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Abstract

Consider the problem of testing the linear hypothesis on the regression coeffi-
cients in the Fay-Herriot model which has been used in the small area problem.
Since this model involves the random effects, a test based on the generalized least
squares estimator, called the GLS test, depends on the estimate of the ‘between’
component of variance, which causes the problem that it has an inflated type I error
(size) when the variance component is far from zero. To fix this problem, we derive
the second order approximation of the distribution of the GLS test statistic under
the null hypothesis. Using the Bartlett-type correction, we obtain modified test
statistics with sizes identical to the nominal significance level in the second-order
asymptotic. As estimators of the variance component, the Prasad-Rao estimator,
Fay-Herriot estimator, maximum likelihood (ML) estimator and the restricted max-
imum likelihood (REML) estimator are used and the corresponding modified tests
based on the Bartlett-type correction are given. The sizes of these tests are inves-
tigated numerically and the Bartlett-type correction is shown to work well.

Key word and Phrases: Bartlett correction, Fay-Herriot model, generalized least square
method, linear hypothesis, linear mixed model, maximum likelihood estimator, restricted
maximum likelihood estimator, random effect, test, type I error, variance component.

1 Introduction

In the linear mixed models (LMM), we are concerned with the problem of testing linear
hypotheses on the regression coefficients. It is known that the naive F-statistic based on
the ordinary least squares (OLS) estimator has the serious drawback of having an inflated
type I error (size) when the random effect is present. To fix the drawback, Wu, Holt and
Holmes (1988) and Rao, Sutradhar and Yue (1993) suggested alternative test procedures.
Although their procedures give significant improvements in terms of type I errors, the
sizes are still slightly larger than the nominal significance level. In this paper, we derive
the Bartlett-type correction in the Fay-Herriot model so that the resulting corrected tests
have sizes which are identical to the nominal level upto the second order.



More specifically, we consider the model treated by Fay and Herriot (1979), given by

yi=xB+vi+e, i=1,...k, (1.1)
where 3 is a p x 1 vector of regression coefficients. It is assumed that v,..., v, and
€1, ..., e are mutually independently distributed as v; ~ N(0,%) and e; ~ N(0,d;) for
1 =1,...,k. In the Fay-Herriot model, it is also assumed that d;’s are known constants.

This model has been used as an area-level model in the context of the small area problem.
Letting y = (y1,-.-,ux), X = (®1,...,xx), v = (v1,...,v;) and e = (ey,..., €)', we
can write the model in the matrix notation as

y=XpB+v+e, (1.2)
where y ~ Ny (X 3,3 (y)) for
X(¢) =9I+ D, D =diag(d,...,dg).

It is assumed that £ > p and X is of full rank.

In this paper, we consider the problem of testing the linear hypothesis on the regression
coeficients B = (0o, 1, - .., Bp—1)’, namely

Hy:CB=b wversus H;:CpB#b,

where C is a ¢ X p known matrix with full rank (p > ¢) and b is a ¢ x 1 known vector.
When 1) is known, the generalized least squares (GLS) estimator of 3 is

BlW) = {X'S )X} X'E (Y)y, (1.3)

which has NV, (B3, {X'E " (1) X }7!), and an exact test statistic based on the GLS B(w) is
given by

Taus(v) = {CBw) - b} {C{x'=w)x} €'} {Chw) - b},

which is distributed as XZ distribution with ¢ degrees of freedom under Hy. Thus, the
rejection region with size 0 < a < 1 is expressed as {y|TeLs(¢) > nga}, where X;a is the
upper 100a% point of the xﬁ distribution.

When the model (1.1) does not include the random effects v;’s, Tgrs(0) is an exact
test, namely, P[Tgrs(0) > X2 ] = a under Hy. Since the random effects are present in the
model (1.1), however, T;1.5(0) has the serious drawback of having an inflated type I error
when v is away from zero. An alternative procedure is the test statistic TGLS(’(//;) where
QZ is an appropriate estimator of 1/1,Aand we call it the Generalized Least Squares (GLS)

test. Although the GLS test T¢rs(1)) is a reasonable alternative, as shown in Section 3,
the size of Trs(1)) remains still slightly larger than the nominal significance levels.

