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Abstract

Consider the problem of testing the linear hypothesis on regression coefficients in
the nested error regression model. The standard F-test statistic based on the ordi-
nary least squares (OLS) estimator has the serious shortcoming that its type I error
rates (sizes) are much larger than nominal significance levels, because the covariance
matrix of data is not the identity but has the intraclass correlation structure. One
of methods for fixing the problem is to consider an F-test statistic based on the
generalized least squares (GLS) estimator, and the resulting GLS F-test performs
well in controlling the sizes. However, numerical investigations show that the sizes
remain still slightly larger than nominal levels. In this paper, we derive two test
procedures: One is an exact test based on the within analysis of variance, and the
other is a testing procedure based on the asymptotic correction of the GLS method.
It is numerically shown that both procedures are superior to the GLS F-test in
controlling the sizes and that the latter test is more powerful than the exact test.

Key word and Phrases: asymptotic correction, generalized least squares method, intra-
class correlation, F'-test statistic, linear mixed model, nested error regression model.

1 Introduction

Consider the nested error regression model which have been used in the small area esti-
mation. Let k be the number of small areas and let n; be size of a sample from the i-th
small area. Then the model is described as

yij:azgjﬁ—i—vi—i—eij, izl,...,k,jzl,...,ni, (11)

where y;; is a scalar observation and @x;; is a p-dimensional vector of the corresponding
covariates, 8 = (0o, 01, ... ,Bp—1)" is an unknown vector of the regression coefficients, v;
is a random effect representing an area effect and e;; is an error term. It is assumed that
these random variables are mutually independent and

vi ~ N(0,07), ey ~N(0,02)



where 62 and ¢? are unknown and called ‘between’ and ‘within’ components of variance,
respectively. Let N = Zle n; and assume that N > k + p and £ > p. Letting y, =
(yila c. 7yi7ni)/7 Xz = (a:il, c. ,a:ivm)’, €; = (61‘1, c. ,61‘77“)/ and -7711 = (1, .. ,1)/ € Rni,
we can rewrite (1.1) as

yi:Xiﬁ—i—jmvi—i—ei, Z:L ,k, (12)
and the covariance matrix of y; is
Cov (y,) = o Vi) = oo {In, + ¥},

where I, is the n; x n; identity matrix, J,, = j, 7., and ¢ = 02/02. It is noted that

the covariance of y, has the intra-class correlation structure, namely v;1, ... , ¥, are not
mutually independent when ¢ # 0. Letting y = (v),...,y.), X = (X},...,X}),
v=(vy,...,v;) and e = (€],... ,e}), we express (1.1) in the matrix notation as

y=XpB+ Zv +e,

where Z = block diag(j,,,. . , jnk), a block diagonal matrix. It is assumed that X is of
full rank. The covariance matrix of y is given by

Cov (y) = 02V (¢) = 02 - block diag(V1(¥), ... , Vi(¥)).

In this paper, we consider the problem of testing the following linear hypothesis on
the regression coefficients 3:
H() : C,@ =b
against Hy : C3 # b, where C is a ¢ X p (¢ < p) known matrix with rank ¢ and a p x 1
known vector b. The F-test statistic based on the ordinary least squares (OLS) estimator
B, = (X'X)"' X'y is given by

(CBy — b)/(XiX.)"'(CBy ~b)/g
(y— XBo)(y — XBy)/(N —p)

where X, = X(X'X)™!C" and (X.X.)™! = (C(X'X)"'C')~'. The OLS F test Fors
is a standard procedure when v = 0, while it has the serious drawback of having inflated
type I error (size) when v is away from zero. To fix this problem, two procedures have been
proposed in the literature: One is from Wu, Holt and Holmes (1988) and the other from
Rao, Sutradhar and Yue (1993). The expectations of the numerator and denominator
of Fors are E[(CB, — b)(X'X,)"1(CB, — b)] = otr P,V (¢)) and E[(y — XB,)' (y —
XBo)] = 02((1+ )N — tr PV (v))), respectively, for

Fors = (1.3)

P.=X (X.X,)'X,=XX'X)'C'lcxX'x)'C)'C(xX' X)X/,
and P = X(X'X)™'X’'. Wu et al. (1988) proposed the method of exchanging the degrees

of freedom g and N — p in Fpps with the above expectations, namely,

Fomn(w) = (B =0 (XX )H(CBy ~b)/tr PV (v) (14)
(y = XBy)'(y — XBy)/{(1 +¥)N — tx PV ()}




