = —s(\)e ™2 + 5/ s(t)e~t2dt,
A A

which gives that

/ {—th"(t) + §'(t)} e7/?dt = —s(N)e ™2 + g / W (t)e~2dt.
A A

Hence from (5.4),
/ Coua (0 w) {(p+ 2 — MA"(A) + 200" (\)} dA
= / Cp()\,w)s(A)d)\Jrg / Cp(A, w) /A h W (t)e~2dt M 2d. (5.5)
Combining (5.3) and (5.5), we obtain condition (5.1) from Theorem 3.1. n
Assume that s(A) is decomposed as
s(A) = ph'(X) + 2AR" (X)) = s1(A) + s2(N),

where s1(A) < 0 and s9(A) > 0 for any A > 0. Then from Theorem 5.1, we get the
following condition.

Proposition 5.1 Assume (A.1) and (A.2). Then, the Bayes equivariant estimator 0" is
minimazx if

_ so(N)e M2 [ AR (N) = 51(A) + sa(N)
211&1f { = h’(t)e—tﬂdt} + lI/\lf { ey } > 0. (5.6)

If {(d/dN)[sa(N)e 2]} /{R'(N)e™>?} is nonincreasing, then

(B m ) e

A
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Proof. Noting that

o0 1 o0
/ W (t)e 2dt = —h(N)e M2 + 3 / h(t)e ™ /2dt > —h(\)e 2,
A A

we observe that
[ Cp( X, w)s1(N)dA - S G(A w)si(A)dA
pr()\,w) f;o B (t)e—t/2dter2dN\ — pr(/\,w)h(/\)d)\'

Hence from Theorem 5.1, it suffices to show that

[ Cy(A, w)s2(A)dA [ G0 ) {=A) +5(N) — 25 (N}dA _

2 [ Cy (0 w) [ B (t)e—t/2dte2dA TC,(\ w)h(N)dA =

which yields sufficient condition (5.6).

To verify equality (5.7), we show that the ratio g(\)/ [{° I/(t)e~"/?dt is nondecreasing
in A for g(A) = sa(A)e™2 Since g(A) = — [;° ¢'(t)dt, the derivative of the ratio is
proportional to

g0 [ BB g e

_ > / / —(t+A)/2 g/<)‘) g/<t>
—//\ W (E)h'(N)e e/ {h’(/\)e"\/2 - h/<t>e—t/2}dt’

which is nonnegative if ¢'(t)/{h/(t)e"*/?} is nonincreasing in ¢. Therefore, Proposition 5.1
is established. |

When s(A\) < 0 for any A > 0, this condition implies that A'(\) <0 for any A > 0. In
fact, whenever h'(A) > 0, the derivative of h’()) is negative since h”(\) < —ph/(N)/(2X).
This fact means that A’'(A) < 0, and assumption (A.2) holds. Then from Proposition 5.1,
we get

Corollary 5.1 If s(A\) < 0 for any A > 0, then the Bayes equivariant estimator 0" is
minimax under assumption (A.1).

Stein (1981) showed that the Bayes equivariant estimator is minimax if the prior
density h(]|@]|?) is super-harmonic, namely > 7 (9*/967)h(]|0]]*) < 0 for any 6. Since

P (0%/062)h(]|6]]?) is identical to s(X), it is seen that the condition s(\) < 0 corre-
sponds to the super-harmonic condition.

We now express the Stein super-harmonic condition based on the inverse Laplace
transform H (t) of h(\). Let

S(t) = —(p—4)tH(t) + 262 H'(t)
and assume that S(t) is decomposed as
S(t) = 51(t) + S2(1),

where S1(t) < 0 and Sy(t) > 0 for any ¢ > 0.
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Proposition 5.2 Assume (B.1) and (B.2). Then the function s(\) can be expressed by

/ S(t)e Mdt,

and the Bayes equivariant estimator is minimax if

f SQ _)‘tdt f{tHl ( ) + Sz(t)}e_/\tdt
Tt + 1/2) A fH Je—Mdt

-2 sup

+1>0. (5.8)

If (t+1/2)S5(t) /{tH(t)} is nondecreasing in t, then

[ Sa(t)eMdt e [ Sy(t)eMdt
b [tt+1/2)" H(t)e Mdt A0 Tt(t+1/2)"LH (t)e Mdt’

(5.9)

Proof. By using the same arguments as in the proof of Theorem 4.1, it is observed
that

s(A) =ph/(X) + 22" ()
=—p / tH(t)e Mdt + 2 / t2H (t)e Mdt
= / {—ptH(t) +4tH(t) + 26°H'(t) } e Mdt,

which is equal to [ S(t)e *d¢t. Similarly,

—A () = A / tH(t)e Mdt = / {H(t)+tH'(t)} e Mdt. (5.10)