-~

To improve on Trs() in the sense of controlling the size, we derive the Bartlett-type
correction of T;s(1)) when k is large, and show that the resulting corrected test T¢, ¢(?)
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has the size which is identical to the nominal significance level a up to O(k~!) under the
null hypothesis Hy, namely, P[TgLS(@ > X2l =a+o(k™) as k — oo under H.

In Section 2, we obtain the asymptotic expansion of the distribution of T (@) under
the null hypothesis Hy and provide the Bartlett-type correction of T, GLS(@//)\) using the
monotone transformation given in Fujikoshi (2000). The resulting corrected test can be
shown to satisfy the size property in the second order asymptotic on k. The Bartlett-type
correction depends on the asymptotic bias and variance of the estimator v of 1. Section
2 also introduces some estimators of 1) and provides their asymptotic bias and variance
as well as it is shown that the estimators satisfy the assumptions required to establish
the asymptotic expansion of Tgrs(1). In Section 3, the sizes of the corrected tests are
numerically investigated for various & and 1, and it is shown that the corrected tests
improve on Tgrs(1) in the sense of controlling the sizes. The proofs of the main results

are given in Section 4.

2 Main results

2.1 Bartlett-type correction of the GLS test

In the Fay-Herriot model (1.1) or (1.2), we consider the problem of testing the linear
hypothesis on the regression coefficients 3, given by Hy : C3 = b against H; : C(3 # b,
where C' is a ¢ X p known matrix with full rank (p > ¢) and b is a ¢ x 1 known vector.
Since y ~ N (XB,X(¢)) for X(¢) = Iy + D, the GLS estimator of 3 is 3(1/1) =
iX’E’l(w)X}_lX’Z’l(zb)y. When ¢ is known, the chi-square test statistic based on

B(1) is given by
Tors(w) = {CBw) — b} {C{x2wx} e} {cBw) -b}. @)

which is distributed as x§ distribution with ¢ degrees of freedom under H,. Thus, the
critical region is expressed as {y|TaLs(¥) > X2 .}, where X2, is the upper 100a% point of
the Xz distribution. Since 1 is unknown, however, we need to estimate v by an appropriate
estimator ¢ and consider the test statistic Tazs(1h) by substituting ¢ into Tgrs(1h). Since
TGLS(@ is based on the GLS estimator ,@(zﬂ), we call it the GLS test. This substitution
causes the problem that the size of the GLS test T LS(@Z) is not identical to the nominal
level ar. As seen in Tables 1-3 in Section 3, the problem is serious when k is small and 1)
is away from zero. To improve the GLS test in the sense of controlling the size, we derive
the Bartlett-type correction of the GLS test. To this end, we first obtain the asymptotic
expansion of the GLS test under the null hypothesis Hj.

Let W () = C'{C{X'S7 ()X} €'} ' C and WO (y) = (d'/dy )W () for i =
1,2. Also let A;(¢)) = X'S7'()X for i = 1,2,3. As the differential operator with
respect to y, we use the notation

0 0 o\’
V=—"=(—/—,...,—].
dy (Gyl ayk>
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Assume the following conditions:
(A1) X is of full rank, & > p and X'X = O(k) as k — oo.
(A2) The estimator ¥ satisfies that X'V = 0 and X'VV't) =

(A3) h—p = Op(k™1/?), X'S™ () V) = O,(k/?) and X' =7 (¢){VV'IIE ()X =
0,(1) as k — oo.

(A4) Bias(ih) = O(k™1) as k — oco.
(A5) 15 is invariant under the transformation y — y + X« for any a € R”.

Theorem 2.1 Assume the conditions (Al) — (A5), Under the null hypothesis Hy, the
distribution function of the GLS test Ters(v) is approximated as

P[Ters(¥) < @] =Gy(a) + {Gra(a) — Go()} b (¢)
+{Gyralx) - 2Gq+2+Gq<x>}h2< )+ o(k™) (2.2)

~Gy(a) -2 {m () — ho() + h2<w>} gala) +o(k ), (23)

q+2

where G,(x) and g,(x) are the distribution and density functions of XZ, the chi-square
distribution with q degrees of freedom, and

() =5 r WO @) AT ()] Bias(D) + 3 { sr W w)A;lw)]

+ AT ()W () AT (6){ As(1) — As(¥) V)Y Var
() =g { (WO @) AT (0)]) + 2t [WO() A7 w)} }Var@)

