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Abstract

Abstract: This paper proposes a continuous-time term-structure model under stochastic differential util-
ity with non-unitary elasticity of intertemporal substitution (EIS, henceforth) in a representative-agent
endowment economy with mean-reverting expectations on real output growth and inflation. Using this
model, we make clear structural relationships among a term structure of real and nominal interest rates,
utility form and underlying economic factors (in particular, inflation expectation). Notably, we show
that, if (1) the EIS is less than one, (2) the agent is comparatively more risk-averse relative to time-
separable utility, (3) short-term interest rates are pro-cyclical, and (4) the rate of expected inflation is
negatively correlated with the rate of real output growth and its expected rate, then a nominal yield
curve can have a low instantaneous riskless rate and an upward slope. Keywords: Stochastic differential
utility; Non-unitary EIS; Term structure of interest rates; Inflation expectation. JEL codes: E43, G12.

1 Introduction

A term structure of interest rates plays a crucial role in practice. From a Macroeconomic
perspective, investors and central banks obtain market information regarding future interest
rates from bond yield curves. Also, from a Finance perspective, fixed-income markets trade a
large amount of bonds and derivative securities sensitive to interest rates. The term structure
of interest rates is used for pricing not only the bonds and the interest rate derivatives but
also all other market securities.

Despite such importance of the term structure of interest rates, surprisingly, people know
little about structural relationships among underlying economic factors, utility structure,
and yield curves. From historical data, we know that, on average, a nominal yield curve

slope up (Homer and Sylla (2005)). Based on standard term structure models such as Cox,
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Ingersoll, and Ross (1985), an upward-sloping real yield curve implies that, the real short-
term rates should be counter-cyclical. On the other hand, from several empirical studies,
we know that the real GDP growth rates are positively correlated with nominal short-term
rates. How can we replicate the yield curves well by using structural economic factors?

To answer this question, there is a recent growing literature on the term structure of real
and nominal interest rates using homothetic recursive-utility models. Notably, Piazzesi and
Schneider (2006) predict in a recursive utility model in discrete time that, when inflation
is bad news for consumption growth, the nominal yield curve slopes up, whereas the real
yield curve slopes down. Also, Nakamura, Nakayama and Takahashi (2008) study a similar
recursive utility model in continuous time and supports their results in a more rigorous
way.! However, most of the previous recursive-utility models assume unitary elasticity of
intertemporal substitution (EIS, henceforth) to achieve solvability for the analytical form of
the yield curves. The assumption is restrictive in reality. For example, in those homothetic
recursive utility models, the assumption results in a constant consumption/wealth ratio over
time. According to several asset pricing papers, the result is not supported. Also, Chen,
Favilukis and Ludvigson (2008) show empirically that EIS is different from one. Now, a
question is raised: can a recursive-utility model with non-unitary EIS replicate an actual
term structure of real/nominal interest rates better?

The purpose of this paper is to provide a framework to answer the question by construct-
ing a continuous-time term structure model in environments with (i) stochastic differential
utility (SDU, henceforth), a form of recursive utility in continuous time, with non-unitary
EIS and (ii) mean-reverting expectations on the rates of inflation and real output growth.?
Specifically, we find that, if (1) the EIS is strictly less than one, (2) the agent is compar-
atively more risk-averse relative to time-separable utility, (3) real short-term interest rates
are pro-cyclical, and (4) the rate of expected inflation is negatively correlated with the rate
of real output growth and its expected rate, then a nominal yield curve can have (i) a low
instantaneous riskless rate and (ii) an upward slope. Intuitively, when the agent is charac-

terized by the conditions (1) and (2), she has the motive of longing the instantaneous zero

ITheir model replicates typical shapes of the term structures by controlling the structural parameters and the conditional
variances/covariances of the state variables.
2We apply some theoretical results of SDU that are derived by Schroder and Skiadas (1999) and Skiadas (2007).



coupon bonds to mitigate income risk in the case that the expected income growth rate is
positively correlated with the income growth rate (in which case the condition (3) holds true
under some relevant conditions®). At the same time, she has the motive of shorting the nom-
inal long-term bonds to mitigate income risk when the expected inflation rate is negatively
correlated with the real output growth rate and its expected rate (that is, when the condi-
tion (4) holds true). This result resolves the risk-free rate puzzle, like Weil (1989) studies it
in a discrete-time recursive utility model and, at the same time, produces an upward sloping
nominal yield curve. Moreover, in this case, a higher level of the risk aversion results in a
lower instantaneous riskless rate and a steeper upward-sloping nominal yield curve.

The main contributions of this paper are twofold. First, due to mathematical tractability
of the continuous-time framework, this paper is successful in making clear relationships
among the yield curves and some structural parameters of the economic environments and
the utility form. In particular, this paper shows that non-unitary EIS and risk aversion to
the uncertainty of future utility play a key role in determining the level and the slope of the
real and nominal yield curves. Moreover, our paper probes more deeply into the effect of
the expected inflation shock on the slope of the nominal yield curve. As a consequence, we
show that, with regard to the role of monetary policy on the term structure of interest rates,
higher credibility in price stability makes the upward-sloping nominal yield curve flatter.

Second, this paper is successful in solving numerically for yield curves. In general, it is
difficult to examine quantitatively the term structure of interest rates under SDU with non-
unitary EIS, because there is no closed-form solution of it. Against such difficulty, Hansen,
Heaton, Roussanov and Lee (2008) derive the first-oder approximation around § = 1. In
contrast, we obtain numerical results by using the regression-based Monte Carlo method
of Gobet, Lemor and Warin (2005) for backward stochastic differential equations (BSDEs,
henceforth).

In related literature, Duffie and Epstein (1992) and Duffie, Schroder and Skiadas (1997)
look at a term structure model under SDU mainly with unitary EIS, and study the effect of

the preference for the timing of resolution of uncertainty on the term structure. In contrast,

3For more details, see footnote 12 below.



this paper solves for real and nominal yield curves under SDU with non-unitary EIS, makes
clear their relationships with the structural parameters of economic environments and the
utility form, and draws macroeconomic implications from them.

This paper is organized as follows. The next section defines SDU. Section 3 sets up a real
endowment economy under SDU and derives real yield curves. Section 4 extends the model
into a nominal economy and derives nominal yield curves. Section 5 analyzes quantitatively
the yield curves in relationships with macroeconomic factors and the utility form. The final
section concludes. Several supplementary notes and proofs for theorems, propositions and

lemmas are placed in Appendices.

2 Stochastic differential utility

This section defines stochastic differential utility (SDU, henceforth), a form of recursive
utility in continuous time, of consumption. Time parameter is ¢ € [0,7], where T' > 0 is a
given terminal time. Let (2, {F;}o<i<7,F, P) denote a filtered probability space that satisfy

the usual conditions. There are single non-storable consumption goods.

An agent consumes the consumption goods. A consumption process ¢ = {¢;; t € [0,T]}
is assumed to be real-valued, non-negative and {F; }o<;<r-adapted, and satisfies some math-
ematical regularity conditions. The agent ranks her consumption plan ¢ based on SDU of

consumption V;(c) (we may also write simply V;) for each ¢ € [0, 7], which is characterized by:
dVi = —f(cs, Vi)dt + %] dBy; Vi = 0. (2.1)

B denotes a 2-dimensional Brownian motion defined on the probability space. The super-
script T of a vector or a matrix represents its transpose. f(c;, V;) is called a (normalized)
aggregator. We focus attention on a particular form of the aggregator that is introduced by

Schroder and Skiadas (1999): for constants «, 3, d,

(1+a) {55 lol ™= = o} (if6 £1),

(2.2)
(1+av) {logc - glog(l + ow)} (if 6 =1).

fle,n) £

Call this type of the aggregator the Schroder-Skiadas (SS, henceforth) aggregator. We will

use some theoretical results of Schroder and Skiadas (1999), without a further reference, in



the remaining. For the details, see their paper. In Eq.(2.2), § denotes time preference. The
reciprocal of § (that is, %) denotes elasticity of intertemporal substitution (EIS, henceforth)
where ¢ > 0; non-unitary EIS corresponds to § # 1, whereas unitary EIS corresponds to
0 = 1. We will discuss the notion of « shortly below.

Put a parametric assumption:
a>-1 and 1-6< min{l, H%} (if § £ 1),
as<p (ifd=1).

Assumption 2.1 >0 and

This assumption ensures the existence of a unique well-defined V; for each consumption

process c. Moreover, Vj is strictly increasing, concave, and homothetic in c.
To interpret the parameter « intuitively, we take a monotonic transformation of the utility

function V;:

(V,)T+ if §<1;
Vi=4 —|Vi|Ts if 6> 1; (2.3)
Llog(1+aV;) if §6=1.

Under the SS aggregator, the monotonically transformed utility process V;, which is ordinally

equivalent to the original utility process V, is written as:

; B ([ e 260 (S5 4+ 3V lop)][7) ds] - (when 82 1),
E, [fT e=Bls=1) (log cs + 5 ||‘7V(3)||2) ds] (when 6 = 1).

t

Note that standard time-separable utility, denoted by ‘A/t(s), is written as:

-5

E; [ftT e~Als=1) (01%6) ds] (when § # 1),

E, [LT e—B(s—t) (1og cs) ds] (When § = 1).

