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1. Introduction

Over the past three decades there has been increasing interest and research on
the estimation of one structural equation in a system of simultaneous equations
when the number of instruments (the number of exogenous variables excluded from
the structural equation), say Ko, is large relative to the sample size, say n. The
relevance of such models is due to collection of large data sets and the development
of computational equipment capable of analysis of such data sets. One empirical
example of this kind often cited in the econometric literature is Angrist and Krueger
(1991) ; there has been some discussion by Bound et al. (1995) since then. Asymp-
totic distributions of estimators and test criteria are developed on the basis that both
Ky — 0o and n — oco. These asymptotic distributions are used as approximations
to the distributions of the estimators and criteria when Ky and n are large.

Bekker (1994) has written ”To my knowledge a first mention of such a parame-
ter sequence was made, with respect to the linear functional relationship model, in
Anderson (1976 p.34). This work was extended to simultaneous equations by Kunit-
omo (1980) and Morimune (1983), who gave asymptotic expansions for the case of
a single explanatory endogenous variable.” Following Bekker there have been many
studies of the behavior of estimators of the coefficients of a single equation when Ky
and n are large.

The main purpose of the present paper is to show that one estimator, the Limited
Information Maximum Likelihood (LIML) estimator, has some optimum properties
when Ky and n are large. As background we state and derive some asymptotic
distributions of the LIML and Two-Stage Least Squares (TSLS) estimators as Ky —
oo and n — oo. Some of these results are improvements on Anderson (1976),
Kunitomo (1980), Morimune (1983) and Bekker (1994), several of which are in the
literature, and some results are new. They are presented in a uniform notation.

In addition to the LIML and TSLS estimators there are other instrumental vari-
ables (IV) methods. See Anderson, Kunitomo, and Sawa (1982) on the studies of

their finite sample properties, for instance. Several semiparametric estimation meth-



ods have been developed including the generalized method of moments (GMM) esti-
mation and the maximum empirical likelihood (MEL) method. (See Hayashi (2000)
for instance.) However, it has been recently recognized that the classical methods
have some advantages in microeconometric situations with many instruments. We
call the case of many instruments the large-Ky asymptotic theory.

In this paper we shall give the results on the asymptotic properties of the LIML
estimator when the number of instruments is large. The TSLS and the GMM
estimators lose even consistency in some of these situations. Our results on the
asymptotic properties and optimality of the LIML estimator and its variants give
new interpretations of the numerical information of the finite sample properties
and some guidance on the use of alternative estimation methods in simultaneous
equations and micro-econometric models with many instruments. There is a growing
literature on the problem of many instruments in econometric models. We shall try
to relate our results to some recent studies, including Donald and Newey (2001),
Hahn (2002), Stock and Yogo (2005), Hansen, Hausman, and Newey (2004, 2006),
Chao and Swanson (2005), and Bekker and Ploeg (2005).

In Section 2 we state the formulation of a simple linear structural model and the
alternative estimation methods of unknown parameters in simultaneous equation
models with possibly many instruments. Then in Section 3 we develop the large-
K, asymptotics or the many instruments asymptotics and give some results on
the asymptotic normality of the LIML estimator when n and K, are large. These
results agree with the finite sample properties of alternative estimation methods
and one application on t-ratios will be discussed. (We give a small number of
figures and tables in Appendix. But the detail of the finite sample properties of
the alternative estimators are discussed in Anderson, Kunitomo and Matsushita
(2005), for instance.) In Section 4 we shall present new results on the asymptotic
optimality of the LIML estimator and show that it often attains the lower bound
of the asymptotic variance in a class of consistent estimators when the number of

instruments is large. Also we shall discuss a more general formulation of the models



and relate our results to some recent ones including Hansen et al. (2006) ! in
particular. Then brief concluding remarks will be given in Section 5. The proof of

our theorems will be given in Section 6.

2. Alternative Estimation Methods in Structural Equation
Models with Possibly Many Instruments

In Section 2 and Section 3 we consider the estimation problem of a structural
equation in the classical linear simultaneous equations framework ? . Let a single

linear structural equation in an econometric model be
(2.1) Yii = Balo + 121+ ui (i=1,---,m),

where y;; and y,,; are a scalar and a vector of G5 endogenous variables, z;; is a vector
of K; (included) exogenous variables in (2.1), v, and 3, are K; x 1 and Gy x 1
vectors of unknown parameters, and wuq, - - -, u, are independent disturbance terms
with €(u;) = 0 and E(u?) =02 (i = 1,---,n). We assume that (2.1) is one equation
in a system of 1+ G5 equations in 1+ G5 endogenous variables y; = (14, y/QZ-)/. The
reduced form of the model is

(2.2) Y=ZII,+V,

where Y = (y;) is the n x (1 + G5) matrix of endogenous variables, Z = (Zy, Zs,) =

(ZE”)') is the n x K, matrix of K; + Ky, instrumental vectors z§") = (zlli,zg?)l)/,

V = (v;) is the n x (1 + G3) matrix of disturbances,

1L, = 77511) H<1nQ>
1y Il

! This is a revision of Hansen et al. (2004) after the second version of the present paper was

written.
2 We intentionally include the standard classic situation and state our results mainly because

they are clear. Nonetheless a generalization of the formulation and the corresponding results will

be discussed in Section 4.2.



is the (K7 + Ka,) X (1 + G3) matrix of coefficients, and

!
E(viv;,)) =Q =
wy Qoo

The vector of K,, (= K; + Ka,,n > 2) instrumental variables 7™ satisfies the

orthogonality condition £ [uizl(»")} =0 (i=1,---,n). The relation between (2.1) and
(2.2) is

™ 11 1
(2:3) <1nl> <1n2> - ’
o Il —B, 0

u; = (1, —By)vi = B'v;, and

W11 Wo

o? = (1,-B,) =598,

wy g —B4
where 8 = (1, —83,).
Let Iy, = (78, TI%) be a Ko, x (1 + G) matrix of coefficients. Define the
(1+ G2) x (14 G2) matrices by

(2.4) G=YZy A7y, Y =P,As Py,
and
(2.5) H=Y (I,-2(Z2)'2)Y,

where Aoy = Ziy 1 Zo 1, Zoy = Loy — Zn AT Ay, Py = ASNZ5 Y,

(n)’

Z/11 751
(26) Zl == 7Z2n — )
z, 25
and
yA A, A
(2.7) A=| T | (Z1,Z) = o
Zgn Asr Ay

is a nonsingular matrix (a.s.). Then the LIML estimator B;; (= (1,—B,;)) of
B = (1,—8,) is the solution of

1 1 A
2. SG - —ANH)B,, =
( 8) (nG n n )BLI 0 )



where ¢, =n — K,, (n > 2) and A\, (n > 2) is the smallest root of

1 1
(2.9) "G —1—H|=0.
n qn

The solution to (2.8) minimizes the variance ratio

L. — o0 2" (g — iz — Boyad) [0 2" 2 ] i 2 (g1 — Y1700 — Boy)]
( ) S (Y — Y121 — Bayai)?
2.10

The TSLS estimator B¢ (= (1, —B;_TS)/) of B=(1,—-03,) is given by

/ / 1
—Bars

It minimizes the numerator of the variance ratio (2.10). The LIML and the TSLS
estimators of v, are
(2.12) Yy = (2,2:) "2 Y3,
where B is ﬁ 1] Or BTS, respectively. The LIML and TSLS estimators and their
properties were originally developed by Anderson and Rubin (1949, 1950). See also
Anderson (2005).

3 Asymptotic Properties of the LIML Estimator

with Many Instruments

3.1 Asymptotic Normality of the LIML Estimator

We state the limiting distribution of the LIML estimator under a set of alternative
assumptions when K5, and Il,, can depend on n and n — oo. We first consider

the case when

K2n
n

(I —c (0<e<),
1 /
(1) Engg) Ao IT5) 25 By

where @451 is a nonsingular constant matrix.
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Condition (I) implies that the number of coefficient parameters is proportional
to the number of observations. Because we want to estimate the covariance matrix
of VZ(") (¢t =1,---,n), we want ¢ < 1. Then (I) implies ¢, — o0 as n —
oo. Condition (II) controls the noncentrality (or concentration) parameter to be
proportional to the sample size. Since Ky, grows, it may be called the case of many
instruments. These conditions define the maximal rates of growth of the number of
incidental parameters.