From (2.2), it can be seen that the first and second moments of TGLS(Q//J\) are given by

ElTars()] =q {1+ ke ()} + o(k™Y),
El{Tors()}?] =q(q +2) {1+ Kk ea(9) } + o(k™Y),

where

() =2khi(¥)/q,
Co() =4k {(q + 2)ha () + 2ha(4) } /{alq +2)}-

Then, we can use the results of Fujikoshi (2000) to derive the Bartlett-type correction of
Tars(¥). Let & (¥) = ea(v) — 2e1(4),

a(y) =2/é(y),

506) =5 {(a + 2)es() — 2g + s ()} /:(0)

o {ha() — ()}

QC2( )



Then, it is observed that ¢2(¢) = 8kha(¢))/{q(q + 2)} > 0, namely, a(¢) > 0, and

Fa(W) + B() = QQ—f’w g+ 2 {ha() — ()}

Fujikoshi (2000) considered the following monotone transformations:

() =L ka(d D) Yo L 7
Ty (9) = { ka(d) + A(0) }1 g(uka@crmw), (2.5)
—~ —~ ~ 1 —~
TQ* =13 ka 1—ex — = TGLS y 2.6
() ={ (¢>+5(¢)}{ p( i <w>)} (2.6)

~ -~ ~ -~

where T} (1) is defined when ka(v) + B(¢) > 0, while T3 () can be defined whenever

~ ~

ka(vy) + B(¢) takes any value. It is noted that both transformations have the same
expansion up to O(k™1), given by
- ~ 1 ~ ~ .
TF(¥) = Tars(¥) + Fa(@) {ﬁ(¢)TGLS(¢) - 2_1(TGLS(¢))2} + O(k™?),

for ¢ = 1,2, which implies that
E[T; ()] = g+ o(k™") and  E[{T;()}] = qlq+2) +o(k™),

From Theorem 2 of Fujikoshi (2000), we can see that the sizes of the modified test statistics
with the Bartlett-type correction are justified theoretically.

Theorem 2.2 (Bartlett-type Correction) Assume the conditions (A1) —(A5). Then,
the sizes of the corrected tests T} (1) given by (2.5) and (2.6) are identical to the nominal
significance level o up to O(k™') as k — oo, namely,

PITY (%) > x2.] = a+o(k™),
under Hy.

For another account on monotone transformations, see Fujisawa (1997), Enoki and
Aoshima (2006) and the references therein. It is noted that the conventional Bartlett

-~

correction based on only the first moment E[Tgs(1)] is given by

Tp(v) = Taws(¥)/ (1 + 2¢7 " (¢)), (2.7)
but the size of TB(@E) does not possess the same asymptotic approximation as in Theorem

2.2 unless c3(y) = 0.

When C = I, the functions h;(¢)) and hy(1)) can be simplified. In this case, ¢ = p,

W) = Ai(w), W) = A () = —A;(¢) and WO(y) = AP (4) = 245(¢)), s0
that hq(¢)) and hy(1)) are expressed as

M) =~ tr A7 (9) As )] Bias, (D)

b5 {2t (A7 @) Asw)] — b [A7 () As(w)]” } Vary (),



and

ma() = ¢ { (r[Ax() AT () + 200 [As() AT )]} Var()

For the general matrix C, W (¢) gives a complicated form, but we can com-
pute it as follows: Let E(¢) = {X'Z ()X} ! and F(¢) = {CE(y)C'}"'. Then,
WD () = C'FO(4)C, which can be obtained from FY (1) = —F(1))CEY (4))C' F ()
and EW(y) = E(W)ALE(1). Also, we have W®(y)) = C'F®(¢)C, which can be
obtained from

FO () = —FU()CEV (0)C'F () =F () CE® (4)C'F ()= F (¥)CEV (1) C'FO(y)

EP () = 2E (1) A2() E(¥) Ao (V) E(W) + 2E(1) Az (V) E(1).

2.2 Estimators of @) and the corresponding corrections of the
GLS test

The Bartlett-type corrections 77 () given in (2.5) and (2.6) depend on the asymptotic
bias and variance of the estimator @Z We here provide these values for some specific
estimators of ¢ as well as we check the assumptions (A2)-(A5) on ¢. The estimators we
treat are the estimator proposed by Prasad and Rao (1990), the estimator proposed by
Fay and Herriot (1979), the maximum likelihood estimator and the restricted maximum
likelihood estimator.

