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Non-minimaxity of Linear Combinations of Restricted
Location Estimators and Related Problems

Tatsuya Kubokawa *and William E. Strawderman!
University of Tokyo and Rutgers University

July 7, 2010

The estimation of a linear combination of several restricted location parameters is ad-
dressed from a decision-theoretic point of view. The corresponding linear combination of
the best location equivariant and the unrestricted unbiased estimators is minimax. Since
the locations are restricted, it is reasonable to use the linear combination of the restricted
estimators such as maximum likelihood estimators. In this paper, a necessary and suffi-
cient condition for such restricted estimators to be minimax is derived, and it is shown
that the restricted estimators are not minimax when the number of the location parame-
ters is large. The condition for the minimaxity is examined for some specific distributions.
Finally, similar problems of estimating the product and sum of the restricted scale pa-
rameters are studied, and it is shown that similar non-dominance properties appear when
the number of the scale parameters is large.

Key words and phrases: Decision theory, linear combination, location parameter, max-
imum likelihood estimator, restricted parameter, restricted estimator, scale parameter,
truncated estimator.

1 Introduction

Point estimation of restricted parameters has been studied from a decision-theoretic point
of view since Katz (1961) and Farrell (1964). This classical problem has been revisited
by Marchand and Strawderman (2004, 2005), Kubokawa and Saleh (1998), Kubokawa
(2004), Tsukuma and Kubokawa (2008) and others. One of the most interesting issues
is whether the generalized Bayes estimator against the uniform prior over the restricted
space is minimax or not. Hartigan (2004) recently considered the simultaneous estimation
of a mean vector restricted to a convex set in a k-variate normal distribution and used
the Gauss divergence theorem to show that the generalized Bayes estimator against the
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uniform prior is minimax. However, Kubokawa (2010) established the non-minimaxity of
the generalized Bayes estimator in the context of the estimation of the sum of k restricted
normal means when k > 2. This shows that there is a deifference in minimaxity con-
siderations between these estimation problems. This paper is concerned with the latter
problem, and we shall investgate the minimaxity of the maximum likelihood estimator or
the restricted best equivariant estimator.

To explain instructively the problem treated here, consider the following simple model:
Let X4,..., X, be mutually independent random variables such that for s =1,... k, X;
has a normal distribution A (u;,1) where the mean p; is restricted to the space p; > 0.
Then, we want to consider the problem of estimating the sum of the means 6§ = Zle Lbi
relative to the quadratic loss function (6—6)2. It is noted that the risk function is the mean
squared error (MSE). A benchmark estimator is the unrestricted estimator oM — Zle Xi,
which is minimax and also the best location equivariant estimator. Since the means p;
are restricted, however, the unrestricted minimax estimator has a drawback of taking
negative values. To address this issue, two methods are available. One is the generalized
Bayes estimator of 6 against the uniform prior over the restricted spaces, and the other
is the maximum likelihood estimator (MLE). Kubokawa (2010) recently developed the
results that the generalized Bayes estimator is not minimax for £ > 2 while it is minimax
for £ = 1. This fact raises the question whether the MLE is minimax or not for k& > 2.
The MLE is given by 7% = Zle max{X;, 0}, and intuitively it would be plausible that
the MLE may be minimax, namely, it dominates Zle X, under the restriction p; > 0 for
i=1,... k.

In this paper, we treat more general location families with restricted location parame-
ters, and consider the problem of estimating linear combinations of the restricted location
parameters relative to quadratic loss. The best location equivariant and unrestricted esti-
mator of the linear combination is minimax, but inadmissible because the parameter space
is restricted. Thus, it is reasonable to consider the linear combination of the truncated
estimators which limit the unrestricted minimax estimators over the restricted space. The
MLE in the case of the above normal distributions is an example of the truncated esti-
mators. In Section 2, we derive a necessary and sufficient condition for the truncated
estimator to be minimax. This condition implies that the truncated estimator is minimax
for small k, but not minimax for large k. In Section 3, the necessary and sufficient con-
dition is examined for scale mixtures of normal distributions including normal, -, double
exponential and logistic distibutions, symmetric unimodal distributions including a uni-
form distribution, and an exponential distribution. For example, the MLE of Zle i in
the above normal distributions is minimax for k£ < 4, while it is not minimax for £ > 5.
The behavior of MSE’s of the MLE is illustrated in Figure 1 for £ = 1,4,5,8. It is also
shown that the conditoin k£ < 4 is sufficient for the minimaxity of the MLE in estimation
of any linear combination Zle @i fl;.