On the other hand, Rao et al. (1993) pioposed an F-type test statistic based on the
generalized least squares (GLS) estimator 3(¢) = (X'V (¢) ' X)' X'V () "1y, and their
test is given by

(CB(¥) —b){C(X'V($)"' X)"'C'}(CB(v) - b)/a

Frsy(¢) = 2 3
) T XBW) VW) - XBOH(N -

(1.5)

Since 1) is unknown, an estimator 12 is substituted to get the test statistics Fy gy H(iZ) and

-~

Frsy(v). Rao and Wang (1995) proved that the power function of F! RSy(iZ) increases in
. It has been numerically shown that these test procedures Fyy g H(@) and F' RSy(iZ) have
sizes much smaller than Fppg, epecially Frsy performs well in cotrolling the sizes. As
shown in Section 3, however, the sizes of Frgy remain still slightly larger than significance

levels.

In this paper, we try to derive test statistics with further improvements in controlling
the sizes. To this end, we consider the two testing procedures: One is an exact test,
denoted by Fgxr, which is constructed based on the ‘within’ analysis of variance, and
the other is the test, denoted by Facq, which is constructed based on the asymptotic
correction of the GLS test statistic. These test statistics are derived in Section 2. In
Section 3, we investigate the size performances of all the test statistics treated in this
paper through simulation studies, and show that the tests Frxr and F4cg have sizes close
to nominal levels. Also the powers of the tests Frsy, Frxr and Fcq are compared, and
it is shown that Frsy and Face are more powerful than Fpyr. Combining the numerical
properties of the sizes and the powers suggests the use of the asymptotic corrected GLS
test statistic Flacg. The proof of the main result is given in Section 4.

2 Main results

2.1 An exact test statistic

We first derive an exact test for the linear hypothesis Hy : CB3 = b. The exact test
can be obtained from the ‘within’ part of analysis of variance in the likelihood function.
Letting f(y|3, 02, 02) be a marginal density of y, we can decompose the likelihood as

—2log f(y|B, 03, 02) = gi1(ylo?, B) + g2(yloz, B, ), (2.1)
where for v, =v;(¢) = 1/(1 +n¢0) and y = (¥, ... , i)',
kK n;
g1(yloz, B) =(N — k) log(2m0?) + % Y Ay — 7)) — (@i — %) BY, 92(glo?, B,0) =
€ =1 j=1

which correspond to the ‘within’” and ‘between’ parts of analysis of variance, respectively.

klog(2mo?) -



Since ¢1(y|o?, B) does not depend on 1, we can construct an exact test. Let

B+ZZ Ti; — i) (Yij — Us),

i=1 j=1

5 =303 s — 70 - (- 3B}

i=1 j=1

where B = ZZ 12 (@i =) (T —;)', and BT denotes the Moore-Penrose generalized
inverse matrix of B Assume that the rank of B is p — A, and an unbiased estimator of
o? is given by

62V =S /(N —k —p+ ).

The statistic for testing Hy : CB =bis
Fpxr = (CB, — b)(CB*C') (CB, — b)/rank (CB*C") /6%, (2.2)

which, under Hy, has an F-distribution with (rank (CB*C"), N — k — p + ) degrees of
freedom. This means that Frxr is an exact test.

2.2 Asymptotically corrected GLS test procedure

Although Fpx7 is an exact test, the power gets worse when CB™"C’ is not of full rank.
It is also noted that the estlmator 61 used in Fpxr is based on only the ‘within’ analysis
of variance, which means that 61 is less efficient than the GLS estimator B(w) given by

B) = (B+AW) " {BB, + AW)B(1) }

where A(y) = Zle &, and B,y(1) = A(y)~! Zlenfyi@@. It is assumed that
A(%) is of full rank. Since B(1) is more efficient, it is reasonable to consider a test
statistic constructed based on the GLS B(v)).

To derive a test statistic based on the GLS estimator, we need to estimate v since
it is unknown. For this purpose, we use the Henderson method IIT to get estimators
of the variance component o2 and the ratio ¢ = 02/0? . For B, = (X'X)' X'y, let
S=(y— XBO)’(y - XBO) and N, = N —tr {(X'X)~! Zle n?x;x,}. Then, an unbiased
estimator of o2 is given by

5,0 = {8 = (N —-p)’} /N.,

and 1 is estimated by

~2U
U O'v . 1 S
=S -w {—&EU — (N —p)}. (2.3)

Since it takes negative values with a positive probability, it is reasonable to truncate @U
at zero as

Do = max {zﬁf 0} . (2.4)



It can be shown that for a > 1/2, o = PV + op(k *) (see Kubokawa and Srivastava
(2007)). Then we can use the GLS estimator B(wo) substituting the truncated estimator
120. Based on wo, Rao et (1993) proposed the GLS F-test F! ng(wo) and numerically
compared its size and power with Wu et al.’s test Fyy (o).

