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abstract

We investigate the finite sample and asymptotic properties of several estima-
tion methods (Within-Groups, GMM and LIML) for a panel autoregressive
structural equation model with random effects when both 7" and N are
large. When we use the forward filtering to a structural model as Alvarez
and Arellano (2003), both the WG and GMM estimators are significantly
biased when both T and N go to infinity while T'/N is different from zero.
The LIML (limited information maximum likelihood) estimator has consis-
tency and the asymptotic normality when T'/N converges to a constant as
both T and N go to infinity. Its asymptotic distribution has some bias and
covariance which depend on the limiting behavior of T'/N.

Keywords : Dynamic Panel Model, Simultaneous Equation, Within-Groups
Estimator, GMM, LIML (limited information maximum likelihood), Many
Orthogonal Conditions.

1 Introduction

Recently there has been a growing interest on panel econometric models in
micro-econometrics and they are indispensable tools for econometric analysis. (See
Hsiao (2003), Arellano (2003) and Baltagi (2005), for instance.) However, there
are still non-trivial statistical problems of estimating dynamic panel econometric
models to be investigated. When we use the lagged explained variables as well as
other explanatory variables with individual effects in panel regression models, there
could be a natural question among econometricians on what would happen if one
of variables was actually endogenous in the economic system. When we have an
endogenous variable in the dynamic panel models with individual effects, it would
not be obvious how to estimate such a particular structural equation because some
complicated interactions would be occurred by the lagged endogenous variables
and the individual effects in the econometric model at the same time. Earlier
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investigations on some aspect of the dynamic panel models were Anderson and
Hsiao (1981, 1982).

In a pioneering work Alvarez and Allerano (2003) have investigated the asymp-
totic behaviors of alternative estimation methods, namely the WG (Within-Groups),
the GMM and the LIML (limited information maximum likelihood) estimators, for
a coefficient in a dynamic panel regression model when both N (the number of
individuals) and T (the number of observation periods) go to infinity. They have
investigated the asymptotic properties of estimators when both N and T go to
infinity and derived the asymptotic distributions of these estimators. Although
they have obtained interesting findings, however, one remaining major issue in
econometrics is to investigate the effects of the endogeneity of possible explana-
tory variables in the dynamic panel structural equations. One important aspect
in this problem is the fact that when there are many orthogonal conditions in
dynamic panel models except some cases when T is really small, the use of GMM
would be problematic due to incidental parameters in the recent light on the esti-
mation of structural equations in econometric studies as Anderson, Kunitomo and
Matsushita (2008a, b).

The main purpose of this paper is to investigate the finite sample and the asymp-
totic properties of three estimators (the WG, the GMM and the LIML estimators)
for a coefficient in a specific panel dynamic structural equation. The model we
shall consider is intentionally very simple because it is possible to obtain the precise
information of the finite sample as well as the asymptotic properties of alternative
estimators, which would be useful for practical problems eventually. In a compan-
ion paper (Akashi and Kunitomo (2010)), we shall develop the general formulation
of the estimation methods of dynamic panel structural equation with endogene-
ity, individual effects and many orthogonal conditions. They have tried to draw
rather general results including the asymptotic distributions of alternative estima-
tion methods and the asymptotic optimality of estimation, of which the results
would be rather complicated at the first glance. In order to make our expositions
of our general results useful in a meaningful and persuasive way, this paper utilizes
a particular dynamic panel structural equation with an endogenous variable and
individual effects as the typical case, which was originally used by Blundell and
Bond (2000).

In Section 2, we present the panel structural model and define its alternative
estimation methods. In Section 3 we shall establish the asymptotic properties
of three estimators considered and discuss their asymptotic behaviors. Then in
Section 4 we also discuss the finite sample properties of estimators based on their
empirical distribution functions in the Monte Carlo simulations. In Section 5,

some concluding remarks will be presented. All mathematical derivations of our



theoretical results are in Section 6 and some figures on the distribution functions
of normalized alternative estimators are in Appendix.

2 The Panel Model and Estimation Methods

We consider a dynamic panel model with an endogenous variable (Blundell and
Bond (2000))

1 2 1 1
v = Bay) vy o+l (2.1)

2 2 2
e = ey +om ), (2.2)

fori=1,....N; t=1,...,T, where (ugtl), uﬁf)) are the disturbance terms. In the first

structural equation, there is an endogenous variable yl(f ) with a lagged endogenous

regressor yl(tlzl and individual effects 7;. Define the reduced form

Yie = Iyi—1 + 7 + Vit (2.3)

where yir = (v, i)', vie = (v, vy)”)" and

_ 0 1 B, L1 Ll
H:Bl g B = i:Bl ; i:Bl it )
(0 %)’ (0 ! )’W <5>"’Vt (uz‘?)

By using the forward-filters ¢ to both sides of (2.3), we obtain the forward-filtered
reduced form

vy =1yl + v, (2.4)

where the superscript (f) denotes the forward-filtered variables, which are free
from the individual effects.

Although we call the equation (2.3) or (2.4) the reduced form, y;_1 is correlated
with unobserved m; in (2.3), and yl(tf )

, is also correlated with vl(tf ) in (2.4) by
the consequence of applying the forward filtering. It is an important difference
from the standard simultaneous equation problems. Alvarez and Arellano (2003)
considered the single equation (2.1) when 3, = 0 and investigate the estimator for
a coefficient 7, without (2.2). They have shown that three estimators the WG,
the GMM and the LIML estimators are consistent and have the same asymptotic
(

4The forward-filters are defined by the set of transformations such that the elements zltf ) from
zis has the form

2 = e[z — () Gien +ar)] (=17 = 1),

with ¢ = (T —t)/(T — t + 1).



variance when both NV and T go to infinity while their ratio converges to a constant.
An interpretation of this aspect is the lack of the endogeneity in the reduced form
(2.4) with the particular equation as we shall discuss later. As for a dynamic
structural equation problem, the parameters of interests are both 3, and ~;, and
we shall forcus on three estimators for these parameters in this paper.

2.1 The Within-Groups Estimator

Define the forward-filtered variables ygg’f ) = (yg‘?’f ) y%’;f ))’ for the two endoge-

nous variables yftg) (9 = 1,2), and set N x 2 vector Yt(.];)—1 = (yEQ’f),yt(i’{)). Then

the WG (within-groups) estimator for @ = (/35,71)’ is given by

T—1 T—1

A ! _ !/ 17

Owe =Y YD )Yy, (2.5)
t=1 t=1

where the forward-filtered variables are operated by the forward orthogonal de-
viations (7" — 1) x T" matrix Ay, such that A’fAf = Qr,AfA; =174, Qr =
Ir — vty /T (the WG operator) and e¢r is a T' x 1 vector whose elements are
ones. The form (2.5) is written as the OLS estimator in terms of the orthogonal
deviations and notice that since At = 0, the individual effects are differenced
out in the orthogonal deviations for the associated variables from the original
observations.

2.2 A GMM estimator

A GMM (generalized method of moments) estimator is given by

N

—1 T-1
Ocrnr = Y M YD )OO Y My, (2.6)
t=1

t=1

where M, = Z,(Z}Z,)"'Z;}, and Z, = (y[()l),y(()Q), ...,yﬁ)l,yg)l) are N x 2t instru-
mental variables matrix. The GMM estimator is identical to the one given by
Arellano and Bond (1991) ®, which have the form written in the orthogonal de-
viations. An interesting feature of this estimation method is to use all available

instrumental variables at each t, therefore the orthogonal conditions can be given
by

EPul ) =0 O0<s<t=1,.,T—1 g=1,2),

°See Chapter 4 of Hsiao (2003), for instance.
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where uﬁj ) stands for the forward-filtered structural error term. In this formu-

lation the number of the total orthogonal conditions 7, can be often substantial,
i.e., r, =2xT(T —1)/2. In this paper we use the notation that the total number

of observations n = NT and r,, can be dependent on n.