We shall give our first result in Theorem 1 and Theorem 2. Although the present
formulation and Theorem1 are similar to the corresponding results reported in
Hansen et al. (2004) and Hasselt (2006), we shall give the proofs in Section 6
because the method of our proofs are relatively simple such that the underlying
assumptions are clear and the method of proof can be extended easily to the more
general cases as we shall discussed in Section 4.2 3 .

To state our results conveniently we transform v; to

(3.1) wy = (0,1g,)

1 /
11+G2 - 029135} Vi

1
= (0,1g,) |vi — (ﬂCOU(V,u)uz}

and u; = B/vi. Then &(wq;u;) = 0 and

(32) Elwawy) = 5 [Q0” — 0880

where [ - |,, is the G2 x G5 lower right-hand corner of the matrix.

Theorem 1 : Let ZS"),Z' =1,2,---,n, beaset of K, x1vectors (K,, = K1+ Ks,,n >
2). Let v;,i = 1,2,---,n, be a set of (1 + G5) x 1 independent random vectors
independent of z{™. -+, z(™ such that E(v;) = 0 and £(v;v;) = Q (a.s.), and the

n

third- and fourth-order moments of v; do not depend on i. Suppose that (I) and

(IT) hold. In addition assume

1 () (2 _P
(IIT) n 112%7; Ty z5,,[|* — 0,

3 A consequence of our method is that the proofs are self-contained.
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where z}, is the i-th row vector of Zy 1 = Zy,, — Zl(lezl)AZ'lZgn.
(i) For ¢ =0,
(3.3) Vi(Bopr — Bs) == N(0,¥7)
where ¥* = 62®;;), and 0% = 3 Q8 .
(ii) For 0 < ¢ < 1, define £ (u*wywy) —02E (Wowy) = T'uyn. Suppose that E[||v,]|%]

are bounded (i = 1,---,n) and there exist limits
(V) Spz = | ! | plim LG S, o) — ] e(utwa)
’ l—clnoon i—1 e
L T R ORI
(V) 7’:[1—J gﬁgn;[pii —,

where p{f’ = (Z21A51Z5,)s. Then

(3.4) V(B — B) — N(0, %)
where
(3.5) T = 0Py + Py, {C* {902 - Q,BB/Q} 99

+[(Bs2 + E5,) +1Tua2] } 83,
and ¢, = ¢/(1 = c). If Go = 1, then [Q0? — Q88 sy = wiiwan — W, = |9 .

Corollary 1 : When v; (= (vy)) (¢ = 1,---,n;j = 1,---,Go + 1) has an

elliptically contoured (EC) distribution *

in Theorem 1, the fourth order mo-
ments &(V;;VkViVmi) = (1 + £/3)(WjkWim + wWjiwkm + Wjmwy) and 5[(5’V,~)2VZ-V;] =

(1 + K/3)(0?Q 4 2Q86'Q), where Q = (w;i), €(vjive) = wirx and & is the kurtosis

4 The precise definition of elliptically contoured (EC) distribution has been given by Section
2.7 of Anderson (2003). The standardized fourth order cumulant of any linear combination of the

random vector X followed by the EC distribution, say, vX, is a constant

(i, o7 L
K= "

independent of v and is known as the kurtosis of VIX. The multivariate normal distribution is a

member of the EC class; the kurtosis of any normal distribution is 0.



of EC(€2). Then I'yy2 = (r/3) [902 - QB,@’,Q} and (3.5) is given by

22
ok — 1 — / —
(3.6) U = 0Py, + (e + 518) P, Q0° —QBBQ| @5, .

Instead of making an assumption on the distribution of disturbance terms except

the existence of their moments, alternatively we assume

v plim > - =0,

n—oo 1 i—1

(n)

where py” = (Zy1A%1Z4 )i The typical example for Condition (VI) is the case

when we have dummy variables which have 1 or —1 in their all components so that
(1/n)Ag; = Ik, and M = Ky/n(i=1,---,n).

Condition (VI) is the same as n = 0 in Condition (V), which in turn implies
E32 = O in Condition (IV) by the Cauchy-Schwarz inequality using Conditions (II)
and (VI). These consequences of Condition (VI) imply the following theorem :

Theorem 2 : For 0 < ¢ < 1 assume Conditions (I), (II), (III), (VI) and assume
that E[||v4||°] (i =1,---,n) is bounded. Then

(3.7) Vi(By s — Ba) == N(0,¥™)
where
(3.8) T = 0@y, + Py {902 - QIBBIQ} 99 P

and ¢, = ¢/(1 — ¢).

Corollary 2 : Suppose zﬁ”), -+, z™ are independently distributed with £ (zgn)zz(»n)l) =

M = (my), (1/n)ay 2 my (a; = (A)y;) and Var[z! M~12{"] = o(K2). Then
(3.7) and (3.8) hold without Condition (VI) in Theorem 2.

The asymptotic properties of the LIML estimator hold when K, increases as
n — oo and Ky, /n — 0. In this case the limiting distribution of the LIML estimator
can be different from that of the TSLS estimator. (The proof of Theorem 3 will be

given in Section 6.)



Theorem 3 : Let {vi,zgn);z’ = 1,---,n} be a set of independent random vec-

tors. Assume that (2.1) and (2.2) hold with £(v;|z;) = 0 (a.s.) and S(ViV;|z§")) =

QZ(") (a.s.) is a function of z,(”), say, ;[n, zﬁ”)]. The further assumptions on (v;, zgn)) (v; =

(vj;)) are that &€ (U?i]zgn)) are bounded, there exists a constant matrix € such that

\/ﬁHQZ(n) — Q|| is bounded and o2 = BB > 0. Suppose

! K n
(I') f]—>c(0§n<1,0<c<oo),
n
1 n)’ n
(11) Eﬂgz) A TS 25 @y |
1 n) s
(I11) ~ max || T 27, |* = 0,

where ®95 1 is a nonsingular constant matrix and z;‘,/1 is the i-th row vector of Zy; =
Loy — Z1(Z\Z1) "2\ Zs,.
(i) Then for the LIML estimator when 0 <7 < 1,

(3.9) Vi(Byrr — By) 5 N(0,0°®5,,) ,

where o2 = 3'Q8.
(i) For the TSLS estimator when 1/2 <n < 1,

(3.10) nl_n(BQ.TS = By) == @35, c(war, 222)B
when n =1/2,
(3.11) Vn(Bars — Bo) -5 N [C‘I)Q_Ql.l(‘*’m» 02)8, 02‘132_21.1} )

where (w1, Q92) is the Gy x (1 + G3) lower submatrix of Q. When 0 <7 < 1/2,

(3.12) Vi(Byrs — By) —4 N(0,0°®5,),) .

It is possible to interpret the standard large sample theory as a special case of
Theorem 3. The asymptotic property of the LIML and TSLS estimators for v, can
be derived from Theorem 1. Donald and Newey (2001) (in their Lemma A.6) has
investigated the asymptotic properties of the LIML estimator when K,,/n — 0.
Also Stock and Yogo (2005), and Hansen et al. (2004) have discussed the asymptotic

10



properties of the GMM estimators in some cases of the large- K5 theory when 0 <
n < 1/2. In this case, however, the asymptotic lower bound of the covariance matrix
is the same as in the case of the large sample asymptotic theory as we shall see in

Section 4.

3.2 On the Asymptotic Variance and t-Ratios

There is a notable difference between the results in Theorem 1 and Theorem 2,
that is, the asymptotic variance depends on the 3rd and 4th order moments of the
disturbance terms in the former. The finite sample properties of the LIML esti-
mator have been investigated by Anderson, Kunitomo and Matsushita (2005) in
a systematic way and as typical examples we present only eight figures (Figures
1A-8A) in Appendix when o = 0.5,1.0 and Gy = 1. We have used the numeri-
cal estimation of the cumulative distribution function (cdf) of the LIML estimator
based on the simulation and we have enough numerical accuracy in most cases.
See Anderson et al. (2005) for the details of the numerical computation method.
The key parameters in figures and tables are Ky (or Ks,), n — K (or n — K,,),
a = [wan/|QY2)(B — wiz/was) (R = (wi)) and 62 = TI5 Aoy TIS /wny. See An-
derson et al. (1982) for the details of these notations.