It is also noted that

—/ W (x)e™*?dx :/ /tH(t)e_tzdte_x/zdx
A A

_ / HE+ 1/2) " H(t)e—Mdte2. (5.11)
Letting s1(A) = [ Si(¢)eMdt and sa(\) = [ Sa(t)eMdt, we can see that s1(A) < 0 and
s2(A) > 0 for any A > 0 since Si(t) < 0 and S3(¢) > 0 for any ¢ > 0. From expressions
(5.10) and (5.11), condition (5.6) in Proposition 5.1 is described by the condition (5.8).

To establish equality (5.9), we need to show that the ratio [ Sy(t)edt/ [t(t +
1/2)71H(t)e~*dt is nonincreasing in A. The derivative of the ratio is proportional to

- / 19, (t)e Mt / Kt +1/2) " H(t)e Mt
+ / Sy(t)e Mdt / t2(t+1/2) 7 H(t)e Mdt,

which can be shown to be non-positive by using Lemma 3.2 if (t + 1/2)S5,(¢)/{tH(t)} is
nondecreasing. m
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Corollary 5.2 If S(t) < 0 for any t > 0, then the super-harmonic condition s(\) < 0
holds.

Applying the super-harmonic condition to the prior distribution treated in Example
3.1, we see that the function s(A) defined by (5.2) is written as

2c(c+1)b  c(2¢+2—p)
(b+ A)et? (b+ A)ett 7

s(A\) = ph'(A) + 2M0"(N) = —

which is not positive for 2¢ + 2 — p < 0. Thus, the super-harmonic condition for the
minimaxity is
0<c<(p—2)/2.

It is noted that the same condition can be derived from the condition S(¢) < 0 in Corollary
5.2. However, it is quite restrictive in comparison with conditions (3.25) and (3.26).
Although the Stein super-harmonic condition is more restrictive in this example, it can
provide nice and simple conditions for the minimaxity as demonstrated in the following
example.

Example 5.1 (Prior based on the arctan function) Let us treat a prior distribu-
tion of the form

1
0~ — {tan—l }da 5.12
a Gk (5-12)

where « is a positive constant. In this case, the function h()\) is written by

1 1 A 1 [ 1
h(\) = —tan™* e —/ dz,
a A a\2 « a Sy l+a?

and the inverse Laplace transform is given by

sin ot

H(t) =

at ’

namely, h(\) = [{sinat/(at)}e Mdt. It is noted that H(t) goes to zero with taking
positive and negative values periodically as ¢ tends to infinity. Since h(\) is rewritten
as h(A) = [;°(a® + s*)~'ds by making the transformation s = ax, it is observed that
R'(\) = —(a? + X*)71 and B"(\) = 2X\(a? + A?)72. Since H(t) takes negative values
periodically, the conditions given in Section 4 do not work well. The conditions derived
in Section 3 can give a feasible but somewhat restrictive condition on o? and p. However,
the Stein super-harmonic condition provides a nice condition for the minimaxity. That
is, the function s(\) defined by (5.2) can be written as

s(A) = —{(p— N +pa’} /(a® + N\?)?,

Wthh is not positive if p > 4. Hence from Corrolary 5.1, the Bayes equivariant estimator
0" against prior (5.12) is minimax for p > 4. Although it is interesting to clarify whether

0" is minimax for p = 3, it is not easy to show.
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The Stein super-harmonic condition can be applied to another type of prior dis-
tributions. When the prior of 6 is (a? + ||6]|*)~*d@, it corresponds to the case that
h(X) = (o + X*)7! and H(t) = sin(at), namely, h(X) = [ sin(at) exp{—At}dt. Then,

2\ 8a?
S“):—m{p‘“m}’

which is not positive if p > 6. Hence, the Bayes equivariant estimator is minimax for
p > 6. ]

6 Admissibility of the Bayes equivariant estimators

The conditions for the minimaxity have been investigated for the Bayes equivariant esti-
mators. Another interesting topic is to provide a characterization of prior distributions for
the admissibility. Using Brown’s admissibility condition, in this final section, we derive
conditions on priors for the admissibility of the Bayes equivariant estimator. The results
given here may be helpful for checking the admissibility for general priors, though most
of them are known in the literature.