[1] Prasad-Rao estimator. Prasad and Rao (1990) proposed the estimator

Drn= (4 Quy — r[DQJ)+. 23
p
where (a); = max{a,0} and
Q,=I.—- X(X'X)'X'

Since Q,X = 0, the condition (Ab) is satisfied. Since P[{/J\pR = 0] = o(k™'), it is sufficient
to handle the case that ¢ pg > 0. It is noted that (y'Quy —tr [DQ,])/(k—p) is an unbiased
estimator of ¢. Note that R

Vipr = 2(k —p) "' Quy.
Then it is observed that X'Vipp =0 and VVipr = 2(k—p)~'Q,, so that for A;(¢)) =
X'ST (D)X, 0= 1,2,

2

X'TW)Virr = T A{XET @) X)X @)y - (X'X) 7 Xy},
which is O,(k~%/2), and
XS WV Drr}E 7 (0)X = T {Ax(v) ~ A0)XX) " Ai()



which is O(1). Prasad and Rao (1990) demonstrated that
Var(ppr) =2kt 3°(¢) + o(k™),
Bias(ypr) =o(k™"),

so that the assumptions (A2)-(A4) are satisfied, and from Theorem 2.2, we get the
Bartlett-type correction.

[2] Fay-Herriot estimator. Fay and Herriot (1978) proposed the estimator of the
form Ypy = (V5 )+, where ¥5, is a solution of the equation

y/Q1<1Z;H)y =k—p, (2‘9>
for
QW) ={L,-S'W)XAT' (W)X} = (W) {I, - XAT' () X'S ()}

Since Q,(¥)X = 0, the condition (A5) is satisfied. Since P[@FH = 0] = o(k™'), it is
sufficient to handle the case that ¥ py > 0. Note that

2Q1(7ZEH>ZU ‘
y'le)WFH)y

Then it can be seen that X'Vipy = 0, y/le)(@ZFH)y = O,(k) and X’E_l(w)V{Z)\FH =
0,(k~1/2). Denote Q) (1) = (d%/dy?)Q, (1). For ) = thpy, it is seen that
201 (9) + 201 ()y(Vo) + (¥ Q7 ()y)(V)(Vo)
170 100N '
v (Y)y

It can be observed that X'VV'¢py = 0 and X'Eil(w){VV'@ZFH}Efl(w)X = 0,(1).
Datta, Rao and Smith (2005) showed that

Vi = —

VV'rn =~

Var(des) =2k {tr S (@)} >+ o(k™Y),
o RrR) - (S @))
B (wFH> 2 {trE_l(Tﬁ)}?’ ™

so that the assumptions (A2)-(A4) are satisfied and we get the Bartlett-type correction
from Theorem 2.2.

o(k™),

[3] Maximum likelihood (ML) estimator. The ML estimator is given by L =
(¥3s1)+ where 13, is a solution of the equation

Y Qu(Phr)y = tr [ (05,)], (2.10)

for
Q) ={I, - S (W) XA (V) X'} B2 () {1, - XA () X'S7'(¥)}
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Since Q,(¥)X = 0, the condition (A5) is satisfied. Since P[QZJ\ML = 0] = o(k™"), it is
sufficient to handle the case that 1,7, > 0. Note that

9 _ QQ(TZML)ZJ _ ‘
y’le)(@/)ML)y +tr [ (Yare)]

Then for ¢) = 1, it can be seen that X' Vi) = 0, y'QS (0)y = O,(k), X'T ™' () Vi) =
O,(k~Y/?) and

Vi = —

V'V
2Qu(1) +2Q5 (D)y(VY) — 20 [N (V)(VY) + (5 QY (9)y) (V) (Vo)
Y QY )y + tr [S72(1)]

It can be observed that X'VV'¢y, = 0 and X'S™ (W){VV )5 ()X = 0,(1).
Datta and Lahiri (2000) derived that

)

Var(fng) =2 {tr S72()} " 4+ o(k ™),
o AT () A ()
Bias(¥yr) = s 2(0)

so that the assumptions (A2)-(A4) are satisfied. Hence we get the Bartlett-type correction
from Theorem 2.2.