2.3 The LIML estimator

The LIML (limited information maximum likelihood) estimator was originally de-
veloped by Anderson and Rubin (1949, 1950) for the classical simultaneous equa-
tion problem, and we shall apply this estimation method to the filtered variables
in a dynamic panel structural equation model.

Define two 3 x 3 matrices by

T-1 (L,f)
y 17
G =% (Yf(f), > My Y, 2.7)
p— tt—1
and
— [y (L) ()
H(f) = Z Y(f)/ [IN - Mt](yt 7 7Yt~t—1)‘ (28)
t:1 t-t*l
Then the LIML estimator (1, —élu) = (1, —Bo.L1, —A1..1)’ is defined by
1 1 1
~GgW —)\,—H) . =0, 2.9
(n In ) -0 29

where n = NT, ¢, =n — r,, and \, is the smallest root of

1 1
|-G — \,—HY| =0. (2.10)
n n
The solution to (2.10) gives the minimum of the variance ratio
R _ (17 _OI)G(f)(17 _0/)/ 2 11
(U (1’ _OI)H(f)(l’ _0/>/ . ( . )

We note that the LIML estimation in our formulation does not depend on the

particular distribution for disturbances although the original derivation by An-
derson and Rubin (1949, 1950) assumed the normal disturbances and it could be
interpreted as a semi-parametric estimation method.

3 Asymptotic Properties of Estimators

In this section we shall state our main results on the asymptotic properties of
estimators when both N and T go to infinity. For this purpose we first state a set
of assumptions.



Assumptions :

(A1) {vy} (i=1,...,N; t=1,..,T) are i.i.d. across time and individuals and
independent of 7; and y;o, with E[v;] = 0, E[vyvl] = Q, and E[||v||?] exsits.

(A2) The initial observations satisfy
yio = (I — II)~'7r; + wyg (i=1,..,N),

where w;q is independent of 7; and i.i.d. with the steady state distribution of the

homogenous process, so that we can write w;y = > =0 IV v;0—j).

A3) n; are i.i.d. across individuals with &[n;] = 0, Var[n;] = o2, and finite
(A3) 7 g , U

77’
fourth order moment.

(A4) The true parameters satisfy that |y| < 1, |12] <1, 72 # 0, and v; # 7.

The conditions from (Al) to (A3) and the stationarity condition of (A4) are
analogue to the assumptions used in Alvarez and Alrellano (2003). They can be
certainly relaxed, but with some complications of our derivations. The condition
vo # 0 is the rank condition for the identification of (3. It is mathematically
convenient to assume 7, # 7, for analyzing the dynamic process of y;;. We also
assume that the limit of T'/N is equal to 1/2 or less. This condition is necessary to
define the GMM and LIML estimators appropriately, or insure the nonsingularity
of a matrix Z/}._Zr_;.

Let

x— (I, — 1) 'B~! (;) (3.1)

and the underlying stationary process be
Wit = Yit — T - (3.2)
Then we write the auto-covariance matrices of {wy} as I', = E[wyw),, | for b > 0

under the stationary assumption, which are given by

L, =Y IrQm+ (3.3)
i=0
and Q = (wg) (9,h =1,2).
For the WG and the GMM estimators, we have the next result. The proof will
be given in Section 6 (Sections 6.1, 6.2 and 6.4).



Theorem 1 : Let Assumptions (A1)-(A-4) hold.
(i) As T' — oo, regardless of whether N is fixed or tends to infinity,

O — <ﬁ2> 2| @ + g <1> (1,0)] [5[“@%2)“53)]] . (3.4)
Y1 0 0

(ii) Assume T'/N — cand 0 < ¢ <1/2 as N and T"— oo. Then

! @, (1)
éGMM . (5?) P, d* _'_65[02(3)2] <(1)) (1’0)] [cg[wt Ujp ]] ) (3_5)

0
where ®* = D'T'yD and
1
D= 0 .
Y2 0

(iii) When ¢ = 0, we additionally assume that 0 < limy 7 _..(T?/N) = d, < oo.
Then

VNT

4!

Ocrins — (52” LN (B, 281 (3.6)

where

b(()a) — d(ll/2(1)*71 (07 139ﬁ

. (3.7)

When E[Ul(t? )uﬁj )] # 0 and we have an endogenous variable, the WG estimator
is generally inconsistent, even though T tends to infinity, and also the GMM
estimator becomes inconsistent if ¢ # 0.

For the LIML estimator we shall give lengthy arguments for deriving its asymp-
totic behaviors when both N and 7' go to infinity while 7//N tends to a positive
constant. We summarize our results whose proof will be given in Section 6.3.

Theorem 2 : Let Assumptions (A1)-(A4) hold. Assume N and T — oo and
T/N — ¢(0<c¢<1/2). Then éu L, 0 and

0. — <62>] 2 N (b, &), (3.8)

71

VNT




where

b = (Ve D, - m e, (39)
1
U = @ |02 + (.| + Ey) (0) (1,0) + B+ E5| @', (3.10)
_ S[ugl)Quﬂ N TSy
B3 = (# Jim ED,;g[Wt—ldtL 0), (3.11)
o €l — oy 1
By = (e 7}1_}120 - ZS [d/d;] — ¢ (3.12)

and B8 = (1,—f), 0% = E[US)Q], ¢ = c¢/(1 —c), d; denotes the N x 1 vector
containing the diagonal elements of M, = Z,(Z,Z,)"'Z, and u3 is defined by

Q86

uj{ = (0, D[z - m

[vit (3.13)

provided that E3 and =, are well-defined.

The asymptotic covariance (3.10) of the LIML estimator has the same struc-
ture as the recent result by Anderson et al. (2008b). However, we have an extra
asymptotic bias term, which depends on the limiting behavior of T'/N. This is due
to the effects of the forward-filtering in our formulation of dynamic panel struc-
tural equations. When the disturbances are normally distributed, the asymptotic
covariance becomes

T =3 079" +¢,|Qf] 2, (3.14)

which is much simpler than the general case of (3.10). We expect that the addi-
tional two terms in (3.10) are often small in comparison with leading two terms.

Because we have many orthogonal conditions, we have the second term of (3.10)
when ¢ # 0.

4 On Finite Sample Properties

It is important to investigate the finite sample properties of estimators partly
because they are not necessarily similar to their asymptotic properties. One sim-
ple example would be the fact that the exact moments of some estimators do not
necessarily exist. (In that case it may be meaningless to compare the exact MSEs
of alternative estimators and their Monte Carlo analogues.) Hence we have in-
vestigated the distribution functions of several estimators in the normalized form

8



given by
VNT

o

AVZ N B> = B, (415
0 1/ \/@ —m | .
where ¢'! and ¢?? are the (1,1)-th element and (2.2)-th element of ®*!, respec-
tively. We have chosen this standardization because the limiting distribution of

the LIML estimator in the form of (3.8) is N(0,Is) when ¢ = 0.

We have conducted our numerical investigations in a systematic way. We first set
the unknown parameters such as (82,71) = (.5,.5), 72 = .3. § = Varp]/o® = 1,
Var[vi(f)] =1 (9 =1,2) and Cov[vgtl)vi(f)] = .3. Then we generate large num-
ber of normal random variables by simulations and calculate the empirical dis-
tribution function in the form of (4.15). We repeat 5,000 replications for each
case and the smoothing technique to estimate the empirical distribution func-
tions. The details of simulations are similar to those explained by Anderson,
Kunitomo and Matsushita (2005, 2008a). We shall report only the results for
(N,T) = (75,25), (150, 50) and (150,50) as the typical cases among a large num-
ber of experiments.