P

Thus, the utility V; in Eq.(2.4) can be decomposed into two parts: (1) the time-separable
utility (o = 0) and (2) additional utility. In the second part, ||oy(s)||* stands for the
uncertainty of the future utilities. When 0 < 1, since V, >0 for all t < T, the additional
utility with o < 0 causes an additional penalty for the uncertainty of the future utility,
whereas the one with a > 0 causes an additional reward for it. When § < 1, the agent is

said to be comparatively more risk-averse (relative to the time-separable utility) if —a > 0,

4For the proof of this claim, see appendices in Schroder and Skiadas (1999).



whereas the agent is said to be comparatively less risk-averse (relative to the time-separable
utility) if —a < 0.

When 6 = 1, V, is not uniformly signed. Still, since the sign of the second part of the
utility does not depend on the sign of ‘A/}, the same conclusions are valid when 6 = 1. On the
other hand, when 6 > 1, the effect of the sign of « is reversed because Vi <0forallt<T.

In either case of d§, the agent pays no attention to the uncertainty of the future utility
when o = 0; her utility, not only V but also V', is said to be time separable. When « # 0,

by contrast, the utility, not only V but also V', is said to be time-nonseparable.

3 Real yield curve

This section derives a real yield curve under SDU. We consider a representative-agent en-
dowment economy. A representative agent is lived on [0, 7] and ranks a consumption plan

based on the above-defined SDU.
There exist two state variables. The first state variable is the endowment of the con-
sumption goods, denoted by e. The endowment process is exogenous and is governed by the

following stochastic differential equation (SDE):

des

— = pe(t)dt + ol dBy, eo € Ry (3.1)
t

where p.(t) £y, — B and 0, € R**! is a constant vector. v, stands for the expected endow-
ment growth rate and is the second state variable, which is stochastic and, in particular, is

mean-reverting:
dvy = k(v—w)dt+o)dB;,, 1vyeR (3.2)

where 7 is a constant and o, € R**! is a constant vector. ¥ denotes the mean-reversion level

of the expected endowment growth rate and k£ means the speed of the mean reversion.
From Skiadas (2007), under Assumption 2.1 and the above set-up, the equilibrium utility

process V; for t > 0 is well-defined for the following decoupled forward-backward stochastic



differential equations (FBSDEs, henceforth):®

e — pe(t)dt + 0] dBy;, e € Ry,
dvy = k(v — v)dt + 0} dB;, 1y € R, (3.3)
AV, = —fley, Vy)dt + X[ dB,, Vp =0.

Assume that there is some function J € CY%([0,T] x R?) such that V; = J(t, e, 14). The

equilibrium utility process V; = J(t, e;, 1) then satisfies:

dJ, = —fles, J)dt + o 5(t) T dB,. (3.4)

where 0, £ eaeg—;’ + ay%. The derivation of Eq.(3.4) is shown in Appendix E.

In this equilibrium, a pricing kernel is written as:°

Tt = €Xp {/Ot folew, Ju) du} felet, J¢). (3.5)

Note that f.(c,v) = %, fole,v) = W, and fo(c,v) = % and so on. Under

no arbitrage, the pricing kernel 7; satisfies the following equation, using an instantaneous

riskless rate r; and the market price of risk A;:

t t 1 t
Wt:exp{—/ Tudu}exp{—/ )\IdBu—i/ |)\u|2du}.
0 0 0

Or, equivalently,

d
T pdt — )\ dB,. (3.6)

Tt

From Eq.(3.5) and Eq.(3.6), the market price of risk is specified as follows:

Lemma 3.1 The market price of risk, A\, is given by

Ao = 0o (— ef> +o(t) (— f) . (3.7)

The superscript “x” of f and its partial derivatives denotes that they are evaluated at

equilibrium values (that is, ¢ = e and v = J); that is, define f* £ f(e,J), f* £ f.(e,J) and

f = f,(e,J) in an abbreviated form.

5We can show the existence of the equilibrium in the endowment economy.
6The existence of the pricing kernel is ensured in our model. Also, see Skiadas (2007).



On the other hand, with regard to the spot rate ry, since r, = —Dm;/m; in Eq.(3.6) where
Dy denotes the drift coefficient of 7;, we obtain the following lemma in a similar way to the

above proof of Lemma 3.1:

Lemma 3.2 The instantaneous riskless rate is given by:

D fc(et, Jt)

re = —foler, Ji) — feler, Ji) .

(3.8)

Now, substitute the SS aggregator Eq.(2.2) into the above Eq.(3.7) and Eq.(3.8). We

then obtain the following proposition:

Proposition 3.1 Under the SS aggregator in Eq.(2.2), the instantaneous riskless rate ry and

the market price of risk \; are specified in equilibrium as: when § # 1,

2

olo(t) o oy(t)

- ﬂ+5ue(t)—%6(1+6)||ae||2+a5m+§ T (3.9)
= 4 buelt) - gl - i+ S || e (3.10)
A = 6ae—a(lgjg§Jt (3.11)
When 6 =1,
ro= B~ ol +a e 3.12)
= B nelt) = 5 el = GlINIE + o | T 2 (3.13)
A = aea%. (3.14)

We provide the results with some intuitive interpretations as follows. First, with regard
to the instantaneous riskless rate 7, let us see Eq.(3.9) under § # 1 and Eq.(3.12) under
d = 1. The first and second terms on the right hand side 5+ dp.(t) = (1 — )5 + dv; stands
for the instantaneous return that the investor would demand if o, = 0, = 0,(t) = 0 (i.e.,

income is deterministic). These terms exist under a = 0 (time separable utility) as well.

leoe||” = =252 ||o,||?,” £, determines the sign of this term.

In the third term “—1fece .

2 fr

In this model, f*_ > 0 while f* < 0. Hence, the third term is negative. From an economic

*

- implies prudence of the investor, that is, the strength of the investor’s

point of view,

motive to make extra (i.e., precautionary) savings caused by future income being random



rather than deterministic. Intuitively, when the investor is prudent (that is, f, > 0),

*

—fr 1is decreasing in e; that is, the investor is more risk averse when her income level is
lower. Accordingly, when her income is stochastic, the prudent investor has an incentive to
hedge the downward income risk. Therefore, she demands bonds to hedge the risk, and can
purchase them even when the riskless return is low; the equilibrium instantaneous riskless
return is lowered. Note that in such stochastic income environments, this term exists when

the utility is time separable (i.e., @ = 0) as well.

The fourth term “—Zxe,0lo,(t) = (MM’ of Eq.(3.9) is specific to the time non-

f& (1+a)J;
separable utility (i.e., o # 0). With o] 0;(t) given, the sign of the term depends on the sign of
ffi” e = (1+— Recall that f* = (1+a)(e;) °|J| 7= and f%, = —aé(et)_5_1|Jt]_1+%sgn(Jt).

Since 6 > 0, a > —1, and thus f* > 0, the sign of this fourth term depends on the sign of

X s 1€, sgn(a)sgn(Jy). Recall that J; is positive (negative) when § < 1 (when § > 1, re-
spectively). Now, suppose oo;(t) > 0, that is, that when the endowment growth rate
increases, the expected discounted utility increases (vice versa). When the agent is compar-
atively less risk-averse (that is, either when 6 < 1 and o > 0 or when § > 1 and a < 0), the
fourth term is positive; it pushes up the equilibrium instantaneous riskless rate. An intuitive
interpretation is as follows. Since f7, < 0, —fZ is increasing in J. Under o 0;(t) > 0, when
her income is lower, the investor becomes less risk-averse. Therefore, she has an incentive
to sell (i.e., take a short position of) instantaneous zero-coupon bonds. On the other hand,
suppose that the agent is comparatively more risk-averse (that is, either that § > 1 and
a > 0 or that § < 1 and o < 0). Since f%, > 0, the effect of the fourth term is reversed.
Also, when oo ;(t) <0, it is reversed. When ¢ = 1, the interpretation of « is the same as
in the case of § < 1 because, by construction, (1 + a.J;) is positive.

o @)I[* = 5 || ey

« 1 f:vv
The fifth term “—3 e 1+a)Jt
separable utility (i.e., @ # 0) and non-unitary EIS (i.e., 6 # 1); the corresponding term does

2 f&

” of Eq.(3.9) is specific to the time non-

not exist in Eq.(3.12) under 6 = 1. Recall that f

v

— ey (e)” O Jy| e T . Accordingly, in
the fifth term of Eq.(3.9), fZ, is positive (negative) when o < 0 (when o > 0, respectively).
Suppose o < 0. Then, the marginal utility of the consumption f is convex in J. Therefore,

due to Jensen’s inequality, the utility uncertainty || J(t)|]2 > 0 results in a higher level of



the expected marginal utility of consumption (that is, the zero-coupon bond price) than in
case that fr is linear in J;. Call this the “convexity effect” of the fifth term. Due to this
effect, the equilibrium instantaneous riskless rate is lowered; the fifth term is negative. When
a > 0, the effect is reversed — call this the “concavity effect.” Note that this effect of this
term is independent of sgn(.J). Notably, since f = 0 in case of § = 1, the term does not
exist in the unitary-EIS case; it is specific to the case of § # 1 under the time nonseparable
utility.
Next, with regard to the market price of risk A, from Eq.(3.7),

w=on (<) ot (<02,

In the first term on the right hand side, — fic = ¢ is relative risk aversion against the income

risk under the part of the time separable utility. Hence, the first term stands for the risk

price of income growth uncertainty. On the other hand, the second term o;(t) (—?—2) is

specific to the time nonseparable utility (i.e., a # 0). fZ represents how a small change of
J; change the marginal utility of consumption f7. Thus, in parallel to the the first term,
fE'U
f*
Let P(t,s) and R(t,s) denote time-t price of zero coupon bonds maturing at time s and

means the additional risk price through J per one unit of o,(t).

the spot yields from time ¢ to time s, respectively:

E, {exp{/ rudu} exp{/ )\IdBuf%/ Aul? duH, (3.15)
¢ ¢ ¢

R(t,s) = - . i ; log P(t,s). (3.16)

P(t,s)

From Eq.(3.15) and Eq.(3.16),

R(t,s) — —SitlogEt [exp{—[ (ru+;|/\u|2> du}exp{—/tS/\ZdBuH. (3.17)

From Eq.(3.10) and Eq.(3.13),

s (1+ ) ay(t)
7”t+1‘|)\t||2 _ 5+6/‘e(t)_§|0'e||2 R (IJ:Q)‘QI H 1f5751
2 9 "
B+ pe(t) = 3 lloe||” + 3o 2] 2| e =1),.