We begin with stating Brown’s admissibility condition, which is known as a very useful
tool for checking the admissibility in the Stein problem. As noted in Section 2, the gener-
alized Bayes estimator against a prior distribution with the spherically symmetric density
h(||6]|2)d0 is the Bayes equivariant estimator 6 against the prior 7(\) = AP/2"1h()\) for
A = [|0]]?. Define A(h) by

A(h) = /1 h {rP= fu ()} dr,

where

In(lll) = /(27T)‘p/2 exp{||z — 0]*/2}h(||0]*)d6.

Theorem 6.1 (Brown (1971)) The Bayes equivariant estimator 0" is inadmissible if

A(h) < oo. When fr(||]|) and ||97T — || are uniformly bounded with respect to x, 0" is
admissible if A(h) = 0.

It is noted that f(]|x||) is the marginal density with respect to da while

1 = wP/* i Yexp{—w/2} :
(W) = : AP A2 (A )dA
)= n ; JT(p/2 + )2 R
is the marginal density with respect to dw for w = ||z||%. It is thus seen that g,(w) =

w27 (Vw), or fi(r) = r?7Pg.(r?) for r = /w, and A(h) is written as

A(h) = /IOO Tﬁl(ﬂ)dr

Since ng — || = ¥ (w)/+/w, Theorem 6.1 is rewritten in the following,.
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Lemma 6.1 Assume that there exists a constant § such that g.(r*) ~ Cor® for some

generic constant Cy as r — oo. If 6 > 0, the Bayes equivariant estimator 0" is z'Anﬂad-
missible. When g (w)/wP?>~" and ¥ (w)//w given by (2.4) are uniformly bounded, 6 is
admissible if § < 0.

Though this section, we use the notations C, C’, Cy, Cy and C5 as as generic positive
constants, namely, for example we use the same notation C for different constants without
anything confusing.

It may be hard to check the conditions in Lemma 6.1. However, the use of the inverse
Laplace transform of h(\) can make them tractable. Since h(X\) = [ H(t)e Mdt, it is
observed that

/ NP/2FI=Le A2 (N)dA = T (p/2 + j) / H(t)mdt,

so that g,(w) is expressed as
<1 w \  H(®)
_ p/2—1_—w/2 - dt
grlw) =" /;j! <2(1+2t)) (1+ 2t)/2

B H(t) 2t
—yp/2-1 [ T\Y e dt.
v /(1+2t)P/2 eXp{ 2(1+2t)w}

Making the transformation z = 2t/(1+ 2t) gives the expression g,(w) = w?/?7'G.(y/w)/2
where

1
T = 1— P/Q—QH ° _TZZ/Qd . 1
Gulr) = [ (1= aprn (s ) e (6.1)

Also, the function ¢, (w) is written by

f01 2(1— 2P 2H(2/[2(1 — 2)]) exp{—wz/Q}dz.
S = 292 2H (2/[2(1 — 2)]) exp{—wz/2}dz

Grlw) = w (6.2)

Then Lemma 6.1 is expressed in the following.

Lemma 6.2 Assume that there exists a constant § such that G(r) ~ Cor?>=P*° for some

generic constant Cy as r — oo. If § > 0, the Bayes equivgzr"mnt estimator @ is inadmis-
sible. When G (r) and ¥ (r?)/r are uniformly bounded, 8 is admissible if 6 < 0.

When H(t) is a positive function, it follows from (6.2) that ¢ (w) < w. If ¢, (w) is
bounded, namely,

¢W(w) S 07

for a constant C, then it is observed that 1, (r?)/r < min{r, C/r} < +/C, so that ¢, (r?)/r
is uniformly bounded. Hence, the boundedness of v, (r?) is sufficient for the boundedness
of ¥ (r?)/r. Lemma 6.3 is also useful for checking the conditions in Lemma 6.2.
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Lemma 6.3 For positive constants a, b and d, there are constants Cy and Cy such that
1 1 1
C’l/ 2 lemd2 §/ z“_l(l—z)b_le_dzdz < 02/ 24 lemd3 .
0 0 0

This implies that fol 20711 — 2)'tem=dz ~ Cy/d® for a constant Cy as d — oo.

Proof. In the case of 0 < b < 1, (1 — 2)*~! is increasing and 1 < (1 — 2)°71, so that
the left inequality holds. Since (1 — 2)~! and e~%* are monotone in opposite directions,
Lemma 3.1 implies that

E[(1—2)" e < E[(1 - Z)"'|E[e™"], (6.3)

where Z is a random variable having the density az®~!. Inequality (6.3) is expressed as

1 1 1
/ 2271 = 2) e dr < a/ 21— Z)b_ldz/ 207 tem 42,
0 0 0

which yields the right inequality. In the case of b > 1, (1 — 2)! is deccreasing and
(1 — 2)*~! < 1. The same arguments can be used to get the inequalities in Lemma 6.3.