When N and T are large, the WG estimator is badly biased. The GMM esti-
mator is badly biased unless T' is much smaller than N and T3/N converges to
a constant as the minimum requirement. We have confirmed these asymptotic
behaviors in Figures 2,4,6 and 8. Figures 1,3,5 and 7 show the distribution func-
tion of the LIML estimator in a particular normalization. We have found that the
distributions are significantly biased and also the normalization by the limiting co-
variance matrix is not appropriate because the circles in figures are the standard
normal distribution function N(0,1) in these figures. Then we have drawn their
distribution functions by first removing bias term and then using the normalized
factor given by Theorem 2, that is,

0’0 b= L
0 ! N VNT

where 111 and 19y are the (1,1)-th element and the (2,2)-th element of ¥*, respec-
tively.

VNT : (4.16)

The resulting curves are called the LIML distributin with large-K asymptotics.
From these figures, we have confirmed that the limiting normal distributions ap-
proximate the finite sample distribution functions of the LIML estimator quite
well as Theorem 1 and Theorem 2 stated.

There are immediate implications. First, the GMM estimator is badly biased
when T is large and it should not be used unless T is very small. (The WG
estimator is badly biased even when 7' is small.) Second, in order to use the
limiting normal distribution of the LIML estimator for statistical inferences, it is

9



important to adjust the asymptotic bias and the asymptotic variance formulas in
Theorem 2. Since we have the explicit formulas for the bias and the covariance, it
is straightforward to use them in practical applications.

In order to make comparison with the results reported by Alvarez and Arellano
(2003) and Anderson et al. (2008a), we have conducted the similar calculations
without endogeneity by setting 35 = 0 and without dynamic effect by setting
v1 = 0, respectively. We give the distribution function of the standardized WG,
the GMM and the LIML estimators as Figures 11, 12,15, 16 for the first case.
We have confirmed the numerical results of Alvarez and Arellano (2003) in the
sense that it is important to adjust the bias terms in the limiting distributions
of the GMM and LIML estimators. We give the distribution function of the
standardized WG, the GMM and the LIML estimators as Figures 9, 10, 13, 14 for
the second case. The numerical results are similar to those reported by Anderson
et al. (2008a) on the TSLS, the GMM and the LIML estimators although there
are some differences due to the bias terms in the panel LIML estimation.

5 Some Concluding Remarks

In this paper we have investigated the finite sample and asymptotic properties
of the WG, the GMM and the LIML estimators for coefficients in a particular
dynamic panel structural equation, that is, the model used by Blundell and Bond
(2000) with one endogenous variable. We have investigated the conditions for the
consistency and the asymptotic normality of the WG, GMM, and LIML estimators
when both N and T go to infinity. We have derived the asymptotic distributions
and the asymptotic bias terms of the GMM and the LIML estimators explic-
itly. Although we have a finite number of observations in actual applications, we
have confirmed that our asymptotic results agree with their finite sample proper-
ties based on a large number of Monte Carlo experiments. When N and T are
reasonably large, our results show the asymptotic robustness of the panel LIML
estimation with many instruments, which agree with the recent results obtained
by Anderson et al. (2008a, b) for the standard structural equation estimation.
We have pointed out that it is possible to use the bias correction of the LIML
estimator for general dynamic panel structural equations if necessary.

Finally, as I have mentioned in Introduction, the results reported in this paper
can be generalized to more general dynamic panel structural equations with some
complications. Some results on the asymptotic properties of estimators and testing
procedures have been developed by Akashi and Kunitomo (2010), and Akashi
(2008) in a more general framework, respectively. They have suggested that the

10



essential characteristics of good performance of the LIML estimation in dynamic
panel structural equations reported in this paper remain the same.

6 Mathematical Detalils

This section gathers the mathematical derivations of our results in Section 3.
The most parts of our derivations are rather straight-forward applications and
some extensions of Alvarez and Allerano (2003) and Anderson et al. (2008b). For

the sake of completeness, we give some details.

6.1 Within-Groups

First, we consider the dynamic process w;; = y; — 71; . Under the condition
Y1 # Y2, II" can be decomposed as

3 h 3 -1
I = 1 722—31 o0 1 722—31 (6 ) 1)
0 1 0 % 0 1

_ [ s =)
0 g ’

where ¢3 = [2772/(71—72)- Then the auto-covariance matrices I'y, = E[wwi, ;] (b =
0,1,...) are given by T, = S°%° ITT'QIT ™ and @ = E[v,v},]. By using the rela-
tion T, — IID,IT = QIT" | we find that vec[T',] = (I, — IT ® II) " vec[QIT"] and
(I, - II ®II) is a block-diagonal matrix. By a direct calculation, the elements of
I’ are given by

TYr(,1) = _ ’Y%)(ll — ,}/1,}/2) [(1 - 7172)((4)11 + w12¢ﬁ) + (7152’}/2)(0021 + w22¢,3)]’y{‘
1
=20 = i) (1 = 3 Wiz — wnds)(1 - %) (716272)

+(B573) (1 +172) — (1= m7e) (1 = 3) (wi2gp)]s,

(
_l’_

1
Tn(12) = (1= 7172)(1 —2) [(1 = 29)wis + Bavawaal s,
1 h ﬂ227§w22 h
Yy = 77— ([war +waadpy + — Ppwalrs ),
h(2,1) (1_%%)([ o1 + War )V [1_722 w2272
W2
Th22) = (1_73)73-

For the within-groups estimator, we write

T-1 N (2) '
Yl ") :5[< 2y, )1, (6.2

N
—1 D im1 Yt Qr wi
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2)/ 2 2 1) 1 1 1 1
where yz( "= (yl(l)?"'?yz(T))? y£(z1) = (y£0)7""yz'((7)’—1)) and u; = (u 51)7- “ ET))
Then
l 1
1)/ 1/ 1
Z ( ) QT uz 5[}’1((11) ui] - T"”,T‘c/’[yz((zl)uﬂl’T ) (63)

where the (¢, s) elements of E[yg(lzl)u;] are Y1 EPull] + ds(v: — WP if
t > s and 0 otherwise.
By evaluating each elements, we obtain

al N 1 1—AT
(1) _ 1) (1) N
5[;3’1‘(1)QT W) = _?[(g[vlt uzt ] + o3 8[%& Ujt ])(1_—%)(T T 71)
1 1—~F
— ¢E[ PV (——— ) (T — 2], 6.4
SN T~ T=2)] (6.4)
al 1 Yo, 1 —~F
Y y?'Qru) = NEWPuPNT — ——1— (B)—L2)). 6.5
[;yz Qr uj] (v wiy ] 1_72[ (T)(l_%)]) (6.5)
Next, we need to evaluate the variances and we write
1 N (2 1
Var[ ZK[ 1yz QT u; ]
VNT \ >._ 1y QT u;
N (2) N _(2)
1 w. 1) T w; _
= Var| i ul) =y 5 o lal. (66)
UNT & (“) v\,
where
1 7 =
2) (1
= fzwz(t)v wz((zl) = fz it Wi = Zuzt . (6.7)
t=1 t=0

In order to evaluate the first element of the leading term in (6.6), we use the
relation that Var[Y,wPu)] = (32, wPulP)?] — (TE[Pu’])2. Then for the
first term of this relation

2
Ew@ul? = uP?P?Y + EuPHEpP—L (1=45) (6.8)

(1 =13)
Elwduwid ] = Ewi i Gy i) (6.9)
= (Elou ) (t#9),
For the second element of the leading term of (6.6), we use E[u'}) ]wl(tl )1 ;] =0 for
j # 0 and
Z%%l = TEluy*wy 2] = T&fuy "€ [w ], (6.10)