+o(k™),

[4] Restricted maximum likelihood (REML) estimator. The REML estimator
is given by rEML = (wREML)+ where ¢REML is a solution of the equation

y/Q2(w}k%EML)y =tr [E_l(¢EEML)] —tr [Afl(¢EEML)A2(w}szML)]7 (2.11)

for Q,(1)) defined above. Since P[¢rpy = 0] = o(k™Y), it is sufficient to handle the case
that ¢REML > (. Note that for 1/} = wREMLa

) _ _ Q,(d)y - _
Y QY ()y + tr [E72(d)] + tr [AT (1) As(P)]? — 2tr As(¢)

Then it can be seen that XIV’Q/ZJ\REML =0 and X'E*I(@/))V{/J\REML = Op(kfl/Q). Also it
is observed that for ¢ = Yreyr,

VQZREML = -

~

2Q,(¢) +2Q5" (V)y(Vi) — 2tr [ST3(0)] (V) (V) + 6tr [A4 ()] (V) (V)
2 {tr [A7 (D) A=(D) - 20r [A7 (D) A=(D) AT (D) As(D)] } (V) (VD
= —{YQ W)y + r[E7(D) + tr [AT (D) Ax(D))” — 26r Ay(D) } VV'S.
It can be observed that X'V'V'¢rgyr = 0 and X’E_l(w){VV’gEREML}E_I(Q/J)X =

O,(1). Datta and Lahiri (2000) showed that Var(v:/;REML) = Var(@ZML) + o(k™1) and

Bias(Yrear) = o(k™1), so that the assumptions (A2)-(A4) are satisfied, and we get the
Bartlett-type correction from Theorem 2.2.



3 Numerical Study

In this section, we shall investigate the performances of the sizes of the test statistics
proposed in the previous section through simulation experiments.

For the regressor variables in the model (1.1), it is supposed that the model has an
intercept term, namely, x; = (1,2} for a (p — 1)-vector &, where x} is generated as

*

Here, z; is a (p — 1)-random vector having N,_1(0,10I,_1), and w is a (p — 1)-random
vector having N,_1(0,10%,) where X, = (1 — py)Ip—1 + puj, 14, 1 for p, = 0.6 and
Jpr = (1,...,1) € R""". Let d;’s in the model (1.1) be generated as d; = 1/[1 +
Bin(10,1/2)] for i = 1,...,k, where Bin(10,1/2) is a random variable distributed as a
binomial distribution with mean 5 and success probability 1/2. The regression coefficients
B = (Bo,01,...,0p-1) are set up as 5; = 5(—=1)"(U; + 1) for i = 0,...,p — 1 where U; is a
random number from a uniform distribution on the interval (0,1). Then, the observation
vector y is generated from N (X3, v I + D).

In the simulation experiments, we handle the two cases: (A) k£ = 30,10, p = 3,
q=2, a=5%and Hy: 1 = 0 =0, (B) k=20, p =6, q =4, a =>5%,1% and
Hy : By = B3 = B4 = (5 = 0, where ¥ takes the values v = 0,0.2,0.4,0.6,0.8,1.0. A
set of observations of the regressor variables X is generated, and 10,000 observations of
the response variable y are generated from the model (1.2). Sizes of test statistics can be
approximated based on these simulation experiments.

We first handle the test statistic T;s(0) with ¢ = 0, the GLS test TGLS(QZPR), the test
Tp(1pr) with the crude Bartlett correction (2.7), the Bartlett-type corrections 17 (¢pg)

and T (QZPR) for the case (A). The sizes of these test statistics for the nominal significance
level o = 5% are reported in Table 1. From the table, it is seen that T;1s(0) is too bad,

TGLS(wa) is not good, and TB(wa) is not good for k = 10, while the Bartlett-type

correction GLS tests T*(wa) and T3 (wa) are excellent. Especially for & = 30, their
performances are very nice.