The figures (Figures 1A-8A) show the estimated cdf of the LIML estimator in
the standard form, that is,
VRS (Byss— )

(3.13) -—
o

By using (3.3) the limiting distributions of the LIML estimators are N(0,1) in
the large sample asymptotics and they are denoted by ”0”. By using (3.8) the
corresponding limiting distributions of the LIML estimators in the large K5 asymp-
totics are N(0,a) (a = ¥* '®¥** ¢ > 1), which are denoted by large-K-normal in
Figures 1A-8A, and they are traced by the dashed curves. In Figures 3A-4A and
7TA-8A we also have the approximations based on the variance formula (3.5) with

the third and fourth order moments of disturbance terms, which are denoted by

large-K-nonnormal and traced by ”"x”.
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From these figures we have found that the effects of many instruments on the
cdf of the LIML estimator are significant and the approximations based on the large
sample asymptotics are often inferior. At the same time we also have found that
the effects of non-normality of disturbance terms on the cdf of the LIML estimator
are often very small. (The dashed curves and x are almost identical.)

One important application of the asymptotic variance is to construct a t-ratio
for testing a hypothesis on the coefficients. We can use the asymptotic variance
of the LIML estimator given by (3.5) or (3.8) replaced by its estimator. (We have
used Py for Iy, (1/¢,)H for Q and the sample moments from residuals for o2 and
E(uwy), for instance.) We have investigated this problem and as typical examples

we give four tables (Tables 1B-4B) on the cdfs of t-ratios

\/ﬁ(ﬁzu — 32)

(3.14) t(Barr) = S<BQ,LI)

Y

which is constructed by the LIML estimation, where 32(@, 1) is the estimator of the
variance. The formulas (3.3),(3.5), (3.6) and (3.8) are used. (Matsushita (2006) has
investigated the finite sample properties of alternative t-ratios in detail and derived
their asymptotic expansions of their distribution functions.) From these tables we
have found that the effect of many instruments on the cdf of the null distributions
of t-ratios are often significant. The approximations based on the large sample
asymptotics are often inferior. At the same time we also have found that the effects
of non-normality of disturbance terms on the null-distributions of the t-ratios are
often small, that is, the differences between the effects of (3.5) in Theorem 1 and
(3.8) in Theorem 2 are small for practical purposes.

Bekker (1994) derived the asymptotic variance formula (3.8) for the LIML es-
timator under the condition that the disturbance terms are normally distributed.
It is identical to the asymptotic covariance matrix of the LIML estimator in the
large- K5 asymptotics reported by Kunitomo (1982). From our investigations it may
be advisable to use (3.8) for statistical inferences on the structural coefficients even
under the cases when the disturbances are not normally distributed for practical

purposes.
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4 Asymptotic Optimality of the LIML Estimator

4.1 Main Result

For the estimation of the vector of structural parameters 3, it seems natural to
consider procedures based on two (1 + G3) X (14 G2) matrices G and H. We shall
consider a class of estimators which are functions of these matrices. The typical
examples of this class are the OLS estimator, the TSLS estimator, and the modified
versions of the LIML estimator including the one proposed by Fuller (1977). Then
we have a new result on the asymptotic optimality of the LIML estimator. We shall
discuss the modified version of LIML estimator which attains the lower bound of
the asymptotic covariance under alternative assumptions in Section 4.2. The proof

of Theorem 4 will be given in Section 6.

Theorem 4 : Assume that (2.1) and (2.2) hold. Define a class of consistent

estimators for 3, by

(4.1) Bo=0( G, H).

n

where ¢ is continuously differentiable and its derivatives are bounded at the proba-
bility limits of G and H as Ky, — oo and n — oo and 0 < ¢ < 1. Then under the

assumptions of the case (i) of Theorem 1, Corollary 1 or Theorem 2,

(4.2) Vi(B; = B;) = N(0, ),
where
(4.3) ¥ > ¥* (or ) |

and ¥* (or ¥** ) is given by (3.3), (3.6) or (3.8), respectively.

When the distribution of V is normal N (0, 2) and Z is exogenous, P = (Z'Z)'Z'Y
and H=Y'[I, — Z(Z'Z)'Z']Y are a sufficient set of statistics for IT, and €, the
parameters of a model. When K, is fixed, it is known that of all consistent esti-
mators of 3, the LIML estimator suitably normalized has the minimum asymptotic

variance and the optimality of Bz 17 extends to the class of all consistent estimators

13



including the MEL estimator (provided that it is consistent), not only the form of
(4.1) in this case. When K, is dependent on n, however, there is a further problem
with many incidental parameters.

The above theorems are the generalized versions of the results given by Kunitomo
(1982) and Theorem 3.1 of Kunitomo (1987). Furthermore, Kunitomo (1987) has
investigated the higher order efficiency property of the LIML estimator when Gy = 1,
0 < ¢ < 1 and the disturbances are normally distributed. Chao and Swanson (2005)
recently have investigated the consistency issue of instrumental variables methods
when K5, is dependent on n and the disturbances are not necessarily normally
distributed. In the large- K5y asymptotic theory with 0 < ¢ < 1, the LIML estimator
is asymptotically efficient and attains the lower bound of the variance-covariance
matrix, which is strictly larger than the information matrix and the asymptotic
Cramér-Rao lower bound under a set of assumptions, while both the TSLS and
the GMM estimators are inconsistent. This is a non-regular situation because the
number of incidental parameters increases as K», increases in the simultaneous

equation models ° .

4.2 A general formulation of the asymptotic optimality

We shall consider a model with the single structural equation (2.1) and a nonlinear

replacement for the last Gy columns of the reduced form (2.2). We treat (2.1) and

(4.4) Y, =IY(Z) + Vs,

(n)

where TI{Y(Z) = (), (2 (n)

)) is an n x Gy matrix, the i-th row of which 7y, (z;")
depends on the K, x 1 vector ZS") (1t =1,---,n), Vo is a n x Gy matrix, v; =

u+ Vy3,, and V = (vq,Vy). When the reduced form equations (4.4) are linear,
(2.1) and (4.4) has a representation (2.2). In this formulation, Condition (II) is

® As a non-trivial example, we take the bias-adjusted TSLS estimator by setting \,, = Ka, /n in
(2.8) and denote BQ,BTS. Then the asymptotic variance of B2.BTS is greater than ®* in Theorem
3if0 < c<1and [nﬂﬁ'a] > 0.
22

14



replaced by
) S T(2) 2, A7, T(Z) L B
where ®q,; is a positive (constant) definite matrix and d, L0 asn — oo. We
replace (III) by
(I11)’ 1 max || (z™)||2 -2 0 .

d? 1<isn
A possible additional condition (duz to nonlinearilty in (4.4)) is
(VIII) qlng’”(Z)’ .- 2(z'2)"'2| 11" (Z) > 0.
Condition (VIII) is automatically satisfied in the linear case. It is possible to weaken
this condition to some extent with more complications of the resulting analysis.

Three cases are considered. We have already investigated the first case of d,, =
O,(n*/?) and K, = O(n) in Section 3. The asymptotic covariance of the LIML
estimator is given by (3.5) in Theorem 1 or (3.8) in Theorem 2 under alternative
assumptions with (I7)" instead of (I7).

The second case is the standard large sample asymptotics, which corresponds to
the cases of d,, = O,(n*/?*%) (§ > 0), or d,, = O,(n*?) and Ks,/n = o(1). In this
case
(4.5) dn(BQ.Ll — B3) — N(0,0°®3,,) .

Theorem 3 is one result in this case, which can be extended directly to the nonlinear
model of (2.1) and (4.4).