12



For the second term of (6.6), we have
N @ ()
T w, B wi B 1

since Var|(. )ﬂfl)] = O(1/T?) (See Page 1139 of Alvaretz and Arellano (2003)).
Then

1 zﬂ;ﬁ”QTm
Var|— ¢ 6.12
orl ( Zz‘:l yz‘(—l)QT u; | ( )

_ (Bl o)+ Sl e () - €l o) Ly
Eluly*Toq

Third, we need to evaluate the expectation of quadratic forms

NTZYH R

Y0(2,2) V1(1,2) @V w@)wu)l
= ’ S 2] e R i I (6.13)
71(12) Yo(1,1) Wi—1)W; Wi(—1)
where
1 T-1 j T-1 J
_(1)2
5[105(11)] = I Lp+ ]2 (6.14)
§=0 h=0 j=1 h=1
The first double sum Sy = Zf;ol FOH can be represented as
SOT = FosT (615)

= TorM” —L)II - L)' — TL)(IT' — 1I,)7,
and the elements of St are given by

[7mi(1 — L) (1 — 7)) — T)(my — 1)

ST(Q;Q) = (1”_ 71_11)2(1 — 7'('22)2 (9 =1, 2)
St = (T (s = 1)+ mad(al = )l m — )

— maamia(myy — 1)) (11 — 1) — (ma2(1 = mh) (1 — ma2) — T)ria),
Sraz = 0,

where IT = {7} (9, h = 1,2). Also define S;r = I';S7, then we use the relation
El@ ")) = [(Sor + Sir1)/ T2, €07 = [(Sor + Sir—0))/ T .- (6.16)

13



e
Similarly, we can show that 5[w )w(()l)] [(S1r + Shr— 1))/T J(1,2). Hence we
find that

T—1
1 ! Yo(2,2) 7Y1(1,2) 1
E-—N"Y/ Y/ 1= 7 2 +0(%) . 6.17
[NT ; tt—1 - tt 1] (71(172) 70(171) (T) ( )
Moreover, we shall evaluate the covariance matrix
(2)2 2), (1)
1 1 W, w7 w;
VC”“ Ytt 1 tt ] = Varl5 ( (1) " (2) ' (1)22“_1))
Z N T ; Wi—1)Wi Wig—1)

—(2)2 @) 50
B w; w; Wy~ y) ]
o 5@ 02
i(—1)"e i(—1)

= o(1),

where the second terms are O(N~1T~2) by using the same arguments as for (6.11).

In order to show that the first terms are O(N~!T~!), we decopmose wz(t1 ) as the

sum of the two AR(1) processes, or wl(t Rt w(l2

those coefficients are v; and 7,
respectively. Then

T 2

1
Var[— Z @2 (%)V&r[wlg)z], (6.18)
—1 - M
T

1 1)2 1+ ’Y% (12 (11)2 1+ ’Y%’Y%
Var[—= > wi?] — (-——3)Covw)”?, wi"*] + 2(:-—53) (6.19)

\/T; ' 1—~7 o 1— {73

1+93

x Covlw(?, wi Vwl? ] + (-—22)Cov[w? w(??,

1—-93
and Var[(1/vVT) S, w,; w(l) ] = O(1). Also we have

T
1 2 1
Var[f Z wg(t)—l)w§(t)—1)] — 0, (6.20)
=1

Which will be used later. It is because Var[(1/vT) Y, wz(f)wzt ] = Var[(1/VT)
w(z) ﬂgw + 71w( )+ u( )] and that the right-hand side’s variance terms
t 1 it i(t—1)
are O(1) as T' — 0.

Proof of (3.4) : We have shown the suffcient condition fors mean-square conver-
gence to the limit of (6.2) and (6.13), and therefore the convergence in probability
follows. Q.E.D.

6.2 GMM (Derivation of (3.4))

We prepare two lemmas for our derivation. The first one is a direct application
of Lemma C1 of Alvaretz and Arellano (2003).
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Lemma 1 :
of M, and My, respectively, such that tr(M;)

Let d; and dg be N x 1 vectors containing the diagonal elements
=djey = 2t, tr(M;) =

dleny = 2s

and d;ds; < 2max(t,s). Then, under (A1) and (A3), for [ >r >t, p > q > s,

t > s,
C’ov[ Mter b, 1(7 "M e(b)] (6.21)
(m® 4+ m®)(2s) + mO¢€[d/d,] ifl=r=p=q,
) el e E[dMLe] ifl=r=p#q<t,
m®)(2s) ifl=p#r=yq,
0 otherwise,
where |E[d]M,e;”]| < 2(st&e;, )2,
m® =m (e, €)= Eleif e, (6.22)
m® =m® (e, ) = (Ele ),
m® =m® (e €)= £l el
m® = mO (@ @) = 1) _ 90 _ (@
and (!, ")) takes any pair of N'x1 vectors from random variables (v\?)) (g = 1,2)
such as (UE ), wy).
Proof: We shall show that
Covt[ Mteﬁb), ](D) M e(b)] (6.23)
(m® +m@)(2s) +mOdid, ifl=7r=p=yq,
_ Sl MLe) ifl=r=p#q<t,
m®(2s) ifl=p#r=q,
0 otherwise,
where &.] denotes an expectation conditional on 7; and {e (t—j)> ez(.?z_j) 2. We
shall use
Covt[el( a) M,e®), é) M e(b)]
= &[e M,el Vel M,ell)] - &, [ M,eM)g, el Mel] . (6.24)

If p < t, then e
means are given by

5,5 [Gl(a)l Mt Gﬁb)] =1tr (Mtgt [Gl(

Ve {

15

0

Ele

M eq is constant and the covariance vanishes. The conditional

WP (M) if 1=,

if 17, (6.25)



(@) ( ) e
1 P 1 0 if ¢ # p.

As for the leading term we have

Ele” MiePel Me!!) (6.27)
S[()Mteﬁ)elg)l\/[eqb)] ifl=r=p=yq,
_ 5t[z()Mt€(b)()]M€c(1b) ifl=r=p#q<t,
T ) (MDY IMLE D)) i l=p£r =g,
0 otherwise.

Thus there is only a nonzero mean-product subtraction in covariances with [ =
r = p = q. For the first type of nonzero terms

E e M,el” el(a)/l\/[ (—:l(b)] (6.28)

- Z Z Z Z m” miy e %z)éﬁ)ﬁg)]
= 5[ zt zt dld + szzz mkk z?)ez(f)])

1 k;éz

+ 33 mImG e + 30N ml)m (€[]

i g LA
= mOdyd, + m®tr(M)tr(M,) + (m® + m®)tr(MM,),

where mg)

and mg}) denote the elements of M, and M, respectively. Then by

using (6.25), the result follows.

For the second type, we have

el M ML) — e[ e, (629)

and
tr(M & el MLE e " ]) = Elefy IElely*Jtr(MML). (6.30)
Given (6.23), we find the unconditional covariance given by

Cov[ Mte(b) (—:1(0“) Mse,(lb)] (6.31)
= E[Coule” Miel, e M.el]] + Covlé,[ef" Miel”], &, [ef M€,

but the second term vanishes. To prove (&€ [d;Msegb)])Q < 4ts€ [egm], we use the
inequalities

(d)Mel)? < (d;M.d,)(e? M.el?) < did, (el M.el)) < 2t(e MLe?),

16



and hence

EN(dMeP)?) < 2tE[€® M, el)] = 4tsE[el)”]. (6.32)
Since E[(dM,e)?] = Var[d,M,el”] + (£[d,M,e{’])?, we have (E[d;M,e”])? <
4t55[62(~f)2] . Q.E.D.