10



Substituting these and Eq.(3.11) and Eq.(3.14) into Eq.(3.17),

| e (e gt e ) - (6 # 1)
— 35— 08 ' ,
T t s 6 _ U,](u) TdB
R( ) exp ft Oe Oé(l-‘,—oz)Ju u (3 18)
t,s) = r '
e (e §||ae||2+§a2\(11"3)\\)61“} .
T st og Lt s oy(u) (1 a )
exp _ft (Ue_a(1+aju)) dBy

When § = 1, we obtain a closed-form, analytical solution of the term structure of interest
rates. The solution in the case of T' — oo is placed in Appendix A. For the derivation of it,
see Nakamura, Nakayama, and Takahashi (2008). On the other hand, when § # 1, we obtain
no explicit, analytical solution of the spot yields, because this model with § # 1 obtains no
closed-form solution of J. Accordingly, we solve numerically the decoupled FBSDEs (3.3).

For the details of our numerical method, see Appendix B.

4 Nominal yield curve

So far we have confined attention to the real economy. However, in practice, most fixed
income products pay in nominal terms, not in real terms. A real zero coupon bond is a
security that pays one unit of consumption goods at its maturity, whereas a nominal zero
coupon bond pays one unit of currency at its maturity. This section investigates the nominal

term structure by introducing a price index process.

First, set two additional state variables: the price index and its expected growth rate
(that is, the expected inflation rate). In particular, the expected inflation process follows a
mean-reversion process. Precisely, let N, denote the price index process and ¢ is its expected

inflation rate as follows:

dN,
=t = Etdt+0';]rdBt, NO € R+
N; g
dey = 0(E—ep)dt+ U;—dBt, g €R

where 6 (the speed of the mean reversion) is a positive constant, & (the mean-reversion level
of the expected inflation rate) is a constant. Also, o, and 0. € R**! are constant vectors.

The processes defined in the previous subsections are modified appropriately.

11



The pricing equation is as follows: with regard to the nominal price of any asset pt,

Note that, for any variable x in real terms, & denotes the nominal value of z. In particular,

with regard to the nominal bond that pays one unit of currency at maturity s.

Pt Ts 1
N~ b [N} 4.1

Using Eq.(4.1), look at the role of the inflation factors (that is, the price index process N
and the expected inflation process ¢) in the equilibrium pricing. Decompose the right hand
side of the equilibrium pricing formula Eq.(4.1) into two parts: the real pricing kernel fr—: and
the real payoff at the maturity Ni This model implicitly assumes that the agent maximizes
his utility of real consumption, not of nominal one. In such economic circumstances, the
real pricing kernel 7+ is the same as the one in the previous real economy.” In other words,
the inflation factors influence the equilibrium price only through the real payoff, not through
the real pricing kernel. A higher (lower) level of the price index depreciates (increases,
respectively) the real value of the nominal payoff. Hence, when the inflation factors covariate
more positively with the real pricing kernel, the price (the premium) of the nominal bond

declines (increases, respectively).
Specifically, Let p(t, s) and ]%(t, s) denote time-t price of zero coupon bonds maturing at

time s and the spot yields from time ¢ to time s, respectively:

P(t,s) = E, [exp{—/ rudu} exp{—/ )\IdBu—%/ ||)\u|2du}-]J\\;t], (4.2)
t t t s

R(t,s) = — 1t10g]5(t,s). (4.3)

From Eq.(4.2) and Eq.(4.3),

. 1 s s 1 f° N,
R(t,s) = - _tlogEt [exp{—/ rudu} exp{—/ A\ dB, — 5/ [ Aal? du} . Nt} .
t t t s

7Suppose, on the contrary to our model, that the agent maximizes his utility of nominal consumption. Then, the inflation
factors can influence the real pricing kernel.

12



Applying Ito’s formula to N% simply,

d<1> = ( )dNt |\on||2dt

N,
{( e+ ||onl] )dt—o—;dBt}

Thus,
R(t ) 1 oo B exp{—f: rudu} exp{—ftS A\ dB, — %fts H)\UHQdu}-
yS) = — 0g L
s—1 ex €u — |lon exp “oldB, — 1 [7||o, |2du
| exo {= J7 (2 lloulP? 57 llow
Lo exp{—ftS (ru+6u— llownl? —O’T)\u> du}-
= - Of Lt
s—t exp{—f:()\u—l—an) dB, _,ft [| A\ —I—Un|| du}
exp{— [’ Fudul-
I A{ Ji Pudu} 4)
s—1 exp{—j;s)\IdBu—éf: du}

where 7, and \; are defined as:

P o= reder—||onllP — o) A, (4.5)

)\t = At +op. (46)

From an analogue of Eq.(3.17), 7 and ), can be interpreted as a nominal instantaneous
riskless rate and the nominal market price of risk, respectively.

Similarly to the arguments regarding the real yield curve in the previous section, when
0 = 1, we obtain a closed-form, analytical solution of the term structure of interest rates
(see Appendix A), whereas, when § # 1, we numerically solve for the yield curve. For the

numerical method, see Appendix B.

5 Quantitative analysis: Macroeconomic implications

In this section, we draw macroeconomic implications from quantitative results regarding the
real and the nominal yield curves under the SDU characterized by the SS aggregator. We

confine attention to the case of non-unitary EIS (§ # 1), which takes on the value either of

13



0.5 or 1.5 in our numerical analyses.® This magnitude of EIS (i.e., 1/4) that we focus on is
similar to the ones chosen by Bansal and Yaron (2004) and Hansen, Heaton, Roussanov and
Lee (2008). In fact, it is consistent with a large previous empirical literature.® With regard
to a, we set € {0, 0.9} when 6 = 0.5 and o € {0, 3, 9} when § = 1.5. Note that we restrict
« to be non-negative, although « can take negative values. This is because, with « fixed at a
positive value, by changing from 6 = 0.5 into § = 1.5, the role of « is reversed; when § = 0.5,
the agent is comparatively less risk-averse, whereas when § = 1.5, she is comparatively more
risk-averse. Therefore, our model is rich enough under the restriction of a > 0. Set 8 = 0.01.

Under the above-specified underlying economic structures, we take a sufficiently large
value of T'; we set T' = 400 years. The instantaneous riskless rate and the spot yields are
evaluated at time t = 0. We set the parameters and the variance and covariance matrices of
the state variables as in Table 1.

For simplicity, we assume that the correlation between inflation and real factors are zero.
By doing so, we confine attention to the effect of the expected inflation on a nominal term

structure of interest rates.

Table 1: Set of Parameters

For 6 = 0.5. For § = 1.5.
0.01 « 0or 0.9 J6] 0.01 « 0,3o0r9
lloel| 0.05 o] 0.1 || lloell 0.05 o] 0.05
7 0.03 €0 0.03 2 0.03 €0 0.03
U 0.03 g 0.03 1% 0.03 g 0.03
k 0.5 0 0.1 k 1 0 0.05
oy || 0.02 o] 0.02 | | ||ou]| 0.02 l|o| 0.01
Pev 0.5 or -0.5 Pecs Pre 0.5 or -0.5 Pev 0.5 or -0.5 Pecy Pre 0.5 or -0.5
Pens Puns Pen 0 Pens Puns Pen 0

5.1 Level of the yield curve

Let us examine the real instantaneous riskless rate at time ¢ = 0, which we regard as the

level of the yield curve in real terms. In Eq.(3. 9) with 0 fixed and « changed, only the

fourth term aéalf‘])J and the fifth term 2a ‘

(1+a H can be changed. Look at the case of

8Under the SS aggregator, the utility form with the unitary EIS is not a limit of the one with the non-unitary EIS as § — 1,
because of the technical reasons.
9For the reference, see Bansal and Yaron (2004).
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Table 2: The values of the covariance processes at time 0: 6 = 0.5, a = 0.9.