The third case occurs when d,, = 0,(n'/?) and \/n/d2 — 0, which may corre-

spond to one case in Hansen et al. (2006) with slightly different normalization and

assumptions. In this case

27 .
(4.6) [ﬁ] (Boss — By) - N(0, %)
where
(4.7) U = &y {e, [Q0° - QBB'Q| +1Tus | 853, .

The variance (4.7) is simpler than (3.5) because the effects of n dominate the first,

the third and the fourth terms of (3.5) in Theorem 1. A simple derivation of the
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asymptotic normality of the LIML estimator will be provided in Section 6 as an

illustration.

We now turn to consider the asymptotic optimality of the LIML estimator in the
second case (d, = n'/?). In this paper we have focused on the class of estimators in
the form of (4.1). We use the proof of Theorem 4 in Section 6. (See the arguments
around (6.53).) For any normalized consistent estimator (4.1) define e = \/n(3, —
B5). Then e — é* = 0,(1) and

(4.8) & =7118SB+(0,%5,)88,

where 711 = (gz’“l ) is a Gy x 1 vector evaluated at the true vector of parameters,
S = Gy — /e, Hy, Gy = /n[(1/n)G — plim(1/n)G] and Hy = /g,[(1/¢,)H —
plim(1/g,)H]J.

Define

(19) &1 = (0. 23))(Ta, 1 — 5 9B8)SB.

Then

~ % 1 — / Ak
e = 7'11+g(07q)221.1)913 BSB+er;.

We notice that 3'S8 = 62\1, + 0,(1) in (6.7) and Ay, = v/n(A, — ¢), which is the
stochastic part of the smallest characteristic root in the LIML estimation. Then if
A1, and €7 ; are asymptotically uncorrelated, the LIML estimator attains the lower
bound of the asymptotic variance. A set of sufficient conditions is either the moment
conditions in Corollary 1 or Condition (VI) in Theorem 2. In the more general case

of (2.1) and the nonlinear equations (4.4), we summarize our result in Theorem 5.

Theorem 5 : For the model of (2.1) and (4.4), assume (I), (II)" and (VIII) with
d, = n'/2. Define the class of consistent estimators for 3, by (4.1), where ¢ is
continuously differentiable and its derivatives are bounded at the probability limits
of random matrices in (2.4) and (2.5) as Ky, — oo and n — oco. Then the lower

bound of the asymptotic variance can be attained if and only if
1

/ Q
(410) T11 + Wﬁ [ﬂ Sﬁ (é*LI + (0, (1)2211>0_I28>] = 0(1) .
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From this result we find that it is possible to modify the LIML estimator which
can attain the lower bound of the asymptotic variance and we can derive an explicit
representation. However, since it depends on the 3rd and 4th order moments of the
disturbances in the general case, it is rather complicated and its practical value may
be limited. On the other hand, if (0,Ig,)E [(IG2+1 - ;gﬂﬁﬁ’)spaﬁ’sxﬂ =0, we

can obtain the key condition

(4.11) 711 + (0, <I>221,1)2? =o(1) .

Thus the LIML estimator and its variants including the one by Fuller (1977) satisfy
(4.11) if we have alternative conditions in Corollary 1 or Theorem 2. Also we find
that the TSLS estimator, the GMM estimator and their variants cannot satisfy
(4.11) in the first case when ¢ > 0.

Although Theorem 5 formally covers the (first order) asymptotic optimality for
the first and the second cases of the parameter sequences on d,, and K, it is
immediate to extend the result to the third case, but we need additional notations.
It is because (4.7) could be regarded as a special case of (3.5) without the first, third

and the fourth terms except the normalizations.

4.3 Heteroscedasticity and the asymptotic properties

Recently, there have been some interests on the role of heteroscedasticity with many
instruments. Let ©; = & (Viv;\zgn)) be the conditional covariance matrix and we

assume

in)ga

1

(IX)

n

7

where €2 is a positive definite (constant) matrix. Then in the case when both Con-
ditions (VI) and (IX) hold, the LIML estimator has still some desirable asymptotic
properties.

In the more general cases, the distribution of the LIML estimator could be sig-
nificantly affected by the presence of heteroscedasticity of disturbance terms with

many instruments. On this issue, however, there are alternative ways to improve
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the LIML estimation. The detail of this problem shall be discussed in an another

occasion.

5. Concluding Remarks

In this paper, we have developed the large Ks—asymptotic theory when the
number of instruments is large in a structural equation of the simultaneous equations
system. Although the limited information maximum likelihood (LIML) estimator
and the two stage-least squares (TSLS) estimator are asymptotically equivalent in
the standard large sample theory, they are asymptotically quite different in the large-
K, asymptotics. In some recent microeconometric models and models on panel data,
it is often a common feature that K, is fairly large and this asymptotic theory has
some practical relevance. We have shown that the LIML estimator and its variants
may have the asymptotic optimality in the large Ky—asymptotics sense. We have
given a set of sufficient conditions for the asymptotic normality and the (first order)
asymptotic efficiency of the LIML estimator.

As we have suggested in Section 3.2 briefly and in Anderson, Kunitomo and
Matsushita (2005) (or Part II of our study), our asymptotic results in this paper
(which is Part I of our study) shall give some further reasons why we have the
finite sample properties of the alternative estimation methods including the classical
LIML and the TSLS estimators, and also the semi-parametric estimation methods
of the generalized method of moments (GMM) and the empirical likelihood (EL)

estimators.

6 Proof of Theorems

In this section we give the proofs of Theorems and the mathematical derivation in

Sections 3 and 4.

Proof of Theorem 1
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Substitution of (2.2) into (2.4) yields

G = (II,Z +V)Zy1A3,Zy (211, + V)
= 1L, Ayl + V' Zy A7V + 1L, 7o |V + V' Zy 1 T1,,, .

Then

(6.1) G- [H;nA22.1H2n + K9, Q]
= I1,,Zy,V + V' Zy, 1Ly, + {V/ZQ.1A§21.1Z/2.1V - Kznﬂ] :

By Assumption (II) implies that as n — oo

1, _,
(6.2 Im, 7, v 20,
n
and
1 ’ -1 ’ P
(6.3) - V'Z51A5),25,V — K2, 25 0.
Then as n — oo,
1, B,
(6.4) -G — Gy = D21(8,1a,) + ¢ Q
n Ic,
and
1
(6.5) “H-LQ.
dn

ThenBLliﬁand An 2 casn — oo.
Define G17 Hl, )\1n, and b1 by G1 = \/ﬁ(%G — Go), H1 = \/q_n(qinH — Q),
Ain = (A =€), by = v/n(B,; — B). From (2.8),

Go— QB+ =[Gy — A QB+ 1n[G0 Qb+ ——[~cH,|3

1

NG NG N
= o).
e

Since (Gy — c Q)8 =0, (2.8) gives

B,

I,

(6-6) { (1322.1\/5(62.L1 - 62) = (Gl - Alnﬂ - \/aHl)B + Op(l) :
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Multiplication of (6.6) on the left by 8 = (1, —/3,) yields

(G — /e, H
(6.7) Mg = PG = veel)B gy
BQs
Also multiplication of (6.6) on the left by (0, I,) and substitution for Ay, from (6.6)

yields

(6:8V7(Bopr = Ba) = 231(0,16,)(G1 = Mn2 — Voo, Hy)B + 0,(1)

350, (0,Te) o — 2@2‘;](& ~ VE@EH)B + oy(1)

By using the relation V3 = u, we obtain

(6.9) (G1 — /e, Hy)B

1
= \/—HQTLZ

CCy

\/— [V/Z2.1A2_21.1Z/2.1u - K2n95}

V(L ~2(Z2)7Z )~ 4,08]

n

where K, + ¢, = n. Since we have the conditional expectation given Z as
& [H;HZIMV,BHV'ZZIH%M} = ﬁ/ﬂﬁnlznAzzlnzn )

we apply the central limit theorem with Lindeberg condition to the first term of
(6.9). (See Theorem 1 of Anderson and Kunitomo (1992)). Conditions (II) and (III)
imply that (1/ \/ﬁ)Hgg)/Z/Q.lu has a limiting normal distribution with covariance
matrix o?®yy ;. This proves (i) of Theorem 1.