Lemma 2 : Under Assumptions (A1)-(A4), assume both N and 7' — oo while
T/N — ¢ (0 <c¢<1/2). Then

1 — [ w? @ (1) ms @2 [ 1
ﬁ (1)/ Mt(wt 7Wt—1) - ¢*+05[Uit ] O (170)a (633)

where

1
& =DT\D, D= 0 . (6.34)
72 0

Proof : Let M), = (py, ..., y), ; = 17w and we construct the N x 2 error
matrix of the linear projection of M, on Zj,

(™) = M, = Zi (i), (6.35)

where 719 = (Elz;z3]) " Elzipiy )] (9 = 1,2) are (2t) x 1 vectors and Z; = Z,T,.
We take T'y; as the 2t x 2t block-diagonal matrix whose 2 x 2 diagonal blocks are
lower triangular matrix L= such that Ty = LL/. Let also V, be the 2t x 2t
partitioned symmetric matrix as

I,
) I,
V, = : S , (6.36)
®2 P13 1,
1t 2 . P I,

where & = LTIL and (2t) x 1 vector I, = (w'L~", ..., #'L1)"
Then we have

= (02 + Vo) T (02l (6.37)
77(9,1)‘73

@I o1y (g = 1,9),
IV, 1, (9 )

17



and the inverse matrix of V; is a block-tridiagonal symmetric matrix such that

Pfl
—®P ! P!+ PP
vii=| ; (6.39)
(o2} (o2} .. P l+oP 1@
O, 0, . —dP! I, + P '®’

where P = I, — ®'®. Hence, for ¢ = 1,2, we find that

= — gy (6.39)

= Mgg) - 771'1;5'71, - [(L_lin),a ceny (L_lwit—l)/} Y

T(g,1) [ -1 }
I ——— i W V 1
1+ U%IZVFIJ i — ‘7 it t

= ki (,50y),

(7o),
gl — L@ Tn 6.40
where Wi’ = (wg, -+, W,_,).

Since 'L~ (I, — ®)P~/2 # 0’ and
: l;tvt_llt -1 -1 -1/ -1/ -1 -1
lim +—— = #L" [P+ ®P'® -P'® - ®P'|L'w (6.41)

t—oo ¢
= [P - @)L ] [P (L - @)L ]
~ o),

we have established that 1V, '1, = O(t) and [ ?%] = O(t(_i)'
*g

Furthermore, we evaluate the fourth-order moments of p;,” (¢ = 1,2). Because
of the form (6.39), we have [ P*] = O(t=4) x O(t2) = O(t72) (g = 1,2).
Next, we shall consider the decomposition
h ' (h ' h
ng)lMtwt(—)l = W;g )1W§—)1 Wg% (In — Mt)wg )1 (6.42)
' (h * h
= ng)lwg )1 Nt(g) Iy —M )IJ’t( ) (9,h=1,2),
where the second equality follows from w;_ = y; 1 —Z;} ('y§ ), 7152)) ™ W (2)), M, =
Z:(ZX'Z)'ZY and (Iy — M) [y,_1 —Zf(’ygl),'y?))] = 0. Therefore, for g, h =1, 2,

T-1

T-1
h h 1 +(g)’ «(h
- > ¢l (wiiMywi) = Ewi wil i)+ e Dl (T — M) )(6.43)
t=1

Moreover,
*(g)’ *(h) * %
Y Iy — M) ™) < om0 1), (9,h=1,2) (6.44)

18



since (Iy — M;) is idempotent. Then

|T1

* * |7T 1
|Ze Uy M) < FEEERN ] (6.45)
t=1
T-1
_ Imen o) £l
T it
t=1
L O(log T)
= —0(lo )
T g
Hence
=
ﬁ 25[W2_1Mtwt—1] - S[Wi(t_l)wg(t_l)] — 0. (646)

t=1

To establish the mean-square convergence, by using the relations from (6.18) to
(6.20), we have

1 11
Var[== Y Wi awii] = —Var szt W= $O0(5) . (647)

and

= LV@T Z,u (6.48)
(menmen)? |
= T ﬁ Z Var [lu’zt TQ Z Z COU :uzt ) ﬂzs
L t s t>s
(T mnn)? | 1 1,2 1
< = O(=)+ = O(-)O(-
R S P DR EPIP N

We have E[(1/NT) S Wlt 11\/Ltv ] =0 for ¢ = 1,2 and then

T-1

' 1
Elr Z Vi M) = o D (0E[w ) el ) (6.49)

t=1
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Also by using W§2) = ’yQWg)l + vt(z), it is sufficient to show that

| ! S[U(Q)Z T-1
’ 2
VC”“[W ;ng)lMtsz )] = TN2T2 Zgwt 1M ng)l]
) (6.50)
= ;T
2 (2) (2)2 (2) (2)2
Varlgg VM) < (ERE)? + ERP") - 30| @2
= o(1). (6.51)
Since C’ov[wt 1MtVt : L(s,g)ll\/[svs ] = 0 and Cov[v; @MV vIM, v N =0
hold for t > s (¢ = 1, 2), the inequality holds due to Lemma 1. Q.E.D.
We use the decomposition
T-1 T-1 T-1
Zyﬁ’{) 1\/Ltul(e c(w (1) T Ei)l)’l\/[tul(gf) — Zc VtT 1\/Itu(f)7 (6.52)
= t=1 t=1
where
1 1 1
wily = (il i), (6.53)
ui? = (), (6.54)
W = T b o) (6.55)
¢ )
+T P07 = DV e (0 = 7))
= Vi + vy (o say),
. 1—af
o) = T (=m0 (6.56)
[e%S) T—t
e 1 2 j
wilho= Dl v QT (6.57)
=0 h=1

and H{Sh denotes the first row of TI’*". Since only the second term in the right-
hand side of (6.52) has nonzero mean (the same calculation of (A46) and (A47) of
Alvaretz and Arellano (2003)), we obtain

L g () 5[%%(3)112)] d 1—72
Dyt M) = 21 . T § (6.58)
t=1 72 ") 5

_ g[ugt)vzt + &3 uzt U(Q)]
I—m

[1-

20



Similarly, we decompose y§2’f ) as

T—1 T—1
@1 g ) B g ()

Z M uy Z Ct(’}/g — ﬁ)wtfll\/[tut (659)
t=1 t=1

T-1 (’7)

’Y2¢

+ Y all = v = () OV + o+ o7 v ) Mo

t=1

Again we use the facts that (i) only the second term has non-zero mean, (ii)
E[Vﬁ);l\/[tuil) | = (Qt)g[ugt)vlt | for j = k and zero otherwise, and (iii) gb@ + ...+
(T@H =(T—-t- (72))/(1 — 72). Then for each ¢, we have

Ely T Mo (6.60)

e S o
T—t (T—t) )

= 22O VD)1~

(20)Eu v S
e (G —, 0 (1——72)(T—t)) :

Furthermore, by taking the sum of (6.59), we have

-1
£y Ml (6.61)

T (72) T (72)
- (2T -2 - (T ) Y - >
T (72) T
—Rl(T+1)) ¢;‘1 = M])
— O(T?) i

Proof of (3.5) : The convergence in probability to the limit of (6.58), (6.61)
and the first factor of (3.5) are established by using (6.83) and (6.62) in the next
subsection, respectively. Q.E.D.

6.3 The LIML Estimator

Proof of Theorem 2 : First, we need the convergence result on (1/n)G)
and (1/¢,)HY). We use the similar arguments as Akashi and Kunitomo (2010)
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with Lemmas 1 and 2. Then we have

1 0 Q0 Qo0
il @ 1S )Ny @ B ®(0.1 =P 6.62
n 0 I2 ( ) 2) +c o 0 9+ ¢ o 0 (,Say),( )

where ®* = D'T(\D.