U:U] U‘TG’J U;U] U;FUJ ‘ oy(t) 2

(1+a)J: (14a)Je (14a) Je (14a)Jy (14a)Jy
Pev = 0.5, pee, pre = 0.5 0.00171  0.000631 -0.0000000827  0.000438 0.00145
Pev = 0.5, pes, pre = —0.5 0.00171  0.000631 -0.0000000827 -0.000438 0.00145

Pev = —0.5, pec, pre = 0.5 0.000726  0.000144  0.0000000598  0.000435 0.000489
Pev = —0.5, pee, pre = —0.5 0.000726 0.000144  0.0000000598  -0.000435 0.000489

d =0.5. Set @ € {0, 0.9}. From the numerical results (Table 2), the covariance between the
endowment growth rate and the utility in equilibrium (i.e., 0/ o ;(t)) is positive at time ¢t = 0;
% is 0.00171 (when p., = 0.5) and 0.000726 (when p., = —0.5) at time 0. When o > 0
and § < 1 (that is, the agent is comparatively less risk-averse), the investor possesses the
motive of shorting the bonds; the fourth term is positive. Also, the fifth term is positive due
to the concavity effect. Accordingly, a positive level of a pushes up the level of yield curve
in comparison with the case of the time separable utility (o = 0). Moreover, a higher level
of a causes a higher level of the motive of shorting the bonds in the fourth term and a higher
level of the concavity effect in the fifth term. Therefore, a higher « results in a higher level
of the instantaneous riskless rate. In our examples, the correlation between the endowment
growth rate and the expected endowment growth rate (p.,) takes on the value either of 0.5
or —0.5. From Figure 2, when o« = 0.9, p,, > 0 results in a slightly higher level of the yield
‘2

are larger when p., > 0 than when p., < 0 at time ¢ = 0.'° Accordingly, the

a(t)

curve in comparison with p., < 0. The reason is as follows. From Table 2, both ’ TSN

ol ay(t)

and (1+a)J;

fourth term and the fifth term both are larger when p., = 0.5 than when p., = —0.5; the
yield curve is lifted up higher when p., = 0.5. With a higher level of «, the lift is higher.
Next, look at the case of § = 1.5. We take a € {0, 3, 9}. From the numerical results (Ta-

ble 3), the covariance between the endowment growth rate and the utility in equilibrium

ol o;(t)
(1+a)J¢

—0.00146 (when p,, = 0.5) and —0.00100 (when p., = —0.5) for & = 3 and —0.00140 (when

(i.e., ol o;(t)) is positive at time ¢t = 0, as in the case of § = 0.5; since J < 0, is

pev = 0.5) and —0.00101 (when p,, = —0.5) for & = 9 at time 0. When o > 0 and § > 1

(that is, the agent is comparatively more risk-averse), the fourth term «d ‘(7117—()6’)2 is negative,

implying that the investor possesses the motive of holding the bonds. This is a contrast to

10Note that these results are consistent with the case of § = 1 that is shown in Appendix A.
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Table 3: The values of the covariance processes at time 0: & = 1.5.

U;UJ UIUJ UIC"J CTZUJ ‘ os(t)
(14a)J; (14a)J; (14+a)Je (14a)J; (14a)J;
a=3 Pev = 0.5, pee, pre = 0.5 -0.00146  -0.000437  0.0000000333 -0.000170 0.000309
Pev = 0.9, pee, pre = —0.5 -0.00146  -0.000437  0.0000000333  0.000170 0.000309
Pev = —0.5, pee, pre = 0.5 -0.00100  0.0000523  0.0000000307 -0.000174  0.000158
Pev = —0.9, pee, pre = —0.5 -0.00100  0.0000523  0.0000000307  0.000174 0.000158
a=9 Pev = 0.5, pee, pre = 0.5 -0.00140  -0.000417  0.0000000318 -0.000163 0.000282
Pev = 0.5, pec, pre = —0.5 -0.00140  -0.000417  0.0000000318  0.000163 0.000282
Pev = —0.5, Pec, pve = 0.5 -0.00101  0.0000528  0.0000000310 -0.000175 0.000160
Pev = —0.5, pec, pre = —0.5 -0.00101  0.0000528  0.0000000310  0.000175 0.000160

a(t)

2
(o) s is positive due to the concavity

the above case of & = 0.5. The fifth term %a’

effect, as in the case of § = 0.5. A higher level of « causes a higher level of the motive of
purchasing the bonds in the fourth term and a higher level of the concavity effect of the fifth

term. Since these two effects are opposite, the total effect is uncertain analytically. In the

2
numerical examples (Figure 1), || =2 ® H is approximately 0.00016 ~ 0.00031 at time 0.

(1+a)J:

Accordingly, the fourth term is stronger than the fifth term; the level of the yield curve is

lower when o« = 9 than when o = 3, in either case of p., = 0.5 or p., = —0.5. More precisely,
% is smaller when p., = 0.5 than when p., = —0.5. This is consistent with the case

of = 1 that is shown in Appendix A, as discussed in footnote 10. Following the logic, we

ol ay(t)

» Grad, could be larger; moreover, it could be

can guess that, when p., is lower than —0.5
positive. The total effect of the fourth term and the fifth term could then be positive. If so,
on the contrary to the above numerical result, the level of the yield curve would be higher
when « > 0 than when o = 0. On the other hand, by contrast, when p., > 0 and o > 0, the
level of the yield curve is low.

Next, with regard to the level of the nominal yield curve, from Eq.(4.5), the difference
between the real instantaneous riskless rate and the nominal one is 74 — rp = &, — ||, ||* —
o) \i. With regard to the far right term, from Eq.(3.11), o]\, = o, <6ae - a%).
Due to the parametric assumption of zero correlation between the inflation rate and the
real factors and between the inflation rate and the expected inflation rate, o ); is negligible
(Table 2, Table 3). Accordingly, a does not influence the difference 7, —r;. In these numerical

examples, the nominal instantaneous riskless rate at time ¢ = 0 is higher than the real one

by approximately 2.00% when § = 0.5 and 2.75% when 6 = 1.5 (Figure 1, Figure 2).
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Figure 2: § = 0.5 Yield curves
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5.2 Slope of the yield curve

With the slope of the yield curve, from Eq.(3.18),

B 2
1 exp{ L( + Op1e (1) — 5o |2 + 2 (11223‘}““)‘1“}'
R(t,s) = —S_tlogEt .
oxp{ - J7 (im0t ) am.)
1—06)3+ ovy — ||oe||?
[ 0o el |

1 t
_ a(1+a) og(u)
= ——logB; |exp + (1;a H . (5.1)

~ I} (S0~ i) am,

To obtain some intuitive understandings of this equation, we impose two simplifications.

First, set & = 0: that is, v, = v; + ftu o) dB,. Second, @ +C(f))J is replaced by a constant

matrix, denoted by ;. The reasoning for these two treatments will be discussed below. Let

R%(t, s) denote the spot yield that is approximated based on these two simplifications.

AP _ _
R(t,s) = 1 —68%]|o,| % - 52JZUV¥ +ado,) 5y (s 5 t). (5.2)
where
5(1+46
Ty = h{nR“(t s)=Rt,t) =0+ (1-6)3— ( ;_ )Hae\|2 + % 1G1I° + ado 6.

That is, ¢ represents this instantaneous riskless rate and stands for the level of the yield
curve. Call this approximation normality approzimation. For the details of the derivation of
this normality approximation, see Appendix C.

Eq.(5.2) provides us with some intuitive interpretations of the results in real terms. How-

ever, Eq.(5.2) is not exactly the spot yield that we are solving for numerically, in the sense

that it is obtained on the assumptions of (1) & = 0 and of (2) being replaced by the

(1+ )J
constant matrix ;. With regard to the first assumption, we can guess that a higher level
of the speed (k > 0) results in a flatter yield curve than in the case of zero speed of the
mean reversion (k = 0). On the other hand, with regard to the second assumption, under
our parametric assumptions in Table 1, H—H is constant over the first 30 years, which

period of time we are focusing on (Figure 3).

We can conjecture that this is because our EIS parameter is relatively close to unity.
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Pee = pve = —0.5. The other parameters are set as Table 1. The value is calculated as sample mean in the
Monte-Carlo simulation. In each time-step, the (standard deviation)/(mean) ratio is 5 x 1072 at most. It is
small enough to regard the process as deterministic.

2
Figure 3: The mean value of ’ H over first 30 years in the case of § = 1.5, @ = 9, pe, = 0.5 and

Accordingly, the second simplification is a pertinent approximation under our parametric
examples.'’ In short, Eq.(5.2) is a useful tool to study our numerical results in an intu-
itive way.

Look at our numerical results regarding the slope of the real yield curve based on Eq.(5.2)
in more details. With ¢ fixed, let us examine the effect of o on the slope of the real yield
curve. As a benchmark case, look at the case of the time separable utility (o = 0). First,
—02 o, |7 % is derived from § [, o) dB,, in Eq.(C.1) shown in Appendix C. From Eq.(3.9),
we know that ftu o) dB,, represents the accumulation of the uncertainty of the equilibrium
instantaneous riskless rate from time ¢ to time uw under the normality approximation. Ac-
cordingly, the term —62||o,||” % corresponds to expected discounting. By the Jensen’s
inequality, this term is negative — call this effect the “convexity effect of the expected dis-
counting.” Therefore, —6%||o,||” % pushes down the slope of the yield curve; the down-
ward effect is increasing by square in maturity length.

(s—t)

Second, when ¢ o, > 0,'? the term —é%0, 0,5~ reduces the slope of the curve. In other

M Note that Eq.(5.2) is not necessarily be a good approximation in general.