Next we shall consider (ii) of Theorem 1. We need to prove that the limiting
distribution of T,, = T, + /cTo, — \/C_C*Tgn is normal by applying a central limit
theorem, where Ty, = a'(1/v/n)I Z) u, To, = a'(1/v/Kan)WhZo1 A 7Z0 1,

=a (1/\/g.)W,(1, — Z(Z'Z)"Z")u for any constant vector a and

/

S,
B Qp

For the second and third terms on the right-hand side of (6.9), we notice that each

/

WIQ = (07102)[IG2+1 - ]V :

row vector of Wy (wa; = (0,1¢,)(vi — w;Cov(v\"u,))/o?)) and w; (i = 1,---,n) are
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uncorrelated and &[wywiy,| = (1/62)[02Q — QB8 Q) . Thus
B8, 1

(610) (07IG2)[IG2+1 - W] \/K_Qn [V/Z2~1A2721.1Z/2.1u - KQ”Qﬁ}
1
_ )
\/K_Qn 1,7=1 et
and
9[3[3' 1 e
6.11 0,15, —— V{I1,-Z(Z72)"7Z )u— q,2
1 n
= woi[6] — qi}] |
Van 172_21 ’ ’
n %! n Py -1 7 n n -1 i
where pz(j) =z, {Zkzl anzkn} A ql(]) = ( ) {Zk 1Z1(<; )z,(c)} zg- ) and S =

1,67 =0 (i # j). Then the variances of T5,, and 7%, are

K Z Wo, U ’Lpu + Z W 7fu]pl] |Z}
2n i=1 1#]
1 & ’ ! n
= T Z £ U?a W21W2'Lapu Z 5 a W2iw2ia)p§j ? ’
2n ;=1 K2” i#j

and

75{ ZW%UZ qu ZWQZuJQ1] ] |Z}

In i#j
1 n / n !/ n
= qf Z 5 ufa W2’LW2'L ](1 2ql(l Y + di; )2 + In Z 5 a WQjWQia)Qi(j ” '
n =1 i#£]

By using the relations >27';_ 1pgb = Kop, 2215 qw = K, and 37 (1 — Qq(.”) +

(23

qz(zn )2) + Yizj qwn )2 = ¢, the limiting variances of Tb, and T}, are the limits of
1 n
(612) e [Kgna 5(W2ZW21 + Zp( )2 T ;|
n i=1

and

1 :  (n
(613) ;a [qn02g(W21W2i) + (n — 2Kn + Z qu- )2)F44.2‘| a

n =1

In order to evaluate the covariances of three terms of T}, we first notice

W'l
\/—H22 Z21 H\/ﬁ

1 n) n n ! —_(n
L g, () e~ ) Eluw]) = B4 (say)
=1

(6.14) & W, (201452, — e.(L, - Z(Z'2)"'Z)) u]'|Z}
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Second,

1 ’ _ ’ 1 ’ ’ _ ’ ’
5{[\/—W2Z2.1A221.1ZQ.111][\/ﬁw2(1n ~Z(27) 'z Ju] |Z}
n ]- - / n j n
= - Z‘S u; W21W27, pgz )[1 - qi(i )] + n 2‘725(W2iw2i>%(j)[5i - qz(j)]
i#]
1
= - K2 - an q“ F44~2

S

by using the relations that Z” 1pm 5 = K>, and an 1Dij )q](z = Ks,,. Hence we

have evaluated each term
E(T7) = E(T7,) + cE(T3,) + cc.£(T3,)
+2\/Eg(TlnT2n) - 2\/ Cc*g(TlanSn) - 26\/C_*E(T2nT3n> .

Then we use the relation ¢(1+c,) = ¢, for the coefficients of two terms of £ (uZwa;w; ).
Also by using the relation cc,(1 — ¢,) — 2cc, = —c? for the coefficients of T'yy9, we

find that

1 .
lim CiK — g p >4 cei—(n — 2K, + E ql(l )2)
n—00 q

2n T ;5 n i=1

[ n n 1
—2c Cx E :pm q”
K2n qn M

2. By using (6.14), the limiting covariance

= lim n,,

n—oo

matrix of \/n(By 5 — By) is (3.5).

Finally, by using Lemma 2 below for every constant vector a, we have the asymp-

where 1, = (1/n) X0, [pii’

totic normality of (3.4) with the asymptotic covariance matrix ¥* and it proves (ii)
of Theorem 1.

When Gy = 1, we can use the relation 02 = wy; — 20owia + Biwas for Q = (w;))
to obtain 02wy — (wia — Bwas)? = || .

Q.E.D

Lemma 1 : Assume Condition (VI) and ¢ = lim,,_.o, Ko,/n. Then

1 n o1 n n
(6.15) plim — > "[p{ + c.q V)P — ¢ = plim = S pi — e.(1 = ¢{)2 =0,

n—oo 1 =1 n—oo 1 =1
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where ¢, = ¢/(1 - ¢), P\ = (Zo1A31Zn )i and ¢ = (ZA'Z),;.

Proof of Lemma 1 : Note that
ZA'Z = Z,A7Z, + 7y, AL Z,

because Zo. = Zy — ZiA/Z;, ZC [(ZC)'ZC|  (ZC) = Z(Z'Z)"'Z for any non-

singular matrix C and

IK1 _A1_11A12

(217 ZZ.l) - (Z17 ZQ)
O Ix,,

Then the left-hand side of (6.15) is

.1 n n L 2
plim — Z [ gz) + C*(pz(i) + <Z1A111Z1)ii)} —

n—oo 1 i=1

_ plimlgi{[p“ +¢(Z1AL'Z)); } _02}

n— o0 (]_ — C) n i—1

= plim m Z {pglﬂ + 2Cp§?)<ZIA;11Z/1>M + c2(Z1Afllz/1)?l- — 02} )
noee A T i=1

Note 0 < p{” < 1,0 < (Z1A['Z))y < 1, and tr(Z1A['Z,) = K,. Hence the above

plimit is 1/(1 — ¢)? times plim,,_,_ > | Ezn)] /n — c¢*. However,

1Z 1
n;[“ } = nlzl{” —20]9“)4-0}
= 7112:: i”c+c2

Q.E.D.

Lemma 2 : Let tg?) = a/Hég)lzfn and tg?) —a'wy; (i=1,---,n) for any (non-zero)

constant vector a. Then as n — oo,

L ¢ (n)
6.16 T, = t u; + £ Y (py — e8] — ¢
( ) \/ﬁ; \/_zjzzl . J[ ’ ( ’ ):|

4, N(0,A),
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where A = a/q)gg.l\I’*@QQ.la.

Proof of Lemma 2 : We have already shown that £(T;,) = 0 and &[T?] — A
as n — oo by Lemma 1. Then, in order to prove a central limit theorem by the

standard characteristic function method, it is sufficient to show
(6.17) ET3] — 0.

The third order moment of the second term of T, X /n, for instance, is

n
(), ()13 _ (n), ()
8[ Z t2i u]pzj ] - Z p” pZ p 7 //g(tgltm/tglﬂu]u U //)
i,j=1 /A
’ ii' i " a"
P DN D DI D DI D Y

ST A Y Y /) YAy Y Y AT Y - Y
i=i =i j=j =j  i=i=j #Fi =j=j i=i=]F# =j=j i=i =j #i =j=j

because each terms of ¢y; and wu; for any ¢ and j are uncorrelated and other terms

except the above summations are zeros. Then we need to evaluate four types of

summations. For the first three summations we use the fact that for any 4, j pz(;”) =

P, I < 1,
IS o < S pPp =3 pl = Ko,
ij—1 ij=1 i—1

and

| Z pi | < Z pip Zp“ = Ko, .

3,j=1 3,j=1

For the fourth summation we use Lemma 3 to obtain |3, _ lpﬁf)pg’;)p% < K.

Because of the boundedness of 6th order moments,

\/— 35' Z t21 u]p”)‘3

1,j=1
as n — 00.