Since fol 2 lemd2dy = 4@ fod 2% le~*dx, the inequalities in Lemma 6.3 implies that
Cy < limg o d* fol 2271 (1—2)"te~®dz < Oy, which means that fol 207 1—2) e % dz ~
O()/da fOI'CHSOQSOQ as d — 00. |

We conclude this section with checking the conditions in Lemma 6.2 for the admissi-
bilty of the Bayes equivariant estimators treated in examples in the previous sections.

Example 6.1 (Prior related to a multivariate ¢-distribution. Continued) In this
example, we treat the prior distribution discussed in Example 3.1, namely, H(t) is given
by H(t) = t“le~". For some generic constant Cy, G(r) may be written as

1
GW(T) _ CO/ Zc—l(l . Z)p/2—c—16—bz/(1—z)—(7‘2/2)zd2’
0

which can be seen to be uniformly bounded with respect to r for 0 < ¢ < p/2 and b > 0.
We here prove the inequalities

1
Cl/ Zc—1<1 . Z)p/2—c—16—(r2/2)zdz
0
1
< Gr(r) < C’o/ P € ) L Yo GO P (6.4)
0
In fact, G(r) is expressed by G.(r) = CE[e ?%/(0-2)¢=(*/27] for a random variable Z

having the density 2¢~'(1 — 2)?/2~¢"1/B(c, p/2 — ¢). Since both e~?4/(1=7) and e~ (/22
are decreasing in Z, it follows from Lemma 3.1 that

Gq(r) > CE[e—bZ/(l—Z)]E[e—(r2/2)z]

1
_ Cl/ Zc_l(l . Z)p/2—c—1€—(r2/2)zd2,’
0
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which shows the left inequality in (6.4). The right inequality is trivial.
Combining inequalities (6.4) and Lemma 6.3 gives that

1
Gr(r) ~ C’/ 271 = 2P e (D2 Ot m2220)
0

as r — 00. Inequality (6.4) and Lemma 6.3 are again used to evaluate 9, (w) as

f() 1 _ Z p/2 c—1 —bz/(l z)— w/2)zdz
fO He— 1(1 _ Z)p/2 c—lp=bz/(1-2)—(w/2)zd »
fol ~Ce~ (w/2) z2dz

fl se—lo—(w/2)zd 4

fo ce/2dx < {%OO zce~*2dx |

f[) re—le—z/2dy fO re—le—z/2dy

r(w) =

<Cw (6.5)

which is bounded. Since G.(r) is bounded, we can use Lemma 6.2 for 6 = p — 2 — 2¢

and 0 < ¢ < p/2. Hence, the Bayes equivariant estimator 0" is inadmissible for 0 < ¢ <
(p—2)/2 and b > 0, and admissible for (p —2)/2 < ¢ < p/2 and b > 0. When (p—2)/2 <

c<min{p—2,(p—2+10)/2}, c < p/2and b > 0, 6" is admissible and minimax. This
result suggests to take ¢ = (p — 2)/2, because the resulting Bayes equivariant estimator
is admissible and minimax for any b > 0. ]

Example 6.2 (Scale mixture of a normal distribution. Continued) We next treat
the prior distribution in Example 4.1, H(t) is given by H (t) = t?/>7*=2(14-2t)~%v/(t). Then,

1
T’) _ CO/O Zp/2+b—2<1 _ Z)a—b]/ (ﬁ) e—(r2/2)zdz7

which is bounded when 1 —p/2 < b < a+ 1 and v(¢) is bounded as 0 < v; < v(t) < vy
for some positive constants v; and v,. Since

1
C'Ol/l/ zp/2+b_2(1—z)“_be_(TQ/Q)Zdz
0
1
< Go(r) < Comy / P2 (] b0z,
0

Lemma 6.3 implies that G, (r) ~ Cr*P=?" as r — co. The boundedness of 1, (w) can be
verified by the same arguments as in (6.5). Hence from Lemma 6.2, it is concluded that
0" is inadmissible for 1 — p/2 < b < min(0,a + 1), and admissible for 0 < b < a + 1.
When 0 < b<aand 1 —p/2+a <b < (p—2)/2, the Bayes equivariant estimator 0"
is admissible and minimax, where v(t) is a nonnegative and differentiable function such

that 0 < vy <wv(t) < vy and (14 2t)t//(t)/v(t) is nonincreasing in ¢. n

Example 6.3 (Prior based on the arctan function. Continued) For the prior dis-
tribution treated in Example 5.1, H(t) is given by H(t) = (sinat)/(«at). Since (sint)/t <
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1, it is observed that