We now consider the test statistic given by

Fo(ay) = LCBW) —B{CIB + Agg)]‘l(?’}—l(cg(wo) by

where the denominator uses the unbiased estimator 02U constructed from the ‘within’

analysis of variance. Along the arguments as in Wu, et al. (1988), we try to modify the
numerator of F(1)y). Let

G(1ho) = (CB(t) — b){C[B + A(1)] ' C'} 7 (CB(tho) — b) /.
In the context of small area estimation, it is common to consider the asymptotic ap-
proximation when the number of small areas, k, is large. We thus derive an asymp-
totic approximation to E[G(1)] as k — oo. Let D(¢) = C'{C[B + A(¢))|'C"}~'C,
D) (v) = (d/dv)D(v) and DP()) = (&?/d)*)D(v). Also let A(Y) = 3, nini®i;.
AV () = = n2y?ZT @, and AP (Y) = 237, n3®@, . Define h(¢) by

“Nv g L (B AW) DY)

JQVIZ{ZZ_Z N — k27 }

1

X {%tr (B + A(y))'D? + %tr Do(y) A®) (1)
— tr Do) AV(0)(B + A(¥) AV (1)} (2.5)

where Dy(1)) = (B4 A(¥)) 'D(¢)(B + A(y)) ™!

Theorem 2.1 Assume that X and A(v) are of full rank and that B = O(k) and A(¢) =
O(k) as k — oo. Then, the expectation of G(1y) is approximated as E|G (wo)] q+

h(y)/k + o(k™h).

From this theorem, we obtain the asymptotically corrected test statistic given by
Faca (o, 62) = Fa(t, 62)/(a + h(o) k). (2.6)

When C = I, we have that ¢ = p, D = B+ A(y)), DY (¢) = AV () and D@ () =
AP (1)), so that h(v)) is expressed as

:27{@ >t (B + AW) AN W)

2k 2 1 —1\2
+F{Z (v ) }
x {tr (B+ A@) ' AY —wr[(B + A(w)) AV @)1}

h(¥)




For the general matrix C, D® (¢) gives a complicated form, but we can compute it
as follows: Let E(¢) = (B + A(¢))™! and F(¢) = {C(B + A(¢))"'C'}~*. Then,
DW(y) = C'FY (y))C, which can be obtained from F" () = —F (1)) CEY (¢)C'F (1))
and EW(y) = —~E(y)) AV () E(¢). Also, we have D® (1)) = C'"F® ())C, which can be
obtained from

FO(y) = =FO(0)CEY (0)C'F(4)=F(¢)CE (V)C'F ()= F()CEV () C'F N (¢)
and

E® ) = -EW ) AD W) E®W) — E())AP ()E(Y) — E(¥)AY () EV ().

These expressions can be used in the numerical investigations studied in the next section.

3 Numerical Studies

In this section, we shall investigate the performances of the sizes of the test statistics
proposed in the previous section through simulation experiments.

Consider k small areas, and the sample sizes n;’s for small areas are generated as
n; = 1+ Bin(10,1/2) fori = 1,... , k, where Bin(10,1/2) is a random variable distributed
as a binomial distribution with mean 5 and success probability 1/2. The observations from
each small area are generated as for i =1,... K,

Y; :Xi6+jnivi+eia (31)

where vy, is an n;-dimensional vector, X; is a n; X p matrix of the regressor variables and
the other notations are defined around (1.2). Here, v; and e; are random observations from
N(0,v) and N, (0, I,,), respectively. The regression coefficients B = (8o, 1, - - . , Bp-1)’
are set up as 3; = 5(—=1)"(U; + 1) for i = 0,... ,p — 1 where U; is a random number from
a uniform distribution on the interval (0,1). For the regressor variables, it is supposed
that the model has an intercept term, namely, X; = (j,,., X;’) for n; x (p — 1) matrix
X7, where X7 is generated as
X =jnui+ Z;,

where Z; is an n; X (p — 1) random matrix having Ny, ,—1(0, (10I,,) ® I,_1), and u; is a
(p — 1)-dimensional vector having A,_1(0,103,) for ¥, = (1 — pu)Ip-1 + puj, 13, 1 and
pu = 0.6.