The sizes of the test statistics TGLS(J), Tf(@g) and T*('(Z) for ¥ = ¢pp, Uy and
Yremr are reported in Table 2 in the case (A) Table 3 reports the sizes of the test

statistics TGLS(L//J\> T*(@/b\) and T*(@b) for 1/) Q/JPR, @DFH, @DML and @/}REML in the case (B)
for the nominal significance level a = 5%, 1%. From Table 2, the Bartlett-type correction

GLS tests T*(w) and T*(z/J) improve the GLS tests TGLS(ZD) for w = z/)FH, ’leL and
Q/JREML The test Tg(@[}ML) is too conservative in the case of k = 10. We can observe
the same property of Tg({b\ML) in Table 3 for £ = 20. From these tables, we can see that
the Bartlett-type correction GLS tests 717 (271\) and T (12) have very nice size properties for
k = 30, while their size propertles are stlll good for k = 10, 20 except 15 (wML) Tables
1-3 seem to suggest the use of T*(@Z)) for 1/) ¢pR, ¢FH and ’l/)REML and the use of T*(@Z))

for 1/) 1/1ML



4 Proof of Theorem 2.1

Recall that W (1) = C'{C{A()}'C"} " C, WO(4) = (d'/d¢")W (¢) and A;(¥) =
X'S7 ()X for i = 1,2,3. Let E(Z)(w) = {0'/0y}B(v) for i=1, 2. For notational
convenience, we omit (¢) in W (v), W(i)(w), B(v), A;(¢), (1) and others. Under
the null hypothesis Hy : C3 = b, we want to derive the asymptotic expansion of the

-~

distribution of T;s(1)). To this end, we first expand the characteristic function of Tig5(1))

-~

given by ¢(t) = Eglexp{itTcrs()}], which is written as

A~ A~

$(t) = Bolexp{itBW) W (9)B(¥)}] = Eolexp{ity P(¢)y}],
where i = v/—1 and
P(y)=P=3%()"" XA, (¥)"' W) A, () X'S() " (4.1)

Hereafter, we omit (1) in W (), P(v), X(¢), A;(¢) and others, and we can put 3 = 0
without any loss of generality and omit 0 in the expectation notation Eg[:].

Using Taylor series expansion of exp{ity’' P (QZ)y} around 1) = 1, we can approximate

P(t) as
o(t) =E [exp{ity’Py} [1 + ity POy (s — o)
+ 2_1{ity'P(2)y + (it)2(y’P(1)y)2}(1Z — ¢)2H + O(k_3/2), (4.2)

For the sake of simplicity, we use the notation E*[-] defined by
E*[g(y)] = Elexp{ity' Py}g(y)] = Ci / g(y) exp{—y'V'y}dy, (4.3)

for a function g(y), where V! = 7! — 2itP and O} = (27)"*2|X|~2. Then, we
need to evaluate the terms I} = E*[y’P(l)y&Z — )], Iy = E*[y’P(Q)y(zZ —)?] and
I; = E*[(y’P(l)y)2(1Z— ¥)?]. The Stein identity proposed by Stein (1973, 81) is useful for
the purpose. Since the Stein identity is based on the integration by parts, we can verify
that the Stein identity under the notation E*[-] is given by

E'y'g(y)]l = E*[V'[Vg(y)l], (4.4)

for k-dimensional absolutely continuous function g(y), where V.= 0/0y = (0/0y1, ..., 0/0yx)
for y = (y1,...,yx)". For scalar function f(Y'), the following equality is useful:

Vg f(y)] ={V'g(y)}f(y)+9u)Viy). (4.5)

Applying the Stein identity to I;, we can rewrite it as
I =B |V [VPUy(l - )]
—5 [tr VPO — 1/})] + B [y’P“)V(V@ . (4.6)
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The Stein identity is applied again to the second term to get that
B y’P(l)V(V@} — B [V’[VP“)V(V@)]} — B [tr [VP“)V(VV'@]], (4.7)
so that Iy is expressed as
I, = tr [VPWE*[{p — 4] + E* [tr [VP(”V(VV'@]] : (4.8)
The same arguments as in (4.6) and (4.7) can be used to evaluate I as
I = tr [VPO)E* (¢ — )% + 2" [tr [VP@)V\II]} , (4.9)
where U = (VV'$h) (1) — 1) + (V) (V'). Also, I3 is rewritten as
Iy =tr [VPYIE [y PUy(d) — )] + 2B [y POV POy (0 — p)?]
28" [y POV (V) PUy(i - ).