Next we set a projection matrix D = (dﬁj)) (67 — qm ) Then we use the fact that

for any 1, j, d~ = |d(n)| <1,

ji 0
1Y ay |<Zd(")d 3 dP =n—K,
ig=1 ij=1 i=1

and

|Zd§j jl|<zd ngzn— n-

t,5=1 t,5=1
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We also apply similar arguments to the first term under Condition (III) and other
cross product terms of pgl) and d\"”, we have the result.

ij
Q.E.D.

Lemma 3 : Let an n x n matrix P = (p;;) satisfying P2 = P = P" and rank(P) =
r <n. Then
(6.18) > pipiipi <

ij=1

Proof of Lemma 3 : Since P is a projection matrix, there exists an orthogonal

matrix C such that

I. O ,
P=C C
OO0
Then
s ( el ol -
PiiPjiPi; = P11, Pnn
ij=1 e OO
Pnn
P11
< (pu, -+, pun) CC" |
Pnn

n n
_ 2
= Yrhis e | >

Since C is an orthogonal matrix and 0 < p; < 1, we have (6.18).
Q.E.D.

Proof of Corollary 2 : Consider

n
m _ 1 P
Sik = — D Zji%ki — My
=1
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1 & (.1 oy n K 1 )i 11 (n
= 3 {lA M a8 - M
ni= Un K, n
K, o131 e oo
= (P @MY - K)P
=1 n
nvel s~ Loy e m) RS FTR—
—2(=7) EZ[?(ZZ M7z — K|l Y. zjizp(s” —m’)]
i=1 n n "1
Kn 1 & 1 Kn L o
+(7)25 Z[? >, zjizy (87 —m¥ )7,
=170 =1
where s7% = (sﬁz))*l and m/* = (m;;,)~'. Because
1 Kn ’ ’ ’ 1z

(?P Z (Sjj —m? )(Skk —m" )= Zzijzij'zikzik']

TGkl =1 iz
converges to 0 in probability under Condition (VII), we have the result by Lemma
1.
Q.E.D.

Proof of Theorem 3:
(I) We make use of the fact that Z(Z'Z)'Z" and Zy.1(Z, Z5.1) "' Z, , are idempotent
of rank K,, and Ks,, respectively, and that the boundedness of E[v§i|z§")] implies a
Lindeberg condition
(6.19) sup & [V;ViI(V;Vi > a)|z§n), e ,zn")} 250 (a — ).

i=1,n
We shall refer to Theorem 1 of Anderson and Kunitomo (1992). Let
1

1 /
Gi - \/E[EG - gHQnAQQ.IHQn]
1 / / 1 / ]_ !/ !
(6.20) = =00, 7,V + —=V Zy Iy, + —=V Zy1A5,,Z,,V .

vn vn vn
Since the matrix V' Zo Az}, Zs 'V is positive definite and £[v™v{™'|2{")]

;] is bounded,
there is a (constant) € such that

1 . L 1 & ) (n
(6-21) S[EV Zz.1A221.1Z2.1V] = 5[ngﬂg )p@('i)]
S KQnQ BT
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Then
1

(6.22) Gip — =10,V =

For the LIML estimator (2.8) implies

1

\/ﬁV’ZQ.lA;;JZ;.lVﬁ %0.

1

, 1 1 1
(6.23) (0.16,) |10y, Avo T, + —=G AHH] ( ) -0,

v In —Bz.u
By using the facts that (1/y/n)Gt 2 O, A, 2 0 and [1/¢,]JH 2 Q, we have

1
®2.1(8y, I, )plim,, . =0,
_/BQ.L]

which implies plimn_mBz .1 = By because ®y5; is positive definite. Then again

(2.8) implies

1

(6.24) NG ﬁH;nAmHzn +

1 1 N
G- AR%H] B+ (B —p) =o0.

Lemma 4 : Let A, (n > 2) be the smallest root of (2.9). For 0 < v < 1 —n and
0<n<l1,
(6.25) n' A, == 0

as n — oo .

Proof of Lemma 4

Write

. b'lGb
b LHED
wBGB _ g BV'ZA3,7,, VB
nBHB n @BV, -Z(ZZ)'Z)VE '

(6.26) A =

<

By using the boundedness of the fourth order moments of v;, we have

(6.27)
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Also n=0"IV'Zy1AZZ, 'V 2 O by using the similar arguments as (6.22). Then

—(1-v) @'\’ 1 g/
(6.28) n'\, < {q”} no /,BV Z2.1A/22.1Z2.1/Vﬁ N
0l n 1 8V'(1, - Z(Z'2)'Z)Vp

asn —oo. Q.E.D.

Due to Lemma 4, /n A, 2> 0 when 0 < 7 < 1/2 (and the asymptotic distributions
of the LIML and TSLS estimators are equivalent). Then

1 n . .
(620)  (0.1g,) Th, Ao TI5V/(B, 1y — B2) — (0.16,)GIB 0.

We notice that

wm ’L’I’L

SO @I 7zl 15 — Q@ &9,

Sy - Q) @ 1Y) 2,z 115

m zn

1 n
+-> O [sz) 2,2, 115y — @3, - O

1 n .
|- — Q) @ I )2, )|

mTn

< max ||Q" swwznm**nmw~o

Then by applying the central limit theorem (see Theorem 1 of Anderson and Ku-
nitomo (1992)) to (1/v/n)II% Z, VB, we obtain the limiting normal distribution
N(0,02®y51) . This proves (i) of Theorem 4 for 0 < n < 1/2.

(IT) We consider the asymptotic distribution of the LIML estimator when 1/2 <
n < 1 . By using the argument of (6.23) and the fact that A\, —— 0, we have
Bz.u — B, 5 0. By multiplying B from the left to (6.40), we have

]. / /
ﬁ[v Z21A%1 25,V — K, Q)

’ Kgn 1 ’
—V Zy,11,,
B {\/ﬁ[ " Jn 2.1o, +

[ B+ (3= )] 0.
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Lemma 5: For 0 <n <1,

(6.30) N {An - [iﬂ 2.0

as n — oo .

Proof of Lemma 5 : The result follows from (6.25), (6.26) and 0% = 8' Q8 > 0.
Q.E.D.

Multiply (6.24) on the left by (0,1g,) to obtain
1

n

, K,
axlggyﬁ%{[ I, As T, + = sﬂ

1 | 1 1
— |—=IL,,Z, ,V + —=V Zy,1I,, + —
'Wﬁﬁ2“l+ﬁ ST

—MlH}XW+@U—Bﬂ=U

n

(V' Zo1 A% Zy, V — Ko,)S)

We consider the asymptotoic behavior of the quadratic term

\/15 {V,Z2-1A2_21.1Z,2.1V - Kznﬂ}
R e
= ﬁ L;lpl(-j) (vivj — (5595 )) + % l;pgz) (QE ) _ Q)] ’

where &7 is the indicator function (6! = 1 and 67 = 0 (i # j)). For any constant
vectors a and b, there exists a positive constant M; such that

2

1 - n / n n)’ i~ (n
—& [Z pl(-j) X a(vg )Vj( ) —(5591(- ))b
n =

t,j=1
1

N [Zp;’?”[a’ (viv; — Q")b]?
L i
+>pi (2 viv;b) "2[a'v;v'ba'v,v/b
Dij; [av;v;b] +Zpij [aVsz av;v,b]
i#£] i#£]
KQn
n

— 0

VAN

M,
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because the conditional moments of vj; are bounded, 37, M = Ky, and

1
i pg?p < K, . Since

LIS~ ™ (o® [ (n) }K%
— (™ _ )| < Q" _q
H\/ﬁl;pu (2" — )| || < | v max 1€ ==
we find
1 / ’
(6.31) —= |V'22.A5),2,,V - K5,Q] 20

vn

when 0 <n<1.
We now use (6.23), (6.25) and the fact that

1., K, 1
[H%AQMH% + 20— AnH] B = op(
n n In

1
v

By multiplying the preceding equation out to separate the terms with factor 3 and
with the factor /n (8, — B), we have

1 ! - ]_ ! /
(6.32) (0,1¢,) [ IT,, As I v/n(B,; — B) + nHQnZ2.1Vﬁ] 50,

n v

which is equivalent to

2 ]_ nY '
(6.33) oo Vi(Bnr = B) = =TI 2, VB 0.