In the simulation experiments, we handle the three cases: (A) k =10, p =3, ¢ = 2 and
Hy:P1=0,=0,(B)k=10,p=3,g=2and Hy : By = 1 =0, and (C) k =20, p =5,
g =3and Hy : By = B3 = B4 = 0, where v takes the values v = 0,0.2,0.4,0.6,0.8,1.0.
A set of observations of the regressor variables X is generated, and 10,000 observations
of the response variable y are generated from the model (3.1). Sizes of test statistics
can be approximated based on these simulation experiments. The test statistics we want
to investigate are the OLS F-test statistic Forg, Wu et al.’s test statistic Fygm(1o),

Rao et al.’s test statistic F RSy(iZg), the exact test statistic Fgxr and the asymptotically



Table 1: Size Estimates (%) of Tests FOLS, FWHH7 FRSy, FEXT and FACG

Nominal level 5% Nominal level 1%
v Fors Fwwowu Frsy Fext Face  Fors Fwwow Frsy Fext Faca
(A)kle,p:?),q:2andH0:ﬁ1:ﬁ2:0

0.0 52 46 5.1 4.7 2.2 1.0 0.9 09 0.8 0.3
0.2 12.0 83 7.0 45 4.1 4.0 2.7 1.8 0.9 0.8
04 198 111 8.0 4.7 5.1 8.3 43 22 1.0 1.2
0.6 24.1 11.3 75 5.0 4.9 11.2 46 1.9 1.0 1.0
0.8 279 116 7.1 48 4.6 13.3 48 2.0 1.0 1.1
1.0 295 122 6.9 4.8 4.7 15.0 5.0 1.6 1.0 0.9
(B)k:1o,p:3,q:2andH0:ﬂ0:ﬂ1:0
0.0 56 4.4 47 5.0 1.9 0.9 08 0.7 0.8 0.2
0.2 15.9 9.0 7.7 49 45 5.7 3.2 22 1.0 0.9
04 246 11.0 83 48 5.2 11.3 46 2.5 1.0 1.3
0.6 304 11.8 84 4.7 54 15.3 5.3 25 1.0 1.4
0.8 343 124 8.0 5.1 5.4 19.2 5.9 26 0.9 1.7
1.0 375 130 8.1 49 51 21.7 6.7 24 1.0 1.3
(C) k:20,p:5,q:3andH0:ﬁ2:ﬁ3:ﬁ4:0
0.0 52 4.7 4.9 4.7 29 0.9 09 08 09 05
0.2 12.0 73 6.1 5.1 4.7 3.7 22 14 1.0 1.1
04 19.3 93 6.5 48 5.0 7.7 3.0 1.2 1.0 08
0.6 23.3 9.0 5.7 5.0 4.6 9.9 3.1 1.5 1.0 1.0
0.8 26.4 8.9 5.7 5.0 4.6 12.4 3.1 1.4 1.2 1.0
1.0 29.3 96 5.6 5.0 4.5 14.9 3.6 1.1 1.0 0.8

corrected test statistic Faca(to,62U), which are given in (1.3), (1.4), (1.5), (2.2) and
(2.6). The sizes of these test statistics for the nominal significance levels o = 5%, 1%
are reported in Table 1, where the notations FWHH(&)), F RSy(iZg) and F Ac(;(izo,&gU)
are abbreviated as Fypy, Frsy and Face. In the cases of (A) and (B), X ’s are two
dimensional and the sample correlation coefficient for the simulated data is 0.350. For
the case (C), the correlation matrix of the simulated sample X’s is

1.000 0.347 0.316 0.264
0.347 1.000 0.357 0.386
0.316 0.357 1.000 0.345
0.264 0.386 0.345 1.000

Sample Correlation Matrix of X’s =

As seen from Table 1, the sizes of the Rao et al.’s test Frgy are much better than
those of Fprs and Fypgpg, but they are slightly larger than the nominal levels. The
asymptocally corrected test Facg has sizes close to the nominal levels and improves on
Frgy in controlling the sizes for ¢ > 0.2. When ¢ = 0, Fac¢ is very conservative, and
we need a further modification, which will be done in a future. Since Fgxr is an exact

7



Table 2: Power Estimates (%) of Tests Frgy, Fexr and Faca
(The size of Frsy is adjusted so that its size is about 5%.)