12From Eq.(3.9), ov corresponds, at least partly, to the volatility of the equilibrium instantaneous riskless rate. Moreover,
. oy (t)
if (I+a)J:
pro-cyclical.

is characterized by a constant matrix, then do, is equal to it. Thus, O‘;rO'y > 0 means that real interest rates are
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words, under o0, > 0, the long-term bonds play a role of hedging income risk, because
holding the bonds mitigates the uncertainty of the future utility. Therefore, the investor is
willing to purchase the bonds at a lower rate of return; the term —(52020,,% is negative.
Call this effect a hedging effect. On the other hand, when o0, < 0, the effect is reversed.
Note that the effect of this term is linear in maturity length.

In total, when p., = 0.5, both the first and the second effects are negative; the yield
curve is sloping down. In addition, the slope should be more steeply under 6 = 1.5 than
under 6 = 0.5. On the other hand, when p., = —0.5, the first effect and the second effect
are opposite. The total effect is uncertain analytically. Still, the first effect is getting bigger
by square in maturity length, whereas the second effect is linear in maturity length. Even
although the yield curve may be sloping up (i.e., the second effect may be overwhelming the
first one) in short maturity length, it can slope down (the first effect is overwhelming the
second one) at longer maturity. Regardless of such detailed arguments, however, the real
yield curve under o = 0 is almost flat in either case of § because we are setting a high level of
the speed of the mean reversion of the expected endowment growth rate (k = 0.5 for § = 0.5

and k =1 for 6 = 1.5).

Next, look at the case of the time-nonseparable utility (@ # 0). In this case, the

(s=t)

term ado, & 7~ is effective; that is, this term is specific to the time nonseparable util-

ity. In parallel to the arguments regarding the level of the yield curves in the previous

subsection, when o > 0, the term ado, & J% stands for the motive of shorting (holding)

T

14

T

the long-term bonds when o5, > 0 (when ¢)5; < 0, respectively). When oG, > 0
(when o], < 0), the motive of shorting (holding) the long-term bonds pushes up (pushes
down, respectively) the slope of the yield curve. With a higher level of «, the effect of this
term is increasing. Note that, when a < 0, the effect is reversed. Also, the effect is bigger
when 0 = 1.5 than when § = 0.5. However, as discussed above, we set a high level of the
speed of the mean reversion of the expected endowment growth rate. The real yield curve
is almost flat under o # 0 as well. Still, when 6 = 1.5 and p., = 0.5 , we can observe in
Figure 1 that the yield curve is sloping down slightly in short maturity area. This is because
(s—t)

(1) the negative effect of the term ado, 6,5~ < 0 is added to the negative effects of the
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convexity effect —62 ||o, || % and the hedging effect —6%0] o,

(s—t)
2

, (2) all those negative
effects are amplified when § is bigger, and (3) there is a small effect of the mean reversion
in short maturity area. The downward slope in such a short-maturity area is steeper when
« is higher.

Note that, whereas we set such a high speed of the mean reversion of the expected
endowment process, we set a lower speed 6 of the mean reversion of th expected inflation
process. By doing so, we can confine more attention to the effect of the expected inflation

on the nominal yield curve.

From such a perspective, examine the slope of the yield curve in nominal terms. From

Eq. (4.4),

i s 2 T
. 1 exp{— (ru+su—\|an|| —Un)\u)du}~
R(t,s) = - tlogEt i . .
; exp {= [} O +00) " dBy = § [} 10+ 0l du}

(1—8)8 + vy — ol

1 _fts . 2 ) du
— —S_tlogEt exp +ag‘ (1:;)}u +eu— 3 ||onl|
T
I - ft <5ae - ai(f_i_"s}u + an> dB,

Like the above arguments in real terms, impose three simplifications: (1) £k =0, (2) § =0,

and (3) (ﬁs)Jt is replaced by the constant matrix 6 ;. The approximated nominal spot yields,

denoted by R(t,s), are written as:

RA(t,s) + (P — 1)

Rts) = | el e~ b0l o550 — ol o e | (53)
~d0l 0.5 + a0l 5,050 — 00 (50

where 7¢ £ 104 (g, —||0,||* —0,] \) denotes the corresponding nominal instantaneous riskless
rate. From an analogue of Eq.(4.5), the term 7 —r* = g, — ||o,||* — &7 \; represents the level
difference between the real and the nominal yield curves. Note that a higher level of the
speed of the mean reversion § > 0 results in a flatter yield curve than this equation Eq.(5.3)
shows. For the details of the derivation of this normality approximation, see Appendix C.

In our numerical examples, we set no correlation between the inflation rate and the real
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factors and between the inflation rate and the expected inflation rate. Accordingly,

s = | ST =) C (54)

— HUEHQ —(8_6'5)2 — 50205—(8;) — (5UVT05—(8 D° 4 aUTUJ( Qt)

A~ 2 ~ . ~ . .. .
where 7¢ —r® =g, —||o,||” + ao, 6;. We can conjecture that o, 7 is negligible as discussed
above.

Examine Eq.(5.4) basically in parallel to the above arguments in real terms. First,

—[[oe ¢

ond, —506 o

® stands for a nominal convexity effect regarding the expected discounting. Sec-

(s—t) (s—t)2

5 5 represent the motive of holding (shorting) the nominal

-
and —do, 0.

long-term bonds when o/o. > 0 (0] 0. < 0) and 0)0. > 0 (0} 0. < 0), respectively. Third,
the far right term ao & St 5 ) with o > 0 means the motive of shorting (holding) the long-
term bonds when o] G; > 0 (when o5, < 0, respectively). Note that, for a < 0, the effect
of this term is reversed.

Now, we investigate our numerical results regarding the slope of the nominal yield curves
in the following four cases (that is, {0, pe.} € {{0.5, 1.5} x {0.5, —0.5}}), based on Eq.(5.4).
Recall that, for simplicity, we have set p.. = p,.. Look at the case of = 0.5. See Figure 2.

Suppose pe. = poe = 0.5. First, the nominal convexity effect is negative. Second, —do 0. 5~ s=t)

2
(s—t)?

-
and —d00, 0.

represent the motive of holding the nominal long-term bonds; these terms
are both negative. Therefore, when a = 0, the slope of the yield curve is definitely negative.
Third, o] & is positive in this case, from Table 2.1 Thus, the far right term ao. G, ( D0
represents the motive of shorting the long-term bonds. In the numerical results, in total, the
slope is negative when a > 0, because the far right term is relatively weak. Also, for a higher
level of «a, the slope is flatter, because the positive effect of the far right term is larger.

Suppose p.. = p,e = —0.5. See Figure 2 again. First, the nominal convexity effect

(s—t) (s—t)2

-
5— and —d0, 0.

is negative. Second, —do /0. represent the motive of shorting the

nominal long-term bonds; these terms are both positive. Third, 05, is negative in this
case, from Table 2. Thus, the far right term ao & J( ) <0 represents the motive of holding

the long-term bonds. In the numerical results, when o = 0, the slope of the yield curve is

13This result is consistent with the one in the case of § = 1 as in Appendix A. Such consistency holds true of the following
three cases as well.
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negative, because the first convexity effect is relatively strong. In addition, when o = 0.9,

the slope is also negative, since the far right term ao/ (

< 0. Also, for a higher level
of «a, the slope is steeper, because the negative effect of the far right term is larger.
Next, look at the case of 6 = 1.5. See Figure 1. Suppose p.. = p,. = 0.5. First,

the nominal convexity effect always pushes down the slope. Second, when p.. = p,. = 0.5,

(s=t) (s—t)
2 6

—do) 0.5 ) and —do) o, represent the motive of holding the nominal long-term bonds;

theses terms are both negative. Third, ¢/G; < 0 in this case, from Table 3. Therefore, for

a > 0, the far right term ao/ o J( 5 ) represents the motive of holding the long-term bonds;

the term is negative. In total, since all these terms are negative, the slope is definitely
negative. The negative slope is steeper when o = 9 than when o = 3, because the far right
term shows the stronger motive of holding the long-term bonds.

On the other hand, look at the case of p.. = p,. = —0.5. See Figure 1 again. First,

(s=t)

5 ) and

the nominal convexity effect is the same as above. Second, the effects of —do 0.5~

(s—t)*
6

—do ) o, are reversed in comparison with the above case. That is, they stand for the

motive of shorting the nominal long-term bonds; these terms are both positive. Third, o5
is positive in this case, from Table 3. Accordingly, the far right term ao/ J( D0 repre-
sents the motive of shorting the long-term bonds. The total effect is uncertain analytically.
In our numerical examples, the slope is almost positive when o > 0 because the convexity
effect is overwhelmed by the far right term, although the slope is slightly negative when
a = 0. In addition, for a higher level of o > 0, the slope is steeper due to the far right term.

Focusing on the last case, together with the result regarding the level of the yield curve,
we find that, when a > 0, the level of the nominal yield curve (i.e., the instantaneous
riskless rate) is lower than when oo = 0, whereas the slope is almost positive when o > 0. In
particular, when p., > 0 and a > 0, the level tends to be low. Thus, the case resolves the

risk-free rate puzzle and, at the same time, results in an upward slope of the yield curve.