By applying the CLT to the second term of (6.33) as (I), we complete the proof of
(i) of Theorem 3 for the LIML estimator of 3 when 1/2 <n < 1.

(IIT) Next, we shall investigate the asymptotic property of the TSLS estimator. If
we substitute A, for 0 in (2.8), we have the TSLS estimator. Then we find that the
limiting distribution of the TSLS estimator is the same as the LIML estimator when
0<n<l1/2
When 1 = 1/2, however, we have

* ]_ / /
(6.34) Gi@ — [CQB + \/ﬁﬂznZQ.lVﬂ] 2,0.
We set Brg = (1, —B,1g), which is the solution of (2.11). By evaluating each term

of
1

(0,Ig,)v/n [nH;nA22.1H2n + \}EGT] [ﬁ + (Brs — ,3)} =0,
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we have

635) [ AT, VilBrs — )~ (0.T6,)Gi = 0,(1)

Then the limiting distribution of \/n(8, ;.g—/3,) is the same as that of ®5,', (0, I, )G 8.
By using (1//n)V'Zy1A5,Zy VB L cQB and applying the CLT as (I), we have
the result for the TSLS estimator of 8 when n = 1/2.

When 1/2 < n < 1, we notice

1., 1.
(6.36) G- nHQnAQQ.IHQn] 3
KQn 1 ! ’ 1 ’ -1 7
= OB+ T, Z, VB + V'Z21A5),2,,V — K2,9] 8.

Because the last two terms of the right-hand side of (6.36) except the first term are

of the order o,(n~"), we have
1 1_,

(6.37) n'" =G — H2nA22A1H2n:| B QP
n n

as n — 00. Hence by using the similar arguments as (I) for the TSLS estimator of

B,

(6.35)  (0,10,)~

T, Ao TIS) X 0! (By 1 — B5) — (0,16,)e28 2 0
and we complete the proof of (ii) of Theorem 3 for the TSLS estimator when 1/2 <
n <1

Q.E.D.

Proof of Theorem 4 : We set the vector of true parameters 8 = (1, —3,) =

(1, =fa, -+, —f1+a,). An estimator of the vector B, is composed of

(6.39) G = (G H) (k=214 Ga)

n

For the estimator to be consistent we need the conditions

16/
(6.40)  Bp = &4 2 B0 (By, 1) + Q| (k=2,---,14Gs)
e

as identities in By, ®9o1, and Q. Let a (1 4+ G2) x (1 + G3) matrix

(6.41) Tw:(g?>zﬁﬁ)@=2ww1+%ﬂJ=L“w1+%)
i
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evaluated at the probability limits of (6.43). We write a (1 + G3) X (1 4+ G2) matrix
© (= (0;))

’ /@ / ®
e — /62 @22.1 (BQ’IG2) _ /32 22.1132 /62 22.1 7

IGQ ¢22.1182 ¢22.1

Where (1322_1 = (pml) (m l = 2 ey 1 + Gg), ((1’22_1,32)1 = 1+G2 ﬁ]pl] (l = 2 1 +

Go), (Bo®2.1)m = 157 Bipim (m =2, -+, 14+G5), and 52‘1322.1ﬁ2 = lljff pi; BiB; -
By differentiating each components of © with respect to 5; (j =1, -+, G2), we have

00 001

6.42 7 ,
(6:42) a5, ~ op,
where Gt = 2570572 0l (7 = 2,1+ Ga), &= = py (m = 2,--+,1 4 Ga),
86“:pl](l—2,---71—l—G2) and%%m—()(lm—Q 14+ Gy) .
Hence

Ble) )1+G2 1+G2 .
(643> tr T(k) 66 - 27—11 Z pjzﬁz +2 Z pjz - 5j ’

J

where we define 0 = 1 and 67 = 0 (k # j) .
Define a (1 + G2) x (1 + G9) partitioned matrix

(k) (k)

T T
(6.44) T ~ 1(L) 2( k)
Ty Ty
Then (6.47) is represented as
(6.45) 271(If)‘1’22.1,3 + 2‘1)22.17'5@ = €k,
where e;g = (0,---,0,1,0,---,0) with 1 in the k-th place and zeros in other elements.

Since P99 1 is positive definite, we solve (6.49) as

R P k
(6.46) Tg ) = 5@221.1‘5/% - 7'1(1):82 .

Further by differentiating © with respect to p;;, we have

00 06,

(6'47> Ipii - ( Ipii

)
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where % =2, P — 3 (m=14),0 (m #i), 20 =g (1 =14),0 (I #1i) and

i Opi > Opii
%0;# =1(=m=1),0 (otherwise).
For i #£ j
3@ aelm
6.48 = 7
(6.48) Opij <3pz-j)
where 9% = 26,3, , Fhn = 5 (m = 1), (m = j),0 (m #i,j) , 5 = 5, (I =

i),0; {=3),0(l #1,7), and %%g =1(l=im=jorl=jm=1),0 (otherwise)
for 2<I,m<1+G,).

Then we have the representation

ﬂ27_11 + 27—11 ﬂl + Tii ") (Z = j)

28,87y + 278+ 2rPB; + 27 (i # )
In the matrix form we have a simple relation as
k ' k) o k)’
(6.50) T BBy + 748y + Byry) + Ty =0

Then we have the representation

k k) o' k)’
T§2) = 7'11),32/62 g )/82 - /327'5 )
= 7'11 ﬁ252 ) {‘I)2721.16k5/2 + /32‘5;@2721.1}

Next we consider the role of the second matrix in (6.43). By differentiating (6.43)
with respect to w;; (7,5 = 1,---,1+ G2), we have the condition

9%k _ 00k
99i; Ohy;

(k:2771+G2a17¢7:1771+G2)

evaluated at the probability limit of (6.43). Let

S11 S

(6.51) S=G,— e ,H =| " 72
Sz Sz

Since ¢( - ) is differentiable and its first derivatives are bounded at the true param-

eters by assumption, the linearized estimator of 3y in the class of our concern can
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be represented as

1+G2 ,
> Tg(';?sgh = Vsn + 218 sy + tr {Tgé)ng}
g,h=1
k / _ k / k / _ /
= 71(1)511 + (qu)ml.l - 27'1(1)ﬁ2> Sg + tr [(7'1(1)5252 - (I’221.16k52> S22}
= 7y [311 — 28,8 + ,3/2522ﬁ2} + €,857 1 (s2 — S22)
k / / _
= 71(1)5 SB + €, P51 (52,522)8 -
Let
2
7'1(1)
(6.52) T = :
7_(1+G2)

11

and we consider the asymptotic behavior of the normalized estimator \/H(BQ - 05,)

as

(6.53) é=ruB +(0,2;,)|88.

Since the asymptotic variance-covariance matrix of S@3 has been obtained by the

proof of Theorem 1, Theorem 2 and Lemma 6 below, we have

glee]
1 , 038
- l<7—11 + ;(0, ®,,,)020)8 +(0,®5,) e, 41 — ,Blffﬁ)]
) 1 / 035 1
xE[SBB S| x [(Tn + 0, $;1)08)8 + (0,85 (Ia,.1 — ﬁ’ﬁﬂﬂﬁ)]
* ! 2 1 / 1 0’
= U4+ £ {(18 SB3) ] [Tll + (0, @221)0_29ﬁ:| Ty + ﬁﬁ Q B +o(l) ,
22.1

where W* has been given by Corollary 1, Theorem 2 or Corollary 2.
This covariance matrix is the sum of a positive semi-definite matrix of rank 1 and a
positive definite matrix. It has a minimum if
1 _
(6.54) T = —;(07 ®,,,)Q0 .

Hence we have completed the proof of Theorem 4.

Q.E.D.
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Lemma 6 : Under the assumptions of Theorem 2,

QB8
BQp

Proof of Lemma 6 : We need to evaluate each term of

(6.55) (0,16,)[Tay i1 — —ror -] [SBB'SBIZ] = 0,(1) .