Y Frsy Fpxr Faca  Frsy Fexr  Faca

3= 000, B — 0.00 3 = —0.05, B2 — 0.04
0.0 5.0 4.7 2.2 46.7 26.1 33.5
0.2 5.0 4.5 4.1 34.5 26.3 31.5
04 5.0 4.8 5.1 28.5 25.6 29.4
0.6 5.0 5.0 5.0 27.7 25.7 27.5
0.8 5.0 4.8 4.6 29.3 25.8 27.8
1.0 5.0 4.8 4.8 27.5 26.4 26.7

B = 010, B2 = 0.08 B = —0.15, Ba — 0.12
0.0 97.2 79.6 94.3 100.0 99.0 100.0
0.2 90.9 79.9 89.7 100.0 99.1 99.9
0.4 86.2 80.2 86.8 99.6 99.1 99.6
0.6 84.2 79.4 84.2 99.6 99.1 99.6
0.8 83.5 79.4 82.6 99.4 99.1 99.4
1.0 82.3 79.1 81.9 99.4 99.0 99.3

test, its sizes satisfy the nominal level.

The powers of the tests Frsy, Fpxr and Face are examined in the case (A) and
reported in Table 2 for (41, 32) = (—0.05,0.04), (—0.10,0.08) and (—0.15,0.12), where
the test Frgy is adjusted so that its size satisfies the nominal level o« = 5%, but Facqg
is not adjusted. The column for #; = F2 = 0 means the sizes of the tests, and in most
cases the three tests satisfy the nominal level. It is seen that Frsy and Face are more
powerful than the exact test Fgxr and that Fcq performs as well as Frsy. From the
numerical results reported in Tables 1 and 2, the asymptotically corrected test Facq is
recommendable.

4 Proof of Theorem 2.1

For notational convenience, let D(y)) = C'{C[B + A(¢)]"'C'}~*C. Under the null
hypothesis Hy : b = C(3, the expectation E [G(@)] is written as
Eg[G(th0)] =E3l(B(to) = BY D(t) (B(to) - B}/
=Eo[B(¥0) D(t0)B(t0)] /o2,

so that we can put 8 = 0 without any loss of generality, and we shall omit 0 in the
expectation notation Ep|].

Let 8" () = (d'/dy")B(v) and DD (y) = (d'/dy*)D () for i = 1,2. Using the
Taylor expansion of B3(1y) and D(iy) around 1y = v, we can approximate them as

8



~ ~ ~ ~(1 —~ ~(2 —~ —~

B(d0) = Bw) + B () (b0 — ) + 2787 (@)(do — ¥)? + 0(k™") and D(dy) = D(¥) +
DY () (%o — 1) +27 DO () (o —1)* +0, (k™). It can be shown that ¢ = 9 +-0,(k™")
for 1y and ¢V given in (2.4) and (2.3), respectively. Evaluating G(iZg) up to O(k™1), we
observe that

1)

G() = {BWYD@)BW) + 2y D)B" W)@ - )

~(1)

+ By DB W) (@Y — ) + 8" Wy DW)B" ()@Y — v)?
~(1)

+B) DV )BW) (Y — ) +28w) DV ()BT (V) (Y — ¢)?
+ 5BEYDOWBEIEY — )} + 0y (k7).

~  ~ ~ ~(1
Hereafter, let 1 = ¥V for simplicity. Also we use the notations 3, B( ), D, DY and A

instead of B(w), B(l)(wA), D), DW (1) and A(1)), respectively. Since E[B/Dg/ag] =q,

the expectation E[G(1)] can be approximated as E[G(¢)] = ¢ + I1 + 27 1, + 215 +
2L, + I + Ig + o(k™"), where I, = E[8 DY — )] /o2, I, = E[B DPB( — v)?] /o2,
1y = BB DB (0—v))/o?, 1, = EF DVE" (5—0)?) /02, I = BB DB (-
and Ig = E[B/DB(Q) (¥ — )2 /2. Hence, we need to evaluate the terms I; to Ig. For the
purpose, we note the following distributional properties for 3 = O:

(1) From (2.1), it is seen that B3,, S1 and (¥y,...,7,) are mutually independently
distributed as S1/07 ~ XN _4_pon and 7, ~ N(Z;8,02/(niyi)) for i = 1,... k. For a
distribution of Bl, let H and L be a p X p orthogonal matrix and a diagonal matrix with
positive diagonal elements such that

L 0

o /
B_H(O’ 0

) H,= H'LH,
where H' = (HY,, H}). Then, BB, = H,Lz and z ~ N'(0,02L™").

(2) The GLS estimator 3 is expressed as 8 = B(¢) = (B+A) ' (H Lz +> ", n;/V%Y;)
and it has N,(83,0%[B + A]™!).