This result is consistent with actual nominal yield curves.!*

MWhen a < 0and § < 1, we may obtain similar results to replicate a nominal yield curves, because the agent is comparatively
more risk averse in the parametric situation as well. However, since § is relatively small, the effect of the risk aversion on the
yield curve tends to be small. Accordingly, it may be difficult to achieve the above desirable results, since « is restricted to be
larger than —1 by Assumption 2.1.
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6 Conclusion

This paper constructs a continuous-time term structure model in environments with (i)
SDU with non-unitary EIS and (ii) mean-reverting expectations on the inflation and the
real output growth. With regard to future work, we will apply this model to an empirical
analysis. Also, we will explore a numerical method of solving BSDEs with non-Lipschitz

conditions in order to deal with the EIS that is sufficiently away from unity:.
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A Factor Decomposition of yield curves in case of § =1

When 6 = 1, we obtain closed-form solutions for the real/nominal term structure of interest
rates. In this appendix, we place some results of the factor decompositions of a term structure
of real/nominal interest rates in the case when 7" — oo. For the derivation of them, see

Nakamura, Nakayama, and Takahashi (2008).

Let the superscript s denote the value under the time separable utility (i.e., « = 0). Then,

o= we P
re = 1y + (Additional endowment shock)
R*(t,s) = (Real expectations) + (Separable utility’s real term premium) + (Real convezity effect)
R(t,s) = R*(t,s)+ (Additional endowment shock) + (Additional expected endowment shock)
7, = ri+ e+ (Nominal risk aversion)
7t = 7y + (Additional endowment shock) + (Additional inflation shock)
R(t,s) = R(t,s)+ (Expected inflation rate) + (Nominal risk aversion)

+ (Separable utility’s nominal term premium) + (Nominal convezity effect)

R(t,s) = R°(t,s)+ (Additional endowment shock) + (Additional inflation shock)

+ (Additional expected endowment shock) + (Additional expected inflation shock).
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where

[I>

TES

>

(Real expectations)

>

(Separable utility’s real term premium)

>

(Real convezity effect)

(1>

(Additional endowment shock)

(1>

(Additional expected endowment shock)

>

(Ezpected inflation rate)

>

(Nominal risk aversion)

lI>

(Separable utility’s nominal term premium)

lI>

(Nominal convezity effect)

(Additional inflation shock)

(Additional expected inflation shock)
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B <"e e ﬂ)
—k(s—t
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Note that, in this paper, TES stands for “Total endowment shock.”

B Numerical method

The outline of our numerical method is as follows. We use directly the transformed utility V

in Eq.(2.4), instead of the utility V', for our numerical approximation. We derive numerically

equilibrium utility and equilibrium volatility, denoted by (U, o), that are corresponding to

(V,0p). We then transform these numerically obtained (U,oy) back into (J,0,) by using

27



the inverse transformation of Eq.(2.3) and substitute them into the formulation of the yield

curves that is derived in Section 3 and Section 4.
We can characterize the equilibrium transformed utility process U in continuous time,

which will be solved for numerically below, by imposing ¢ = e:

e — pe(t)dt + 0] dBy, e € Ry,
dvy = k(v —)dt + 0] dB;, 1y €R, (B.1)
dUt = —g(et, Ut,UU(t))dt + O'U(t)TdBt, UT = 0

where

1-6

= —BU+ $U) ou|* if d>0andd+#1,

g(e,U,opy) = (B.2)

loge — U + §llov|* if §=1.
As in Appendix A, when § = 1, we have achieved an explicit (closed-form), analytical solution
to it. On the other hand, when ¢ # 1, we do not obtain any such solution, although there
exists a unique solution to Eq.(B.1) under Assumption 2.1. Thus, we analyze numerically
the case of § # 1 by applying the method of Gobet, Lemor and Warin (2005) as follows. The

approximation method consists of three steps.

B.1 Discretization

We first introduce some notations and definitions as follows. For a o-algebra F, L*(F) is
the space of square integrable, F-measurable, possibly multidimensional, random variables.
Let {t, = nh = nT/N}¥_; denote discretized times where h > 0 and N € N are the length
of each time step and the number of time steps respectively. N is set to be sufficiently large.
Let an R-valued sequence {e;, }V_; denote a sequence of the discretized-time version of the
original process {e; }o<i<r. With regard to the other processes, define similarly: {B;, }\_,

{th}flvzm {UJ,tn}N {1, " {Mtn}fzvzm {UU,tn}N and {U;, 7];[=O' Also, AB;, £ B

n=0>’ n=0> n=0»

B,,.

i1

With regard to the approximation of the forward processes e; and v;, we use a standard
scheme. In this appendix, we omit the description of the scheme. Assume, instead, that the
approximated forward processes, denoted by {é;, }_, and {3, }_,, are obtained. By doing

so, we can focus our discussion on the backward approximation of the utility process.
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Look at the original process that is characterized by the BSDE:

dU; = —g(e, U, o0 (t))dt + oy (t) "dB,  with Ur = 0 given.
By discretizing the continuous time [0,7] into discretization times {t,}2_;, consider the

following procedure of approximating {U;, ,op(t,)} in a backward manner:

1. Set U, = Uy, = 0.

2. Forn =N — 1 to 0, compute

~ ~ 2
Oso0(tn)) = arg | min B[, = U+ 9@, Uov)h - obAB,| . (B3)

3. Output {U;, }N o, {60(t,)}Y,.

Therefore, an optimal solution (U, , &y (t,)) of the problem (B.3) can be characterized by

n41

h
Et, [Utm} +9g (étn ,Ut,,60 (tn)) h (B.5)

B, [Ut ABMTL]

&U,l(tn) ) for [ = 1a e 7d7 (84)

Ut,

where the subscript [ denotes the dimension of oy ().

B.2 Regression

Second, we replace the conditional expectation that appears in Eq.(B.4)-Eq.(B.5) by an
L? projection on the space generated by a finite number of functions of X; = (e;, ;) (call
them function bases), because {U; }o<t<r and {oy(t) }o<i<r are Markov processes. We derive
a solution combining the projection on the function bases and I Picard iterations. The
integer [ is a fixed parameter. Assume that the integer [ is sufficiently large that the
iterations result in reaching at a fixed point, if any.

More specifically, since {U; }o<t<r and {oy(t)}o<i<r are Markov processes, U; and oy (t)
can be expressed as functions of the state variables e; and v; for each ¢. This logic is similar
to the recent computation method of American option pricing (e.g., Clément, Lamberton,

and Protter (2002)). Define a sequence of measurable real-valued functions defined on the
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state space as pPrn(s,) = (Prna1(®e,), Dins(rs,)) " for n € {0,1,--- N — 1}, and | €

{0,1,--- ,d} and a finite integer K, satisfying the following conditions:

Assumption B.1 For each n € {0,1,--- N — 1} and |l € {0,1,---,d}, the sequence of
{pl’n,k(th)}ke{ljgy...7K} 18 total n L2<ftn)

Assumption B.2 For eachn € {0,1,--- ,N — 1} and l € {0,1,--- ,d},

K
If ZAkpl,n,k(th) =0as., then Ay =0 for ke {1,2,--- K}
k=1

Notice that the subscript [ = 0 of a variable represents that the variable is corresponding to
U;. Call the sequence of {pnk(Xt,) eeqi2, Kk} function bases. Note that K stands for the
finite number of the function bases that generate the vector space. Recall that d denotes
the dimension of the Brownian motion B. We then approximate the conditional expectation
with respect to X; by the orthogonal projection on the space generated by the function
bases {pink(Xt,)}keq1,2, k3. For example, we may take indicator functions of the state

variables e; and v; as the function bases.
This approximation corresponds to the linear regression of U, and oy (t,,) to the function

bases in each time step:

Ut'n ~ b(—)r,npom (etn ) th)’ UU,l(tn) ~ bInpl,n(etn ) th)’ B UU,d(tn) ~ b:ir,npd,n@tn ) th),

where by, is a coefficient vector (b1, - - ,bl,mK)T for each [ = 0,1,--- ,d and each n. In

particular, we set the following form of U(t, e, v): for 6 > 0 and ¢ # 1,

6175

U(t,e,u):q(t)l_(s

+m(t)v + n(t).

where ¢(t), m(t), n(t) are deterministic functions only of time ¢. That is,

=15 Pin2le,v)=v, panslev)=1 forl=0,1,2, andn=0,---,N—1.

el—5

The linearity of the function U(t,e,v) in =

and v is the reason why we have taken the
transformation of the utility from V' to U in this numerical analysis.

The above procedure is then rewritten as:
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1. SetﬁtN:O.
2. Forn=N —1to 0,

(a) Set by, =0 R¥ for 1 =0,--- ,d.