Using the same arguments as in (4.6) and (4.7) based on the Stein identity, we can evaluate
I3 as
Iy =(tr [VPY2E* (¢ — )] + 2E*[tr [V POV ]
+2{tr [V POV POIE () — ¢)Y] 4 2E*[tr VPOV POV @]}
+2{tr VPV E [tr VPUVE] + E*[tr VPOV PUV Y
+ By POVIV PYyL, (4.10)
Substituting P given in (4.1), we can simplify the terms Iy, I, and I3 given in (4.8),
(4.9) and (4.10). Note that

1

V=22 XAT'WA'X'S) = T4+ (s-1)XA'WA'X', (411)
for s = 1/(1 — 2it). Also note that P") can be written as
PY =(21XA'A, - 2X)A;' WA X'E!
+ETIXATTWATN (A ATTX'ET - X'E?)
+3I XA WWAIX S
Since WAT'W =W and WA'W® = WW it can be seen that
VPY =(XA['A, -1 X)AT' WAL X'E !
+sXAT'TWAT (AATTX'S ™ - X'E7?)
+sXAT'TWWATIX'S ! (4.12)
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which implies that
tr [VPW] =str [ WP AT,

4.13
tr [(VPW)?] =s*tr (WM AT + 2str [(As — Ay AT AR AT W ALY, (4.13)

From (4.13), it follows that Otr [VP Njoy = str[WH AT 4 str (W AT A, AT,
Since dtr [V PW] /9y = tr (VI PW] 4 tr [V PP] and
VO =TI+ (s - ) XAT' WD AT X!
+ (s —1D)XATAAT'WAT' X + (s - 1D XAT'WA[TAATL X
it can be observed that
tr [VP®] = str WP AT + 2tr [(As — A, AT A AW AT (4.14)
It is also noted that
VPOV =s(XA'A, - S ' X)AT' WA LX
+sXAT'TWAT (AAT'X — X'S™)
+ 2 XAT'WWATTX (4.15)
Then, from the condition (A2), it follows that tr [V POV (VV'4)] = 0 and tr [V POV E] =
0. Slmllarly, from the condition (A3), we can Verlfy that tr [VPOVE] = 0,(k3?),
tr [VPOVPOVE] = 0,(k%?) and y POV OV PWy = 0,(k~%?). Hence, we obtain
the expressions that
I =ste [WOATE ) - v,
I ={str [WO AT + 200 [(As — A AT A AT W AT E* (6 — 00))] + O(k%),
I =s* {tr (WO ATV E*[(0 — v)?]
+2{ (WAL + 250 (A3 — A, AT A AT WA E (0 — )] + O(k ).

From the result of Kackar and Harville (1984), it follows that ¥ is independent of 3
under the condition (A5). From the definition of E*[-] and the fact that y’' Py = B,WB,
we can see that E* [15— Y] = E[exp{it,@/WB}(lz— V)] = E[exp{itE/WB}]Bias(zz) and
(@~ 0] = Elexp{itB WBYEI(W — v)Y. From (A1), note that E[(D - 1) =
Var(y)+o(k™'). Noting that E[exp{it@ W 3}] = s%/? and substituting I, I and I3 into
(4.3), we can get the approximation

&(t) =Elexp{itB WY + itl + 2 Vitl, + 271 (it)*Is + O(k~3/?)

1 ~
5T a2y (W AT Bias(y)

s—1
2

—g1/2 +

+

o {La W AT+ [ATW AT (A A7 )} V()

+ %sqm{(tr WOAT))? 4 20 [ WO AT P2 War(d) + O(k%?),
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which is expressed as
o(t) = 572 +57%(s = Dha () + 52(s = 1)*ha(¥) + o(k™), (4.16)

for the functions hi(¢)) and ho(1)) given in (2.4). Inverting ¢(t) yields the asymptotic
expansion of the distribution function of T¢rs(w) given as

~

PlTgrs(v) < o] =G4 (7) + {Gyya(r) — Gy(x) tha ()
+ {Gysa(x) = 2Gqpa + Gy(2) Yo () + o(k71), (4.17)

where G,(z) is the distribution function of x2, namely, G4(2) = [ g4(y)dy for the pdf
9q(y) of x2. Noting that Ggya(z) — Gg(x) = —2g442(x) = —2(x/q)ge(x), we can get the
expression (2.3) from (4.17), and the proof of Theorem 2.1 is complete. u
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Table 1: Size Estimates (%) of Tests T¢rs(0), Tars(¥), Tr(v), T (¢) and T3 () for
Y =1prwherep=3,¢q=2, a=5%and Hy: 31 = 3>, =0