(3) From the result of Kackar and Harville (1984), it follows that 1 is independent of
B.

(4) (Stein identity) Let Y be a p-dimensional random vector having N,(n, X).
Then, for p-dimensional absolutely continuous function g(Y'), Stein (1973, 81) derived
the following identity:

ElY'g(Y)] = E[(0/0Y)Zg(Y)),

where (9/0Y) = 8/0Y" = (9/dYr,... ,0/0Y,) for Y = (Yi,....Y,).
(5) The following equation is also useful: for scalar function f(Y),

(0/0Y ) g(Y) f(Y)] = [(0/0Y)g(Y)If(Y)+g(Y)[0f(Y)/0Y].



To evaluate I; = E[B/D(I)B(ﬁ— ¥)]/0?, note that B is independent of J and that
E[B/D(I)B] = Etr {D(I)BB/}] = o2tr {DW[B + A(¢)]7'}. Thus, it is observed that

~

=E[3 DY B|Bias(()/o?
—tr {DY[B + A(¢))] "'} Bias(1)).

Similarly,
I = EB DY) — ¢)?)/0? = tr (DP[B + A(¥)] " }E[(4 — ¥)?].

—r ~(1) ~ ~ ~(
To evaluate I3 = EB/DB(I)(w — )] /o, note that v is not independent of B( ), which
is written as

BY = (B+A)'AVB (B + A) Zn V2 E T (4.1)

where AW = (d/dy)A(v). Then,

L=-E ﬁD( >*Ammi—wv2
EFD(B Z nIE T (b — )]/ 0!

= I31 + I3, (say)

Let Dy = (B + A)"'D(B + A)~!. The independence of ¢) and @ implies that Iy =
—tr Dy AW Bias(1)). The Stein identity is used to get that

I = — S E22@3,Do(H Lz + 3 0, @5,) (6 — v)]/o>

J

~

_ _ o~ oY
==Y E[niyi@ Donivi®i (¥ — )] Z Elniyi@;Do(H Lz + Znﬂmy])a_ ]
=131 + I30. (say)

Since AWM = — >, nIVIET,, it is easy to see that Izo = tr DOA(I)Bias(iz). The Stein
identity is used again to rewrite I399 as

0
I3 = — an‘% Z LH, + Znﬂj Z;7;) Do aiﬂ]

J

0% o*0
. 2 = 2 A
=—o0’ Ez n;y; Eltr HiDyx; az/a@] — 07 EZ ;Y Ej EX, D@t 07, .

10



From Lemma 4.1 given below, it follows that

I35 =F] N 02 Zn,%tr H,Dyznx,(B + Ay) 'H,L
202
— E[N*AQ] Zm%szowznz
ZE T, DoZnin, T, (B + Ay)'%;
i 2 Jtr D Zn z7 {(B+A )'B—(I-(B+A)'A )}
N 0-2 0 Vi 0 0 0 )

which is equal to zero. Hence,

I =0.
For Iy = E[B DVB" (§ — 4)2]/02, from (4.1, it is written as
Iy =—E[BDY(B+ A" AVB() - vy/o:

E[BDY(B + A)- Z niE Y (b — b)) ol
=1l + L.

Let Dy = (B + A)"'D"W(B + A)~!. The independence of ¢ and @ implies that Iy =
—tr D; AW E[(¢) — 9)?]. Using the Stein identity, we have

== Y Bl g Dy HL L= + Ym0 — 7)o
i J

= Z E[nZ”yZE;Dﬂ%%@(?Z — )

—QZE niyi@; D1 (H Lz"’"znj%wjyj)

=1491 + L420.

It can be seen that 49 = tr DlA(l)E[({ﬂ\— ¥)?]. The Stein identity is used again to get
that

0
Lz = — 22%‘%‘ [(2'LH, + Znﬂj JZ/J)DNL% aiﬂ W V)]
i j
0 0% 00
— 2 A _r-r
= — 207 ;nz%E[trﬂlDla:z{ P (b — ) + 07,07 ]

o%) -~ o0 O
~20t Yo X p D ai;”gjw—ww 22N,
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Hence from Lemma 4.2,

Iy = o(k™h). (4.2)
For Iy = E[B(I)IDB( (¢ — )] /02, from (4.1), I is rewritten as

Iy =— BB AYB + 4 DB (5 — vy /o2
+E er VZ, DoAY (1) — 1))/

ZnQ V2T ;yzDoZn V2E g, () — b)) o2

= I51 + Is2 + Is3.