(b) For ¢ =1 to I, compute

(b, }y = arg min E |0, —b,Pon(, it,)
{bl,n}?:()

L 1T L i—1T L
+g (etnvbo,n Pon(Ct,, Ve, ), s by, Pd,n(ethtn))h
2

)

d
+> bl,pun(Er,, 7, )AB,
=1

(¢) Compute
f]tn = bé;po,n(étnv’;tn)v 5'U,1(tn) = b{;pl,n(étnaﬁtn )a ) 5'U,d(tn) = béjnpd,n(étna Dtn)

3. Output {Utn iLV:o, {5U(tn) "

n=0"

B.3 Monte Carlo procedure

Finally, we evaluate numerically the expectation operation in the above procedure by a
Monte-Carlo procedure. Let M denote the number of Monte-Carlo simulations. M is set
to be sufficiently large. Let the set of R-valued sequences {{e;" })"(}2_, denote a sequence

of the discretized-time version of the original process {e;}o<i<r. With regard to the other

processes, define similarly: {{ B} }\Zobnzrs {{v8hno w1, {07, o m=rs {00 120 b

m=1> m=1> m=1
{{Ng 7];;:0}%:1’ {{UTUrftn r]yzo}%:p and {{U[Z nN:()}%zl' Also, ABZL = BZ?H - Bf:-

To summarize, our algorithm is:

ALGORITHM
1. Set U = 0 for all m.
2. For k=N —1 to 0:

(a) Set by, =0 R for 1 =0,--- ,d.
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(b) For ¢ =1 to I, compute

M
) . 1 ~ -~
{b;,n}?[:O = arg 1mn M Z |:Ut7:1L+1 - bgﬂlpovn (BZLL’ VT:)

{bl,n}f=o m=1

~ ~ i—1T ~m ~m i—1T ~m ~m
+hf (etn’ Vins bO,n poﬂl(etna th)7 ) bd,n pdﬂl(etn y Ve, ))
d

T ~m ~m m
- § bl,nplyn(etn’th)ABl,n
=0

(¢) Compute for m =1,--- , M:

U = pon (g nPon(Ef, 7)) .

Pin (b{,—;pl,n(éga ﬂgb)) s " 75{]n,d(tn) = Pd,n (bé,—zpd,n(é?:jvﬂ;:))

Q
S3
il
-
3
S~—

Il

3. Output {{U7"Yocnen hremens and {{677, Yocnen hr<menr-

where p;,, : R — R, [ = 0,---,d are truncation functions, which are introduced to ex-
clude outliers. We omit the details of the truncation functions (see Gobet, Lemor and
Warin (2005)). From Eq.(2.3) and Ito’s formula, for each m and each n, j[:, o7, are ob-

tained. In our numerical examples, we set M = 70,000, N = 4,000, and I = 10.
Now, we have obtained the approximations of those original processes for some very

small h. From an analogue of Eq.(3.18), define:

_m 2
1 1 H P {_ Z?ZO <ﬁ +0pck, — %||0e||2 + a(l;a) (1+2;}? ) h} .
R(07 tn) é _: log M Z M T ’
m=1 exp{§ — Z?:O <($0’e — O[(1+2;1]~tm> ABZI

where /1", = vt — . For 0 <n < N and for the small /, define R(O, t,) as our discrete-time

version of the real spot yields at t,,. We can calculate the nominal yield curve similarly.

B.4 Appendix to Appendix B

There is one caveat. Gobet, Lemor and Warin (2005) assume the Lipschitz condition:

Assumption B.3 The driver g satisfies the following continuity estimate:

l9(e,U,ou) — g(e',U" o) < Cle — €| + [U = U'| + |ov — oy])
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Figure 4: The analytical value and the numerical value of the real yield curves in the case of § = 1, a =
—1, ||oe]] = 0.01, ||oy|| = 0.01, pe, = 0.2, 8 =0.03 and k = 0.5. To draw the graph, we use the analytical
form obtained in Nakamura, Nakayama and Takahashi (2008). The numerical value is calculated as sample
mean in the Monte-Carlo simulation.

for any (e,U,op), (¢, U’ 0;) € R x R x R~

This assumption is sufficient to ensure the existence of a unique solution (e,v, U, oy) to
Eq.(B.1). On the other hand, from Eq.(B.2), our model does not satisfy the Lipschitz
condition of the driver g with respect to oy .

Still, our numerical method works well. We can conjecture the reason with the following
two points. First, let us look at the case of ) = 1, for the reference. We have the analytical
solution of the yield curve, which is shown as in Appendix A. At the same time, by setting
Ul(t,e,v) = q(t)loge+m(t)v+n(t) in the second procedure of the above algorithm, we obtain
a numerical solution in the case of ) = 1. We can then compare the numerical solution with
the analytical solution. The comparison shows that the difference is 4 basis points, at
most; this is quite small relative to the level of the spot yields. Hence, the discrete-time
approximation replicates the analytical results well; our numerical method performs well

under our parametric assumptions in the case of § =1 (Figure 4).
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Second, in the case of § # 1, we show in Section 5 that the numerical results are well-

ay(t)
(1+Oc)Jt

2
explained under the normality approximation. In fact, there, ‘ ‘ ‘ is constant over the

first 30 years, which period of time we are focusing on (see the above-mentioned Figure 3).
We can then conjecture that the numerical method works well, like in the case of 6 = 1,

because ¢ is set to be not far away from unity in our numerical analyses.

C Normality Approximation of yield curves

We impose two simplifications. First, set £ = 0: that is, v, = v, + ft“ 0! dB,. In real terms,

substituting this into Eq.(5.1),

§ [ o) dBy + {6vy + (1= 6)B — &|oc]|?}

a(l+a)
2

_LS

log E; |exp +

og(u)
(14a)Jy

_ Jf (506 — (I‘ZS;L)]H ) ! dB.,

R(t,s) = -

s—t

Note:

Hence,

— (6 [ o dBy) du— [ (ove + (1 —8)8 — &||oe||?) du
2
R(t,s) = - 1 ; log E; |exp —fts (a(l;a) ) du

- J; (50 — a2 )TdB
¢ e o) /s u

og(u)
(14a)Jy

(s—u)al—',—dBu—(s—t){éut—l—(l—(?)ﬂ—g||ae||2}
2
= — L log E; |exp s(a(l;a) )du

s—t
- (50 — a2 )TdB
¢ e (ta)J, u

og(u)
(I+a)Ju

Svp+ (1= 8)8 — 3[oc]|?

_ _a(1+a) fS
1 1 B 2 t
e 0og Ly | €XpP

2
oy (u)
(1-ifa)Ju H du

n f: (—5 {oc+ (s —u)o,} + a(li’é?}u) dB,




Second, impose another simplification: (U" _ g replaced by a constant matrix, denoted by

(T+a)J;
oy. Applying Ito’s formula to this,

Svp + (1—6)8 — &||oe|?
— et 2 15,]1* du

R%(t, ) 82|02 + (5 — u)262 ||o ||

—ﬁ log | exp .

+3 179 +a2|5,|]> — 2060 5, du

+2(s —u)da,) (do. — ady)

v+ (1= 0)8 — 20 5 |12 + 2 |5,]]” + ado 5,

2 s s
= | E el (s = w2du+ 820 0y [ (s — u)du

s—t

—ado) Gy f:(s —u)du
Since LS(S — u)du = # and LS(S . u)Qdu — (S—gt)S7

v+ (1= 0)8 — 20 5 |12 4+ 2 |[5,]]° + ado 5,

3 2
R%(t, s) % llow||? % +(520;ng%

s—t 2
T (s=1)
04(50'1, 0J—5

v+ (1—0)8 — 25 |o| |2 + 2 [16,4]]° + ado. 55

=% |[o|” U5 — 8%0) 0, 252 + ado) 5, 551

Note that, as s | t,

lifrth“(t,s) = R(t,1t)
o(l+0 L -
= 5Vt+(].—5)ﬂ— (2 )|‘Ue||2+§||0'.]||2+CY(50';|—O'.]
= 7.

That is, r{ represents this instantaneous riskless rate and stands for the level of the yield

curve. Thus,

_4)2 _ _
RO(t,s) = rf—52\|oy|\2¥—52UJUV¥+0¢5JI&J(82t). (C.1)

In nominal terms, the approximated nominal spot yields, denoted by Ra(t, s), are written
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as:

(1=8)B+6 (v + [, 0)dBy)

—[? ) 2 8115112 d
. 1 f —35l|0e||” + a5 |0 u
Rts) = —— Y logE, | exp : 2lloell® +ag llasl

s

! + (ot [ 0T dBy) — } llowl?

_f: (60, — iy —‘rO’n)TdBu

(1= 8)8+ v = §llocl + ag 151" +e0 — 5 llowl|’

- — [28(s — o] dB, — [ (s — u)ol dB,
—é log E; |exp - -
— fts (6oe —ay) dB, — fts (on) dBy,

Applying Ito’s formula again,

ROt s) + (7 —17)

B _ 2 (s—t)2 —t —1)?
R*(t,s) = —|lo2]| %_503%(52 ) _50UTUE(56)
T (s—t) T~ (s—t) T . (s—t)
=00, 0.5~ + o, 0y 5t — 0,0
~a A 2 . . .
where 70 £ 78 + (g, — ||on||” — 0} ) denotes the nominal instantaneous riskless rate.

D Optimal consumption/portfolio choice

This appendix solves a maximization problem of the representative agent to obtain the
optimal utility process characterized by Eq.(3.3) and the equilibrium pricing kernel Eq.(3.5).
Our solution method is basically according to the standard method of stochastic controls (Ma

and Yong (1999)). This is also a direct application of Skiadas (2007).

A consumption process ¢ = {¢; t € [0,T]} is assumed to be real-valued, non-negative
and {F;}o<i<r-adapted, and satisfies some mathematical regularity conditions for a utility
function to be well-defined. The set of the consumption processes c¢ is denoted by C. Let

H denote the Hilbert space of every x € L(R) such that FEj UOT(xt)Q dt + (ZL‘T)Q] < 0o with
the inner product (z|y) £ E, [fOT Ty dt + J;TyT] for x,y € H. Assume that C is in ‘H and

is convex. The agent ranks her consumption plan ¢ € C based on SDU of consumption V;(c)

(we may also write simply V;) for each t € [0, 7], which is characterized by:
dVy = —fley, Vi, By)dt + £ dBy; Vi = 0.