Y Tars(0) Tars(¥pr) Te(Wpr) TF(Ypr) T5(Ypr)

k=30
0.0 5.0 3.9 2.7 2.2 2.0
0.2 29.7 6.9 5.8 5.1 4.9
0.4 46.9 6.8 5.8 5.1 4.9
0.6 57.8 6.7 5.8 5.1 4.9
0.8 65.1 6.6 5.8 5.1 4.9
1.0 70.5 6.6 5.8 5.1 4.9

k=10
0.0 5.1 3.6 14 0.4 0.0
0.2 29.0 10.6 6.8 4.1 1.3
0.4 45.9 11.8 8.1 5.8 3.2
0.6 56.7 11.9 8.5 6.3 4.1
0.8 63.7 11.8 8.7 6.6 4.7
1.0 68.7 11.8 8.7 6.6 4.9

Table 2: Size Estimates (%) of Tests Tgrs(¥), T (¥) and T3 (¥) for ¢ = dpy, Yy, and
Yremr where p=3,g=2, a=5%and Hy: 1 = P2 =0

YFH YML YREML

v Tars T T35 Ters TP T35 Tars 17 T3
k =30

0.0 4.0 2.5 24 4.0 1.6 1.5 3.7 23 2.2

0.2 6.8 5.1 5.0 89 4.8 4.7 6.9 5.1 4.9

0.4 6.8 5.1 5.0 87 5.0 4.8 6.8 5.1 5.0

0.6 6.7 5.1 5.0 87 5.0 4.8 6.7 5.1 5.0

0.8 6.7 5.1 5.0 86 5.0 4.8 6.7 5.1 5.0

1.0 6.6 5.1 5.0 86 5.0 4.9 6.7 5.1 5.0
k=10

0.0 3.6 0.8 0.2 25 0.0 0.0 1.5 0.2 0.1

0.2 104 49 28 14.5 1.0 0.0 78 35 19

0.4 11.7 6.4 4.3 184 2.5 0.0 10.2 5.3 3.5
0.6 11.8 6.6 4.9 19.7 3.5 0.0 11.1 6.1 4.4
0.8 11.7 6.6 5.1 20.0 4.0 0.1 11.3 6.4 4.8
1.0 11.7 6.6 5.2 20.1 44 0.2 114 6.5 5.0
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Table 3: Size Estimates (%) of Tests Tars(¥), T7 (1) and T3 (1) for 1 = pr, Yrm, Vs
and Yrpyr where k=20, p=6,¢g=4and Hy: o =3 =01 =05 =0

YPR YFH YMmL YREML
Y Tors 1Y Ty Ters 17 T3 Ters 17 T3 Ters 17 T3
a=5%
0.0 3.7 1.0 0.6 3.7 1.3 0.9 3.1 0.0 0.0 22 0.6 04
0.2 10.3 56 44 10.1 5.8 4.8 19.9 3.1 1.7 9.6 5.5 4.5

0.4 105 6.2 5.2 10.3 6.3 5.4 21.7 46 3.0 10.2 6.1 5.1
0.6 104 6.3 5.3 10.3 6.3 5.4 219 4.8 3.2 10.3 6.3 5.3
0.8 104 6.3 54 10.3 6.2 5.4 219 5.0 3.3 10.2 6.2 5.4
1.0 104 6.3 5.5 10.3 6.2 5.5 21.7 5.0 3.3 10.2 6.2 5.4

a=1%
0.0 0.7 0.0 0.0 0.6 0.0 0.0 0.5 0.0 0.0 0.3 0.0 0.0
0.2 4.0 1.0 0.2 3.9 1.2 0.6 9.3 0.3 0.0 3.6 1.0 0.5
0.4 43 1.5 0.6 4.1 1.6 0.9 11.0 0.8 0.0 4.0 1.5 0.8
0.6 4.2 1.6 0.9 4.1 1.7 1.0 11.1 0.9 0.0 4.1 1.6 0.9
0.8 4.2 1.6 0.9 4.1 1.7 1.0 11.0 1.0 0.0 4.1 1.5 1.0
1.0 4.1 1.7 1.0 4.1 1.7 1.0 11.0 1.0 0.0 4.1 1.6 1.0
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