From the same arguments as in the evaluation of Iy, it follows that I5; = o(k™!). For I5y,
let Ds = D)AY(B+ A)'=(B+A)'D(B+ A)"AY(B + A)~". Similar to I,

I5o :ZE [niy; @y, Ds(H| Lz + an%wjyj)(¢ ¥)?)/a?

J

= Z E[nzﬂyzing,m%fz(?Z — )%

o0 ~
—|—22E (i, Ds(HY Lz—i-znj%wjyj)a— (Y —)]
=—trD;A (I)E[(¢—¢)]
0% ~ oY dY
+20§ZZni”y,~E[trH1D5E{a ,g_A(iﬂ—Qﬂ) 8;3—3’ ]
5? )
+ 2072 Zn,%ZE:IJ Dsx;{ 6 gy W W‘i‘aga—; J,

which implies that I, = —tr Ds AV E[(¢—)2]40(k~!) = —tr DyAW (B+A)"' AV E[(¢—
¥)?] + o(k™!). Finally, I53 is evaluated as

I53 = anﬁ)ﬁli/Don ‘X E[(¢ w + 22”2’7@ x; DO Zn 73 wjyj a— (w w)]
—trDOZn Sz B w ¥)?]

0? o 0
+20 Zznz%nj% T, DOCL‘J{ w ( — ) + 3;%
1Y

=5t DyAPE[(S — )] + ofk ™).
Hence,

Is = —~tr DoAY (B + A) AV B[(¢ — v)?] + %tr DoAPE[( — )] + (k™).

12



For I = E[B/DB(Q) (¢ — )] /02, we need to derive B(Q), which is written as

(2) (1)

B =(B+A){AYVB+A)'AY — A3 (B+ A)'AD}3
+(B+A)AYB + A)” Zn viEg;, +2(B+ A)” Zn viE;.

~(1 ~ =2
Since Y, nivi®y; = —(B + A)B( . AWM, B( ) is rewritten as

3Y = (B+A) AP 2B+ A)'AV3" 1 2B + A) Zn VE Y,

which is used to express I as

Is=— E[BD(B + A) ' A®B() — )%/
—2EBDB+ A) A3 () - v))/o
+2E[BD(B+ A)” Zn VWEG () — )] ol

=Is1 + Is2 + Ig3.

It is easy to see that Ig; = —tr Do AP E[(¢) —1)2]. Also from (4.2), Isy = o(k~"). Similar
to 1527

I63 —2tr D() Zn a:za: E[(w w) ] ( 1)
—tr D0A<2>E[(w — )]+ o(k™),

which implies that

Combining the evaluations I;-Is and recalling J = JU, we obtain the approximation
as

E[G(izo)] =q + tr (B + A)_ID(I)Bias(JU)
+ E[(Y — W]{%u (B+A)'D® + %tr D,A®

—tr DoAY B+ A)TAW Y 4o (K71
P

Finally, we shall evaluate the bias Bz’as(iz) and E[(iZ—iﬂ)Q] for ¢ = 1V, which is written
by ¢ = 62V /62U for unbiased estimators 62U and 62V. By the Taylor approximation, it
is observed that (¢ — )/t =T, — To + T? — T,T. + 0,(k™"), where T, = (62 — ¢2%)/o?
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and T, = (62U — ¢2)/02. From the unbiasedness of 62V and 62V, it is seen that E[T,] =0
and E[T.] = 0. Also,

B[ =) =¢B[T? = T,T.] + o(k™),
E[(§ — )% =0*E [T? = 2T, T, + T?] + o(k™").

From Battese and Fuller (1981) and Prasad and Rao (1891), it follows that

1 2
E[TY ==Var(6?Y) =
[ e] O_;l ar(ae ) N_k_p‘i_)\’
1 X 2 (k—M\)(N —p) N,
E[T? =—Var(6?) = — 2— + N..
[’U] O',g ar(O.’U ) N*2 (N—k—p+)\)w2+ w + 9
1 2k — N
E[T,T.) =——Cov(62V,62Y) = —
[ ] O,go_g O'U(O'e 7Jv ) N*(N_k_p‘i_)\)w’

where N, = tr[(I — X(X'X)"'X')ZZ']>. Noting that ¢2N../N, = 235 n2/N +
o(k™') = (Zf:1%‘_2 — k — 2N¥)/N + o(k™'), we get the approximations as E[T?] =
2/(N — k) +o(k™"), B[T,T.] = —2k/{N(N — k)¢} + o(k™") and

2 k?
2 -2

=1

Thus, we obtain that
2
Ely — 4] SNV =R Z%_l +o(k™1),
2 1
B =0 =55 {207 + 5 | +olk™),

which are used to get the approximation as

~ 2

G(vo) =q + ) > 4 'tr(B+ A)'DY

N(N —k

+ %{Z%‘? + Nl_k(va)?}

1 1
x {itr (B+A)"'D® + Str DyA® — tr Do AV(B + A)—1A<1>}
+o0,(k7h).