1 ! / / / /
£ {[W2:1A5),25 0 — ca (1, — Z(Z'2) 7' Z )]
x (0525 0 + W Zo A Z ju — e W (1, — Z(Z'Z) 7' Z )l |2} |
where W, = V,, — (0,1¢,)Q3u /o>,

By using the similar calculations as (6.12)-(6.14) on the third and fourth order

moments, it is equivalent to
—an%ﬁw e(1—ai)) Ed) + 30 (0 — el = )" E(ufwa) -
i=1

Then by using Lemma 1, we have the desired result.

Q.E.D

Proof of (4.6) and (4.7) : We use the arguments in a parallel way to the

proof of Theorem 1. In the nonlinear case we set
G =y, Zo1 Ay Zo  Ton+V Zo 1 Agyy Zip VAT, Zo 1 Ay Zoy \V+V Zip 1 Ay Zo T,

and

/

(6.56) H = IL,[I, - ZA'Z,, + V' [I, - ZA7'Z|V
+IL,, I, — ZA™'Z |V + V'[I,, — ZA7'Z]I1,, ,

where Iy, = Hg")(Z) 18,1c,] and Hé")(Z) is given by (4.4).

Because of Condition (VIII), (1/¢,)H — (1/¢,)V'[I, — ZA7'Z']V = 0,(1), then the
essential arguments of the proof of Theorem 1 hold. In the third case, however,
we notice that the noncentrality term (i.e. the first term) of (1/n)G is of smaller

order than the second term (1/n)V'Zy A5 Zy, V. Hence in this case because

(1/n)G 2 cQ and (1/¢,)H 2 Q, we find
(6.57) |cQ2 — plim\, Q| =0
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and hence plim)\,, = ¢. Then we consider

(6.58) d% (iG ) — M\ — )2 — c(qu — Q)| plimB,,; = 0,(1) .

By evaluating each terms as in the proof of Theorem 1,
B, .

(6.59) I P22.1(B2: 1a,) PlimBL; = 0,(1)
G2

and thus BLI 2 B as n — oco.

For the asymptotic normality of the LIML estimator, we use the similar arguments as
(6.6)-(6.8) in the proof of Theorem 1. In the present case, the equation corresponding
to (6.8) becomes

(660 (0.6 Levs — 5 0P81(G1 — Ve )8 = B T By — )+ 0,(1)
where G and H; are defined in a similar way as the proof of Theorem 1. Because

d? /n — 0, the first term of (6.9) converges to zero vector and B35 = O as n — oo.

Then we have the result. Q.E.D.
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APPENDIX : Figures and Tables

In Figures the distribution functions of the LIML estimator are shown with the large sample
normalization. The limiting distributions for the LIML estimator in the standard large asymptotics
are N(0,1) as n — oo, which are denoted as ”0” while the limiting distributions for the LIML
estimator in the large Ky asymptotics are N(0,a) (a > 1), which are denoted by the dashed curves
and ”x”. The parameter « stands for the normalized coefficient of an endogenous variable and the
details of numerical computation method are given in Anderson et al. (2005).

The tables of t-ratios include the 5, 10, 90 and 95 percentiles in one-side or two-sides, of the

null-distributions for each case.
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Figure 1A: CDF of Standardized LIML estimator and approximations:
n—K =230, Ky =5, a=0.5, 62=30, u; = N(0,1)
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Figure 2A: CDF of Standardized LIML estimator and approximations:
n— K =30, K, =30, a=0.5, §2 =50, u; = N(0,1)
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Figure 3A: CDF of Standardized LIML estimator and approximations:
n— K =100, Ky =30, a = 0.5, 6 =30, u; = (x*(3) — 3)/v6
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Figure 4A: CDF of Standardized LIML estimator and approximations:
n— K =100, Ky =30, a = 0.5, §2 = 30, u; = t(5)
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Figure 5A: CDF of Standardized LIML estimator and approximations:
n—K=30, K=5, a=1, § =30, u; = N(0,1)
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Figure 6A: CDF of Standardized LIML estimator and approximations:
n—K =230, K, =30, a=1, 62 =50, u; = N(0,1)



o9 T
X
0.9r
0.81
0.7+ —- large-K-normal | |
’ x large—K—nonnorma|
O large—n (N(0,1))
0.6 b
0.5r b
0.41 B
0.3r b
0.2+ B
0.1- b
L 1 1
-6 -4 2 4 6

Figure 7TA: CDF of Standardized LIML estimator and approximations:
n—K =100, K, =30, a =1, 6 =30, u; = (x*(3) — 3)/vV6
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Figure 8A: CDF of Standardized LIML estimator and approximations:
n—K =100, Ky =30, a =1, 62 =30, u; = t(5)
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ellip nonnormal
normal tlarge—n tlarge—K tlargefK tlarge—K

X05 -1.65 -2.67 -1.86 -1.86 -1.86
X10 -1.28 -2.07 -1.44 -1.44 -1.43
MEDN 0 -0.01 -0.01 -0.01 -0.01
X90 1.28 1.42 1.01 1.01 1.01
X95 1.65 1.68 1.24 1.24 1.23

Pt <z3) 50% 152% 74%  7.3% 74%
P(t>z5) 50%  57%  09%  1.0% 1.0%
P(|t| > 2015)  5.0%  13.0%  4.4% = 4.4% 4.4%
P(lt| > z5) 10.0% 208%  84%  8.3% 8.4%

Table 1B: Null distributions of ¢-ratios:
n— K =100, Ky =30, 62 =30, a = 0.5, u; = (x*(3) — 3)/v6

ellip nonnormal
normal tlarge—n tlarge—K tlargefK tlarge—K

X05 -1.65 -2.58 -1.81 -1.81 -1.81
X10 -1.28 -2.01 -1.40 -1.40 -1.40
MEDN 0 0.00 0.00 0.00 0.00
X90 1.28 1.42 1.01 1.01 1.01
X95 1.65 1.68 1.23 1.23 1.23

P(t < z5) 50% 144% 68%  6.8% 6.8%
P(t>z2955) 50%  55%  09%  0.9% 0.9%
P(t| > zo5)  5.0%  12.3%  3.9%  3.9% 4.0%
P(|t| > z5) 10.0% 20.0% 7.7%  7.6% 7.7%

Table 2B: Null distributions of ¢-ratios:
n— K =100, Ky =30, 6> =30, a = 0.5, u; = t(5)



ellip nonnormal
normal tlarge—n tlarge—K tlargefK tlarge—K

X05 -1.65 -2.61 -2.01 -2.01 -2.01
X10 -1.28 -1.94 -1.50 -1.49 -1.50
MEDN 0 0.01 0.00 0.00 0.00
X90 1.28 1.21 0.95 0.95 0.95
X95 1.65 1.42 1.12 1.12 1.12

Pt < z05) 5.0% 138% 82%  82% 8.2%
P(t>z5) 50% 18%  02%  0.2% 0.2%
P(lt| > 2015) 5.0% 103%  54%  5.3% 5.3%
P(lt| > z5)  10.0% 15.6%  84%  8.4% 8.4%

Table 3B: Null distributions of ¢-ratios:
n— K =100, Ky, =30, 62=30, a =1, u; = (x*(3) — 3)/v6

ellip nonnormal
normal tlarge—n tlarge—K tlargefK tlarge—K

X05 -1.65 -2.60 -2.02 -2.02 -2.02
X10 -1.28 -1.96 -1.51 -1.51 -1.51
MEDN 0 0.00 0.00 0.00 0.00
X90 1.28 1.23 0.95 0.95 0.95
X95 1.65 1.43 1.13 1.13 1.13

Pt <zs) 50% 136% 84%  84% 8.5%
P(t>z5) 50% 1.8%  02% 0.2% 0.2%
P(|t| > zo75)  5.0% 102%  55%  5.5% 5.5%
P(|t| > 205) 10.0% 15.4%  8.7%  8.6% 8.6%

Table 4B: Null distributions of ¢-ratios:
n— K =100, Ky =30, 62=30, a =1, u; = t(5)