Similarly,
1 Q
—HY L H, = o) (6.63)
dn 0 0
Then we have
Q0
| Py + (¢ — plimy—.coAn) (0, ) | = 0. (6.64)
By the singularity of ®4, we first notice that c is a solution. If ¢ > plim,, .o An,
then | . | > 0. Hence A, 2 c. For the consistency, we use the representation
= =
b0 = (> Y MY - A=Y I - MY )
i3 In =
Ly 0 g L=y ()
x (ﬁ Yoo Mpwg — An[— > Yy (In = My)uy ). (6.65)
t=1 In =
By (6.4) and (6.61), we find
1 T-1 T-1
(52 YilMan” = A= 3V (= Mw”) - (6.66)
t=1 " t=1

(2, 2, @
B R e e A I AT
0—c0 0

In order to prove the asymptotic normality of the LIML estimator, we shall utilize

the next expression in several steps.

Q*\/ﬁ (?Q.LI - ﬂ2) (667)

Y.L — N
1 T—-1 , 1 T-1 u(L Ik
t=1
1

) ,T 1 W£1)1' T—1 uf
— %D Z W ;)/ _n O/ Ntut + O(l) + OP(]_)
t—1

= Ay, + A +0(1) +0,(1) (,say

~—
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where

) = 0.0 - S22 ). (6.68

[Step 1] : Define G, HY AP and by by GV = /a[(1/n)GY) —Gy], HY) =
Va[(1/g,)HY) — Hy), A = (A, — ¢) and

b1:\/ﬁ<ége>. (6.69)

By substituting these variables into (2.9), we have

1 1 1 1
[Go — cHy] (_9) + —[GY = AV H] ( ) + —[Gy — cHy]b,

7 )"
L) <_19) — o). (6:70)
By multiplying (1, —) to (6.70) from the left, we have
o _ (L-8)G) — \/C_C*Hgf)]gl’ o), 0,(1), (6.71)

tn = (1,—6")Hy(1, —6)

where ¢, = ¢/(1 —c¢). Then by using the rank relation of ®4(1,—8’)" = 0, we have
1
®ob, = [GY) — \PH, — /e, HY)] (_9) + 0,(1). (6.72)

Also by multiplying (0,I5) to (6.72) from the left and substituting /\8? for (6.72),
we find

‘I)*\/ﬁ (BQLI - ﬁ2) (673)

YL — M

1
= (0,1,)[GY) — \DH, — Jee,HY] (_0> + 0,(1)

898\ 0

where B = (1, —[(2)".
In order to evaluate [Ggf) - w/cc*Hgf)}(l, —0')’, we decompose G/ as

= L)L~ g (”ﬂ)<1,—o/>nc:§f’—¢aﬂﬁf>](_19>+op<1>,

GY) =G 1 G2 1 g2 GUI), (6.74)
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where

GU = D"y YIiM(v,0),

(e Ny Gl
GU = fo M (v 0),

( (Lf) (2 f))'

D* = [(W1177T12)I7D] and Yif)l Yic15 ¥

D*(1,—6") = 0, we write

Then by using the relation

GY) — Jee,HY)] ( ! 0) (6.75)
-1 (f)
1 o 1 A% ) QB
= —D E Y Mtu %[tZI ( 6/ ) M u;’ —ry ( 0o ]

Also we use the relation \/c¢./\/qn — ci/y/n = o(1) and set

1
Nt = Mt - C*(IN - Mt) = 11— C[Mt - CIN] . (676)
Then,
n T—1 T-1 L)
Borr — P2 L, ) (f) 1 u( ()
d\/n| " =—D Y, N,u t N, + 0,(1).
(’71L1—71 vn ; e nt:l o 1)

and then Step 1 is established.

[ Step 2] : Let wyr = (w;+ ... +urp) /(T —t +1). To evaluate the sampling error
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of 41..1, we further decompose the two terms of (6.52) as ©

=

(Lf) (f)
_ZYt—l Niu,
=

1 1 1) 1 1 1 1
= [( Z Wzgf)lMtut - Tgl)n - ng)n) - (Tgl)n - ng)n)]

1—c %tzl
=
—e(— S " wilu, — vy, (6.77)
L
where
=
Tgll)n = = ng_lMtﬁtTa (6.78)
L
1 2 e
1 ¢ (1)
TgQ)n = —ntlT_tWt(_)lMtuﬁf), (6.79)
=
Tgll)n = —= ‘7,%) M,u,, (6.80)
L
=
Tglz)n = = {’gé) M;uar, (6.81)
Vi i
TN
1 _(1) —
T3 =\ 2o Wil (6.82)
i=1

T—1 1)27 T—1
Var| = > wi?iMu] = £l Ew MW7 ] = O(1) (6.83)
\/ﬁ =17V NT t—1VHEWe—1] — . .
t=1 t=1

Next, we shall show that the variances of Tﬁ)n, Tglz)n, T;?n and TSQ)H tend to zero.
First, we notice that Var[Téz)] — 0 from (6.11). Second,

T-1T-1

! - — 1
Var[Ti,] = W;;e[wﬁ?lmtumugmswi)ﬁ. (6.84)

6Note that ugf) = (u —wr)/c
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For t > s,

Elwi M M,w(! | (6.85)
= ¢ [ng—)i M.E; [ayraly)] Mswﬁl_)l]
Elug*1E[w M wl, ]
(T —s+1)
(1)2
— el M)
Euf)”]

—s 1)’ —s 2)’ 1
= mg[([nt Japwis + Mg gy wi? ) Mwi ]

where [A](; ) is the (i,j)-th element of A.

(1) (D) (o (2)

From the covariance-stationarity, we have |€ [wgl_)lMsng_)l]] < (E[(wy” wy ') (wy w((f))])l/ 2,

By using the relation (5[(Wél)lw(()1))(W((f)/w((f))])l/z = O(N),

Elul 1 ENwS WD) (w w2

Var[fi}) < NT (6:86)
1 1
<+ e+ 5) + X+ 10s)Sra(Iml) + [éslSa(|r2])]
_ (Elwe ) wg w2 E g )
N T
14|y 2
LA+ 160 = DSrall) = 1 Srall) + IgalSrara))
_ O(logT) o0,
T
where
Sri(z) = 2(m+ +277?) + (x4 ... +277?) + +2x
Tl T e T _ 1 P ) 3 3
T l.Tfl
STQ(ZE) = §++ T
Then,
1 T-1 c ,
Var[T%)n] = WVCM‘[Z T i tﬁvt(i)lMtugf)] (6.87)
t=1
I« ¢ ORVING
= ¥7 Z T 1) Var|w,”;Muu,"’|
t=1
g[ugl)Q] T—1 CZ ) ) i
= T L @t M
t=1



because

VarwPMau"] = ewMuf " Mw 2] (6.88)
— g[wtl)/M Et[u ll,gf) ]Mtwi_)l]
= ¢ [Uz(tl)z]g [Wt(—)1MtW§_)1] ,

and the covariance terms are zero. In effect, for t > s, we have

Cov[w”, M, W Mu)] = eFPIME D TMw Y ] =0, (6.89)

(f) (f)’]

since &[u,”'uy’’ | = On. Moreover,

) £y’ ¢ () (1)
Var[Tiy,] NZT (T - t)gg[wt—lwt—l] (6.90)

IN

oo T

1)2 C2N —t . e
; t H]+ H]+
NT 2 T Z

j=0 h=1

= o(l),

since the term [[32°2 - ]| in the left-hand side is bounded by ¢ |1 [24-c12) |l ol
0(2)|¢¥3t|2 for some positive constants ¢V, c?) and (2