Section 4 investigates whether the non-minimaxity or non-dominance property of the
truncated estimators can be extended to the estimation of the restricted scale parame-
ters. There we consider the two problems of estimating the product and the sum of the
restricted scale parameters. Since estimation of the product of scales is invariant under the
scale transformations, the best scale equivariant estimator is minimax. A necessary and



sufficient condition is derived for the product of the truncated estimators to be minimax,
and it is shown that it is not minimax for large k. For the estimation of the sum of scales,
the invariance structure does not hold and we could not provide a minimax estimator.
Instead, we handle an unbiased estimator for the sum of scales, derive a condition for the
restricted estimator to dominate the unbiased estimator, and investigate the condition for
exponential and uniform distributions.

2 Minimaxity and Non-minimaxity of the Truncated
Estimator

2.1 Caseof k=1

We begin by deriving the bias and the mean squared error of the truncated estimator of a
single positive location parameter. Let X be a random variable whose density function is
given by f(x — u) where p is a location parameter restricted on the space {u € R|u > 0}.
The unbiased estimator of p is iV = X — c for ¢ = E[X — p] = [uf(u)du. Since this is
the best location equivariant estimator, it is minimax. Since p is positive, iV is improved
on by the truncated estimator

it = max{X — ¢, 0},

and the bias, mean squared error and variance are denoted by B(u) = Bias(u, i’ ®) =

A~ - I 2 m m
B[ —p], M(p) = MSE(p, i) = B[(f" —p)"] and V(p) = Var(u, i) = B[(@"" -
E[ZZTR])Q], respectively. Let F(z) be the distribution function of X, namely F(z) =
J7. flu)du.

Lemma 2.1 The bias and mean squared error of the truncated estimator ' % of u are
expressed as

Bu) = — /_c#(z et @) f(2)dz = /_C“ F(2)dz. (2.1)
M) =My~ [ e = 0)e ek fEN — Bl = Mo—2L(0), (22)

—00

where My = E[(X — ¢ — p)?] and

L= [ “e-ore=3{ [ Te-a6 - crnseas s}
Also, the variance of p™% is V(u) = My — 2L(n) — {B(n) }%.

Proof. Let Z = X — 1, and note that [~ (z —¢)f(z)dz = 0. Then,

Emax(X —¢,0) — p] = Elmax(Z — ¢, —p)] = /00 (z—c¢)f(z)dz — ,u/_c# f(2)dz.

—p



Since [Z (2 — ¢)f(2)dz = — [T ['(z — ¢) f(2)dz, it is observed that B(u) = — [* /(2 —
¢+ p)f(z)dz. Using integration by parts, we can show that f (z—cH+p)f(z)dz =
] “ " F(z)dz, which gives expression (2.1). Similarly,

El(max{X —¢,0} — M)Q] =FE[(max{Z — ¢, —p})Q]

:/c (z —c)*f dz—i—,u/ f(z

Since [Z (z=¢)*f(2)dz = [7 (¢ =¢)*f(2)dz— [~ ['(2—¢)* f(2)dz, M (u) can be rewritten

c—p c—p

M) =My~ [ =P pez—n [ e

—00 —00

c—u c— i
s [ e-areisu [ e
which yields that M(u) = My — [ "(z—¢)(z — ¢+ p) f(2)dz — uB(p). Using integration
by parts, we can show that

[ emat-crmenz=-2 [ e-opet-n [ Fees @3

[e.e] —0o0 —00

which gives expression (2.2). The variance of i’ can be easily derived from (2.1) and
(2.2). n

From (2.1) and (2.2), the derivative of the bias B(u), the MSE M (1) and the variance
V(p) are given by

B'(p) == F(c—p) <0,
M'(p) =2pF(c — p) > 0,
V() =2{p+ B(u)}F(c—p) >0

for 1 > 0. These means that B(u) is decreasing in p and M (p) and V(u) are increasing in
. Thus, the maximum bias, the minimum MSE and the minimum variance are attained at
= 0, and they are given by B(0) = — [©_ f(z)dz, M(0) = My— [€_(2—¢)*f(2)dz
and V(0) = M(0) — {B(0)}>.