1 pj2-28i(@2/[2(1 = 2)]) (29,
Gﬂ(r):/o(l—z)/ oz/20 = 2) e~ /22qy

1
S/ (1 — 2)P2 2= /22
0

which is bounded for p > 3. Also from Lemma 6.3, it can be seen that

1
/ (1= 2)P/22=(*/D2 ., o Cpp2rtr—),
0

On the other hand, h(\) is evaluated as

/H e Mdt = / (@ + s*)7'ds

> 205 = 1 _ Hy(t)e Mdt,
_/A (a+s)""ds Y /

for Hy(t) = e~*. This inequality implies that
1
GW<T) >/ (1 ) /2—26—((1/2)7;/(1—2)e—(r2/2)zdz
>C’/ 120y A Op2r ),

where the second inequality follows from inequality (6.4) and Lemma 6.3. Combining
these observations gives that G (r) ~ Cr2P*?=% as r — oo. Since 1, (w) can be Veriﬁed
to be bounded, it is concluded from Lemma 6.2 that the Bayes equivariant estlmator 0"

is inadmissible for p > 4, and admissible for p = 3 and p = 4. The estimator 0" is
admissible and minimax for p = 4, though it is minimax, but inadmissible for p > 5. =

Acknowledgments. The research of the author was supported in part by Grant-in-
Aid for Scientific Research Nos. 15200021, 15200022 and 16500172 and in part by a grant
from the 21st Century COE Program at Faculty of Economics, University of Tokyo.

REFERENCES

Alam, K. (1973). A family of admissible minimax estimators of the mean of a multivariate
normal distribution. Ann. Statist. , 1, 517-525.

Baranchik, A.J. (1970). A family of minimax estimators of the mean of a multivariate
normal distribution. Ann. Math. Statist. , 41, 642-645.

Berger, J. (1976). Admissible minimax estimation of a multivariate normal mean with
arbitrary quadratic loss. Ann. Statist., 4, 223-226.

32



Berger, J.O. and Robert, C. (1990). Subjective hierarchical Bayes estimation of a multi-
variate normal mean: On the frequentist interface. Ann. Statist., 18, 617-651.

Berger, J.O. and Strawderman, W.E. (1996). Choice of hierarchical priors: Admissibility
in estimation of normal means. Ann. Statist., 24, 931-951.

Brown, L.D. (1971). Admissible estimators, recurrent diffusions, and insolvable boundary
value problems. Ann. Math. Statist., 42, 855-904.

Faith, R.E. (1978). Minimax Bayes estimators of a multivariate normal mean. J. Multi-
variate Anal., 8, 372-379.

Feller, W. (1971). An Introduction to Probability Theory and Its Applications. Vol. 2.
Wiley, New York.

Fourdrinier, D., Strawderman, W.E. and Wells, T. (1998). On the construction of Bayes
minimax estimators. Ann. Statist., 26, 660-671.

Haff, L.R. (1991). The variational form of certain Bayes estimators. Ann. Statist., 19,
1163-1190.

James, W. and Stein, C. (1961). Estimation with quadratic loss. In Proc. Fourth Berkeley
Symp. Math. Statist. Probab., 1, 361-379. University of California Press, Berkeley.

Kubokawa, T. (2006). Integral inequality for minimaxity and characterization of priors
by use of inverse Laplace transform. Discussion Paper Series, CIRJE-F-393, Faculty of
Economics, University of Tokyo.

Lehmann, E.L. (1986). Testing Statistical Hypotheses 2nd ed., Wiley, New York.

Maruyama, Y. (1998). A unified and broadened class of admissible minimax estimators
of a multivariate normal mean. J. Multivariate Anal., 46, 196-205.

Stein, C. (1956). Inadmissibility of the usual estimator for the mean of a multivariate
normal distribution. In Proc. Third Baerkeley Symp. Math. Statist. Probab., 1, 197-206.
Univ. California Press, Berkeley.

Stein, C. (1973). Estimation of the mean of a multivariate normal distribution. In Proc.
Prague Symp. Asymptotic Statist., 345-381.

Stein, C. (1981). Estimation of the mean of a multivariate normal distribution. Ann.
Statist., 9, 1135-1151.

Strawderman, W.E. (1971). Proper Bayes minimax estimators of the multivariate normal
mean. Ann. Math. Statist., 42, 385-388.

Wijsman, R.A. (1985). A useful inequality on ratios of integrals, with application to
maximum likelihood estimation. J. Amer. Statist. Assoc., 80, 472-475.

33