We turn to evaluate the variance of ’rg?n By using Lemma 1, the only non zero
1y (1) (12) (12)

terms to be considered are ag,,’, a3, ', ag, and ay, , we have
1 T-1
Var[Y$)] = NT (Var| Z WM, V"] + 2Cou] Z WMoY, Z WM,
t=1
T-1
+ Var| Z u;M,f(n)})
t=1
T-1
= (a(()n) +a (11 )+ —Cov Zu;Mtvt ,Z ’Mf(l ]
t=1
+ (ag?) + b)), (6.91)
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where

1 1
allh = 7 (T_t)Q( 2VardMv ] + o+ U2 Varfu Mv ),
t=1
(12) 0~ 1 (1) () @
aOn = NT (T_t>2((¢77it - j:yit)2var[u:‘/Mtvt ]
t=1
o (O = 0P Var[g My ),
T-2
a1 2 ( gjlt 1OOU[utMtV§+)1aut+1Mt+1V§+)1]
n NT & (T —t)(T—t—1)
n ¢§71)2Cov [u;Mtvg}Zp u/T—lMTflvg}ll] )
.. D ,
T-2 2 2
L2 205 (@O = 0 PCov MV i Mivi?]
n NT & (T —t)(T—t—1)
4o+ (¢§%) - ¢(72))200U[u2MtV¥11> u/TlMTlvg)l])
a (T —t) '

By using Lemma 1 and the fact that gzﬁg-“)? < 4/(1 —~,)? for all j, we have

11 1 1 2 1 1 1
an’ = w7 O 1m® (v + m® v 2 (6.92)
m

1 2t Ok
NT &~ (T —t)2" "1

VIO + (670701 + oo+ 67 Hm® (uY, vi))
1

4-2 1 t 1 1
T T 2o g P v+ mO v
t=

 m® (V)] (7~ = Hm® (uf, ")) (6.93)

m® (@, vi) + m@ @, v

IN

IN

where m(k)(ugl), v,S”) (k= 0,2,3) are defined as the same way as (6.22). The last
equality follows from

T-1 T— 1
t —t— 1 —s)(s—1
E 5)2( ) =T x O(logT). (6.94)
t=1 s=1
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Moreover, from the fact that |€[d), ,Mu{"]| < 2(t + h)(E[ul*])/2, we have

(11)2 S[U( )2 (1 ]g[d;HMtugl)]

a1y, T—t—1
] = |Z TN o) (6.95)
+...+ d)gﬂﬂg[vz(tl) Uy ]5[d,T 1Mtu(1)])’
i
o e N2y 2 t+1 T
- (1 — )2 NT & T—t—1" " 1
o Ul e )Y 2 (1+ +;)
= (1—)2 NT 2 T-1
1 1
T —)+1
X (TG + ot ) + 1]
log T')?
= mi77ly

Also aéf = O(logT/N) and a(m) = O((logT)?/N) are analogous to a&l) and

(11)

ay,, , respectively.

Finally, we consider the variance of Tglz)n By the same arguments as used for

Lemma 1,

Var[oy) Myar] = [ (7 wr) + m@ (@) wr)](2) + mO (@), ) €[dyd,]
< @20)mOF, ) + m® (Vi wr)] (6.96)

since £[d,d,] < 2t, mOEY tr) — m@ Y ) > 0 and m® (k= 1,2,3) are
non-negative.
Moreover,

mOE ) = Var[((ef o) +¢ﬂ< o = o] (6.97)
o+ [0+ 600 — TV (T - 1))
x Var[(uly + ... + ul) /(T — t + 1))
1

= O((ﬁ)z)-

It is because the terms ¢4 , vy and ¢ v, are independent for ¢ # s, where
or_, = ( Twi, os( (Tvi)t — (TA@)), and each ||¢,_,|| is bounded. As for the second
term we have

]' / /
mOEY ay) = T T it 1>25[(¢T7tvit + o+ Plvir_1)? (6.98)

( (1)+ +u(1))]




since each terms of 5[(¢i[7tvit)2u§tl)2] and 8[(¢’T7tvit)2]5[ug)2] (t # s) appeared are
O(T —t+ 1)(T —t)) in the numerator. Thus

(1) g — t
Var[v3) Mytir] = O( T t)2>‘ (6.99)
The variance of ng)n is given by
] 7-1
Var(Yy] = somVarly_ vy Monr] = by) + by, (6.100)
t=1
where
=
1 ()N r
Bl = T tzz; Var[ng) M, a,r]
-1
1 t 1
= —0 =0(—= 6.101
2 ~ / _ ~ / _
Bl = NT Z C’ov[vg) M, t,r, VSF) M, u,r). (6.102)
s t>s

Since Cov[flt(ilp)/MtﬁtT, leT)/MSﬁST] < (Var[{/%)/MtﬁtT])lﬂ(V&r[{lgl)/MsﬁsT])1/2, we

can evaluate

b0

1n

IN

2 / /
= 20D [Covfely Mitir, 95 Matial | (6.103)
s t>s
2 Vi Vs
N7 2 2 O 0 )
2 t 1
N7 20 205 —)
(log 7')?

IA

IN

= O

We turn to consider the sampling error of Bg 1. First,
1 1 «—
— N yEI N L NG >y PINwu, + 0(1) + 0,(1) (6.104)
t=1

by using a result of Alvarez and Arellano (2003).
For the term (1/v/n) Y, ul™' Nyul”| by using v = (v!? — v,1)/c, and
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ugf) = (ut - ﬁtT)/Ctv (g = 172)7

1 T-1
— N v N (6.105)
n t=1
1 T-1 1 T—1 1
= 11— C th Mtut + % £ (T — Mtut) — Ct Vt MtutT

N
T _(q) —
—c; VtT "M,u, + c; VtT MtutT — co(—= g Vt Yu, — ”N E Vz(g)ui).
i—1

By using Lemma 1, Var|v, (a) M;u,] < O(t) and C’ov[ "My, v M;u,] = 0, we
have

Var] 1nZT 1\4,511,5]_]\[1TZ(T1 20(t) =o(1) . (6.106)

t=1 t=1
The third, fourth and fifth terms of (6.105) are analogous to T21m TSQ)”, respec-
tively, and their variances tend to zero. The last term also tends to zero by the

similar arguments as for (6.11).
Also we have the relation that

-1
1 ]. Cy 1
1—cvn ng—lMtut T n WU = 7 Zwé_lut +0,(1). (6.107)
t=1

Since
1 T-1 1 T-1 1 T-1
S owiMu, = —— > wi > wi o (Iy — My)u, (6.108)
\/ﬁt_l nt:l \/ﬁtZI

T—1 T—1
1 / 1
Var[% w9 Iy - Mu,] = Z Var[w!? (Iy — My)u,] (6.109)
t=1
E[UEI)Q] T-1
= N—% > Ewi) Ty — M)w;”)]
=1
—1
= Zf " (v = M) )
t=1

For the above arguments, the leading order which has to tend to zero is (log T')? /N .
Provided T/N — ¢ > 0, we have (logT)?/N ~ c(logT)?/T — 0 . It is because
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limg o c(log T)?/T = limz_.o 2¢(log T/T) = 0, then Step 2 has been established.

[ Step 3] : We shall evaluate the asymptotic variance-covariance terms of (6.68).
First, by using the stationarity and direct calculations, we have

9 T—1
E[ALAL) = D' Elw,_ w, D — o°®" (6.110)
n
t=1

where 02 = E[ul}?).