This is the expression given in Theorem 2.1.

To compete the proof, we show the following lemmas which have been used in the
above proof.

14



Lemma 4.1 For 12 = @U given in (2.3), the second partial derivatives Of{ﬂ\ with respect
to z, y; are given by

62{& 2 + —1 /
oo = DH(B' — (B+ Ay )HIL,
02 2
azgﬂy‘ = — N 6’2LH1(B -+ Ao)_lni@,
2 2 _ L
0% 2

— 11— . .
500, - _ N*&gninjacg(B + Ag) Ty, (i # 7).

Proof. Note that 1 = N 1{5/62 — (N —p)}, and S is expressed as
S = S1+ S+ (B — Ba) (Ao — Ao(B + Ag) " Ao)(B, — By),

where Ay = A(0), B, = AP nEw g, and Sy = SF 0 — @32)2. Let Sqy =
Sy 2 (i = T) — (i — i)' By }? and S(oy = S, mi(F; — TB,)>. Then, S is written
as S = Su) + Si). Since By = B, — (B + Ag) " Ao(B, — B,), Su) is written as

Sty = S+ (B — By)' Ao(B + Ag) ' B(B + Ag) " Ay(B, — By).
On the other hand, since Bo = BQ + (B + Ao)_lB(Bl — BQ), S(2) is written as

Sy = S2+ (B, — By) B(B + Ag) " Ao(B + Ag) ' B(B, — B,),

so that . - - -
S =5 +95 + (51 - BQ)IR(Bl - B2):

where
R=A\B+ A) 'B(B+ Ay) 'Ay+ B(B + Ay) 'A¢(B + Ay)"'B.
Note that
R=B(B" - (B+ Ay ")B=B(B+Ay) 'Ay = Ao(A;' — (B+ Ay) ') A,.
Using these equations, we can rewrite S as

S =5+, +B.(B - B(B+ A)'B)B,

o~ o~ ~/ o~
— 2B, B(B + Ag) ' AoB, + By( A — Ao(B + Ay) " Ag)B,
=S, + S, + 2 LH,(Bt — (B+ Ay)"")H)| L=z

—22/LH (B + Ay)” Z N, + Z nE g, (A;" — (B + Ag)~ Z N7,
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Note that Sy, Bl, Ui, - -, Y are mutually independent. The first partial derivatives of 12
with respect to z, y; are given by

Gw 1 oS
0z N, 520z
_ 2 {LHl(B+ —(B+A))"“WH,Lz— LH,(B+ Aq)~ any }
N*a.g (22>} )
o 2 B PO
G—QZN&Q{M( 3352) n®;(I — (B + A¢) ' Ao) (B, — By) },
so that we can derive the second partial derivatives given in Lemma 4.1. ]

The following lemmas can be shown directly from Lemma 4.1.

Lemma 4.2 Assume that B = O(k) and A(yp) = O(k) as k — oo. Then, as k — oo,

0%
ey

0% o™ 1
= 1 = - e
020z Op(1), 0207, Op(k™), o2

= Op(k_1>7

= 0,(k™2), (i #J).

Lemma 4.3 Assume that B = O(k) and A(yp) = O(k) as k — oo. Then, as k — oo,

v 09 1 v 09 )
E[azaz/]_ ( )7 E[azayz] O(k )7
Gw Gw Gw

Bl(gy V) =0, Blgr o= 00, (i#9)

5 Concluding Remarks

In the problem of testing the linear hypothesis on regression coefficients in the nested
error regression model, the standard F-test based on the OLS method is known to have
the serious shortcoming of having inflated type I error rates (sizes) due to the intraclass
correlation structure. To fix this problem, in this paper, we have obtained the exact test
Frxr and the asymptotically corrected GLS test F4cq. Through some simulation studies,
we have shown that the two tests Fgxr and Fucq have sizes close to nominal levels and
that the size of Fycoq is slightly better than Rao et al.’s GLS test Frsy. Also it is shown
that Facq is more powerful than Fgxr. Thus we can recommend the test Fycq from the
numerical results.
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