Assume that f(c, V., X) is differentiable in ¢, V, 3. Also, we assume the existence of a unique

36



well-defined V; for each consumption process ¢ € C and, moreover, that Vj is strictly increas-

ing, concave, and homothetic in c. We can also write V; as follows:

T
/ f(cs,vs,zgds] |
t

There are security markets that consist of (m + 1) securities whose prices are denoted by

Vi = E;

(Py, S1,+ -+, Sm) € R™L Specifically, the markets are characterized by the following excess

return processes:

dPy(t) B . B
Po(t) = Ttdt, P()(O) = ].7
C(dSi(t) dSe(t)  dSa(H)\T
= (Smt) S S )

= ur(t)dt +og(t)"dB;; Ro=r.

Assume that there is no arbitrage in the markets, that is, there is some m-dimensional vector

process 1 = {n;; 0 <t < T} such that

HR = 01277-

In addition, to guarantee completeness, we assume that oy is nonsingular for a.e.-t, a.s. We

define the pricing kernel 7 = {m;; 0 <t < T} by

d
My dt —n/ dB,.
Tt

Let ¢, € R™ (for each t) denote a time-t allocation rate on the risky securities, and ¢ £
{tp; 0 <t <T}. The wealth process held by the agent is characterized by the following

stochastic differential equiation:
AW = (riW; — c)dt + Wi dRy; Wy = w.
For notational convenience, define oy (t) = Wiog(t)1;. Thus,
AWy = (Wi — e+ 0 ow (t))dt + ow () TdBy; Wy = w.

Now, we solve a maximization problem of the agent with respect to (c, ). A pair (c, ) is said

to be optimal if ¢ maximizes his expected utility when (c, ) is financed. The maximization
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problem is defined as: for all t,
Ji = Hcl,?px Vi(c)
subject to

AWy = (rsWe — ¢ + T]wa(t))dt + Uw(t)TdBt; Wy = w.

Fix a pair (c,v). For notational convenience, define s £ (¢,V, %) € S corresponding to
the pair (c,®) where S denotes a convex subset of some Euclidean space X. The pair (c, 1)

and the corresponding s satisfy the following two conditions.

Condition D.1 For a pair (c,v) and the corresponding s,

(fer fvo fs) € 0f(s) £ {6 € X; f(s+h) < f(s)+ 0" h, Vh subject to s +h € S} (D.1)

where f, = % forxz=cV X.

In convex analysis, for a concave function f, the set defined on the right-hand side of Eq.(D.1)

is called the supergradient of the function f at s.

Next, define a process &( fv, f) that is characterized by the following SDE:

dgt(fVa fE)

E(fv fo) — Jvdt+ fodBei Eo(fv, o) = 1.

As some integrability restriction,

Condition D.2 For the pair (c,v),

Ey | sup &(fv, fx)?| < oo.
0<t<T

In the remaining, we omit the subscript time ¢ unless it causes any confusion. Recall the

assumption that the set of the consumption processes C is convex.

Lemma D.1 Under Conditions D.1 and D.2, for the pair (c,v) and the corresponding s
and for any x such that x € H and c + x € C and c + x is feasible,

Vo(e +z) < Vo(e) + (m|2).
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where m = E(fv, fx) f. that is assumed to belong to 'H.

Proof. Set x € H and ¢ + = € C and c + x is feasible. Define

=
>

Vic+z)—V(c)

A £ Y(c+x)-X(c)

>

fe, Vi) + fex + fvd + fsA
From Condition D.1, p > 0. By direct algebra,
ds = dV(c+ z) — dV(c).
Since, by construction,
AV = —f(c,V,S)dt + XdB; Vi =0,
we have
dé = —(fox + fvé+ fsA —p)dt + ATdB; 6p = foxr —pr =0.

Therefore,

A(E5) = (—Ef. + Ep)dt + - dB
Since, by Condition D.2, E; [supg<,<r(E:(fv, fx))?] < oo,

T
5050 = EO / (gfcx — Ep)dt + Efch — ng
0

(€fclz) = (Elp).

Since & =1,

do=V(c+z)—V(c) < (m|z).

The desired result is obtained. ®
Impose the following additional condition:

Condition D.3 For the pair (c,v), Ey[sup, m:W;] < co.
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Then,

Lemma D.2 Under Condition D.3, for the pair (c,v) and for any x such that x € H and
c+x €C and c + x is feasible,

(m]z) <0  with equality when x = 0.

Proof. By construction,

d(mW) = wedt + - - - dB.

By Condition D.3,

moWo = Ko

T
/ TeCs ds + WTCT] = (7|c).
0
For any x such that z € H and ¢ + = € C and c + x is feasible,

7TOW0 Z (7T|C + 1’)

Therefore, (r|z) <0. ®

Now, we obtain our main theoretical result in this appendix:

Proposition D.1 Suppose Conditions D.1, D.2, D.3, and m = E(fv, fs)f. € H. Then a

pair (c, ) is optimal.

Proof. By Lemma D.1 and Lemma D.2, we obtain the result directly. m

Finally, we specify the utility function form and market structure and solve for an equi-
librium (c,?) and pricing kernel explicitly using market clearing conditions. In fact, the
optimization with respect to 1 requires explicit specification of the market structure char-
acterized by (g, or). To be consistent with the model in the main text, assume that there
exists a single risky security with positive net supply. That is, m = 1. Also, there is a single
riskless asset with zero supply, whose price is F,. The excess return process of the risky

security (with some initial investment w; given) is characterized by:
WidRy = (Wipr, + e)dt + Wiof, dB;  Wi(0) = wi >0

where W; denotes the amount of the investment in the risky security. Recall that e is
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the endowment of the consumption goods and its process is characterized by Eq.(3.1) and
Eq.(3.2). Since the utility is strictly increasing and the consumption good is perishable,
¥ = (1,0,---,0)" holds true to clear the markets in equilibrium, that is, all is invested in

the risky security in equilibrium. Therefore, in equilibrium,

e; for all ¢

o
S
I

W(O) = wi

AW = W(r+ ug,)dt+Wa}, dB.

Thus, the optimal utility process is characterized by Eq.(3.3). The endowment works as a

dividend, all of which is consumed at each instant.
We here focus on the particular type (i.e., Skiadas-Schroder type) of SDU that is used in

the above main text:

AV, = —f(cy, Va)dt + 8/ dBy; Vi =0,

&

where, for constants «, (3,

(1+a) {555 lol ™ = o} (6 £1),
(1+av) {logc - glog(l + av)} (if 6 =1).

flew) =

Put parametric assumptions:

5> 0amd d @77 and 1—(5<min{1,p%a} (if 6 # 1),
>0 an

a<pB (if5=1).

The assumptions ensure the existence of a unique well-defined V; for each consumption

process ¢ € C. Moreover, Vj is strictly increasing, concave, and homothetic in c.

Since fyx = 0 in this formulation, from Lemma D.1,
t
Ty = exp {/ folew, Ju) du} feler, Jy).
0

We obtain Eq.(3.5).
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E Proofs of theorems
E.1 Proof of Eq.(3.4)

Proof: From Eq.(2.1), V; + fot f(ew, Vi) du is a martingale:

¢ T
W+/ flew, Vi) du = E; / flew, Vi) dul .
0 0

Since the drift of the process of Vi + fot f(ew, Vi) du must be zero, by applying Ito’s formula
to Vi = J(t, Xy),

0= f(e,J)+0J+ 0, Jb+ %tr{aﬁmJaT}; J(T, Xr) =0, (E.1)

where X; £ (e, 1), a; = (€,00,0,)7, by = (expie(t), k(0 — 1)) 7, 0,J = %, O0ypJ = %, and

Opzd 1= (.3272]. Hence, we obtain Eq.(3.4). &
E.2 Proof of Lemma 3.1
Proof: Applying Ito’s formula to m; in FEq.(3.5),

@ — fv(etw]t)dt"' dfC(etaJt)

T felew, Je) - (2

Comparing FEq.(3.6) with Eq.(E.2), we see that A, must be the diffusion coefficient of —%.

Then an application of Ito’s formula to f. leads to Eq.(3.7). &

E.3 Proof of Proposition 3.1

Proof: Consider the case of 6 # 1. Substitute Eq.(2.2) into Fq.(3.7) and FEq.(3.8). We

d *
need to identify f; and % With regard to the market price of risk X\, substituting —ﬁ =
5 % C C
- and I into Eq.(3.7), we obtain Eq.(3.11). Next, with regard to the

e fr (4a)d
instantaneous riskless rate vy, applying Ito’s formula to f,

dfe _ fee, o fe 1 ( fhoe vy ofie Fow 2)
ot Y ( S5 (de)? 27522 (de) () + 2 (d7)° ).
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Hence,

D *
* * 1 * * *
_ {J} De+ J; D+ (ff lewoel” + QJT;;’etUETUJ(t) +iom ||UJ(t)|2>}
_ 1 f:cc 2 f:cv T c*v'u 2
= B+ouc(t) -5 5 llecoel|” +2 T €10 os(t) + == s (D]
_ 5(1+0) 2 olost) ol os)
= BHont) - = lloel"+ g = o 5 [T o7

Fq.(3.9) and Eq.(3.10) are obtained. The proof for 6 =1 is similar. ®
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