Under Assumptions (A1)-(A4) stated, we have

1 T—1 1 T—1
- > wd B lim > Elw, qdi] (6.111)
t=1 t=1
and T—-1 T—1
] — ] —
=N dd, 2 lim = €ldd 6.112
n; ttﬁniﬂn; [tt]v ( )

where wi_; = (wi(-1), ..., WN(@-1)); {Wi} are defined by (3.1) and d; denotes the
N x 1 vector containing the diagonal elements of M, = Z,(Z,Z,)"'Z,.

Then by the facts that the i—th element of &[u,ui Nyu,] is equal to Ny € [ul(tl )Zuiﬂ
and E[w!?,] =0 (g =1,2), we have

T—-1
/ 1 / ! !
EAnAL] = |-D > Elw, Euny Ntut]],Ol (6.113)
t=1

5[uz(~1)2uz¢] N =y
— #nh_)nélo EDI;E’[Wt—ldt]’O .

Next, we use the decomposition following Kunitomo and Akashi (2010) as

T-1
, 1 , , 1
E[AnAY,] =~ > N’y + (wu; — 0°Ty)|Nyuy'| (0> (1,0) (6.114)

t=1

Then the first term converges to

T-1

1

- > (N Euy?] — (e.0”)Eluy?] = .| D, (6.115)
t=1
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where E[uz?] = (1/0%)[Q0? — QBB Q2,2 and [ . |2.2) = |€2|. For the second term,
we have

=

= [ Ny[uu, — 0°Ty]N;u}'| (6.116)

n
t=1
T-1 N

1
= =Y ED g — 0Ty (uiNy + -+t Ny )

n =
t=1 7,0=1

X(uﬁNt(jjl) + ...+ UﬁtNt(j,N))]
T—-1 N

1
= =22 N al(w]; = o))
t=1 =1
_ 5[(“5;)2 —0 ) |1 T-1 N
E (1_0 521;5 (M) — ¢) 2]
. 5[(u§t1)2 11 -1 ,
= (1—6 E; ddt _QtT(Mt>C+Nc)

the second equality is from the facts that &[uju ] = E[ugu;] = 0 for any 4, j and
that E[[usu) — 0*In](iq)|E ;7] = 0 for i # ;.
For any N, define 2 x 1 vectors as the martingale difference sequence

1 / W,El_)i utﬂ
A= D O A W Neu | = Ay + Ay (;say).  (6.117)

To apply the martingale central limit theorem, for any 2 x 1 vector a, we check
the condition that (1/n) ), a’&[(A1 + Ay)(An + Ay)]a 2 limy, o aE[(Ay +
Ay ) (A + Ayg)']a. As for the relevant Lyapounov conditions hold from the result
of Kunitomo and Akashi (2010).

By using the facts that (1/n) >, wi_ w, , = Ty, (1/n) >, wi_tn 2 0, (6.110)
and (6.111),

T—1 T—1

| , 1 .

7O ElALAL] S lim E[ALALL =) E[ALAY] 5 lim E[ALAL],
t=1 t=1

and (1/7) Y1 E[AgAL] D lim,, o E[AgAL,].

[ Step 4] : Finally, we evaluate the asymptotic bias in the right-hand side of
(6.66). It is a collection of the terms which the mean-square convergences to

non-zero means, and it can be evaluated as

n—oo n—oo

7y 1 ulft) ()
lim p, = lim & D’ZY Nl — N,u]. (6.118)
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We first notice that

T-1
1 LAY N ()
5[—Zu£ PNy, =
Vi

From the result of (6.4) and (6.58),

S

_15[tr(Nt8[ Da=D=0.  (6.119)

1

5=

t

1
lim €[—= ﬁzy(lf N;ul] (6.120)

g L 2T Elosu o) v + g v
L= L=m

n—oo | — ¢ Vv NT )
1 1 1

— Qim —© N (5[¢5u( v )] _ 5[“515)%5 + 93 ugt)vz(t)]
n—»ool—c\/ﬁ 11— I—m

2 1 2
Ve )(5[¢ uzt Uz(t)] _ g[uz(t)vzt + 95 uzt vz(t)]>
1—-c 11— 1—m
—ve, Eluyv) | Brv€luyv) |
L—c 1=m (L =7)(1 =)

By the similar calculation as for (6.58),

)
= (

= (=)

ZTE[UM U(2)]
L=

Ely T M) = -

and from the result of (6.5),

’ﬂ

-1

lim 5[ (2 f) Nu/ )] = lim

n—oo

ik
TF
3
1
8
i
|
9}
5
.ﬂf'\
|
_
2 le

1) (2
— lim —° N (_g[uz(t)vz(t)]
L=

n—oo | — c/NT
G

1—c¢

1) (2
5[“1(7&)”1(15)]
I =

=

) )-

Hence we summarize these results as

lim pu, = (1_—:[‘;)[)'(12 — I, (6.123)
where Q8 = & [V,tult |. Thus, we can define the asymptotic bias of /n(6.; — 6)
by

b=&""!lim p, . (6.124)

n—oo
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6.4 GMM (Derivation of (3.5))

We now turn to the asymptotic covariance and the bias of the GMM estimator
when ¢ = 0. (The general case has been treated in Akashi and Kunitomo (2010).)
The normalized GMM estimators are asymptotically equivalent to

Govn(Bgy — 0)
T-1 (1) T-1 (2)
1 W 1 A%
= —D, ¢ U + — ¢ Mtut ‘I— o) (].) .
NG ; <w§2> ) NG ; 0 g

By using Lemma 1,

1 T-1 1 T-1
=S VM| = vO'M
Var[\/ﬁtﬂ t Uy NT;VGT[ t )
— 0. (6.125)

Then the asymptotic covariance-variance matrix becomes G ' (02®*)Gy ' = 02®* .
Under the condition ), tr(M,) /(VNT) < oo, its asymptotic bias is given by

T-1 (1)
(@ _ 1 1 w1 [ (L,0)Eviruz, ]
b —N}%rgw[m;tr(Mt)]q) ( . . (6.126)

The derivation of the asymptotic normality of the GMM estimator is similar to
the one for the LIML estimator and it is omitted.

Q.E.D.
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APPENDIX : Some Figures

In Figures the distribution functions of the WG, the GMM and the LIML estimators are
shown with the large sample normalization (i.e. the case of ¢ = 0) and the large-K normalization.
The limiting distributions for the LIML estimator in the large-K asymptotics are N5(0,I5) and
its marginal distributions are N(0,1) as n — oo, which are denoted as "0”. For the sake of
comparisons, the distribution functions of the WG and the GMM estimators are normalized
in the same way and presented in figures. The parameters of our settings and the details of
numerical computation method are similar to those explained in Anderson et al. (2005, 2008a).
The BB model stands for the one by Blundel and Bond (2000) and the AA model stands for
the one by Alvarez and Arellano (2003). The just identified model is the simultaneous equation
with v; = 0.
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Figure 2: G5 (BB-model): N =75 T'=25,¢=1/3
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Figure 4: 7 (BB-model) : N =75, T =25 ,c=1/3
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Figure 6: 35 (BB-model) : N =150, T =50 ,c=1/3
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Figure 8: 71 (BB-model) : N =150, T'=150,c=1/3
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Figure 10: (39 (Just-identified Case) : N =75, T'=25,¢=1/6

43



1.0

— LIML ——- LIML-bias correc

——————— LIML-var. correct = LIML-large K
091 | o o N(0,1)

1.0
""""" LIML-var. correct ——- GMM
gl [—WG > o N(O,

Figure 12: 7 (AA-model) : N =75, T'=25,c¢=1/6
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14: By (Just-identified Case) : N =150, T'=50,c=1/6
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Figure 16: v (AA-model) : N =150, T'=50,c=1/6
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