Lemma 2.2 The bias B(u) is decreasing in p for p > 0 with B(0) > 0 and lim,,_,., B(p) =
0. The MSE M (u) and the variance V(u) are increasing in p with 0 < M(u) < Mo,
0 < V(p) < My and lim,_,oo M(p) = lim, oo V(1) = My. In particular, the truncated
estimator i* T is minimaz, and has a smaller varaince than V.

Concerning the MLE of pu, it is given by Ml = max{X,0} under the condition
that the density f(z — p) has the mode at * = pu. To get the bias and MSE of the
MLE, it is noted that 0 = [ (2 — ¢)f(2)dz = [“! z2f(2)dz + fjl z2f(z)dz — ¢ and
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My = [Z (2= c)*f(2)dz = [ 2*f(2)dz + [7, 2*f(2)dz — . Using these equalities and
similar arguments as in Lemma 2.1, we can obtain

B () =E[max{X,0} — ]
A CLEE O

m —00

= [ Termrea e

oo

Mz (p) =B[{max{X,0} — u}]
:/_ z2f(z)dz+,u2/_ uf(z)dz

o
—p

=M+ + / (1 — 22) f(2)dz.

Since M}, (1) =2p [~ f(2)dz > 0, it can be observed that

MML(,M) S lim MML(,LL) = MO + C2.

H—00

This implies that 7% is not minimax if ¢ # 0. When ¢ = 0, it follows from Lemma 2.2
that 7™~ is minimax. In the case that the density function f(z — p) is symmetric about
i, we have ¢ = 0, and the MLE max{X, 0} is minimax..

2.2 Case of k£ > 2

We now investigate minimax estimation for a linear combination of positive location
parameters. Let Xi,..., X, be mutually independent random variables where X; has
density f;(z; — p;) for p; > 0, and distribution function ffoo filu — pi)du = Fi(x; — ;)
for Fi(z) = [ fi(z)dz. Let us consider the linear combination of the locations given by

k
0 = Zaiﬂi =a'p,
i=1

where aq, ..., a; are real constants. The unbiased estimator of 6 is oU — Zle a;(X; — ¢)
for ¢; = F[X; — ;] and it is minimax as shown in Kubokawa (2010). However, if for
example, all of the a;’s are positive, it has the drawback of taking negative values with
a positive probability because 6 is positive. An alternative is a linear combination of the

truncated estimators given by
k

WTR E ~TR
0 = aitl;

i=1
where 17 = max{X; — ¢;,0} is a truncated estimator of y;. From a decision-theoretic
point of view, an interesting query is whether the truncated estimator is minimax or not.



Let Ay and A_ be subsets of {1,...,k} such that A, UA_ ={1,...,k} and
a; >0 if i€eAy, and a; <0 if jeA_. (2.4)

Then 6 and 67 are decomposed as

=0, —06_ for 0, = Z a;p; and 6_ = — Z @iy,
€A €A (2 5)
grr :éJTrR — 0" for éZR = Z a; il ® and TR = — Z a;fil
i€A+ 1EA_

The MSE of the truncated estimator 67 is written as
MSE(u, 077 = E[(67% — 0,)?] + E[(§TF — 6_)% — 2E[67" — 6, |E[§TF —6_].
Also, note that

E[(éIR —0.)°] = Z a; M; () + Z Z a;aeBi (i) Be(pue),

i€Ay i€EAL LEA | (i

where M;(wi) = E[(fi; ™ — p:)?] and Bi(wi) = B[] ™ — ] Let Li(p;) = — [Z. " (2 -
¢;)Fy(z)dz. Note that L;(y;) > 0 and that MSE(u,0Y) = Dien, GE(Xi — i — m)?] +
> jen. GGE[(X; — ¢; — p;)?]. Then, the difference of the MSEs of 07E and U can be

expressed as
A(p) =MSE(p, ™) — MSE(p,0")
= =2 alLiw)+ Y, Y aiaBi(u)Be(p)

i€A L i€EAL LEA, f#i

=23 alLi(w) + > Y ajacB;(p;)Bi(p)

JEA_ JEA_ LEA_ L#£]

+2) Y aia;Bilj) By(wy)- (2.6)

i€y jEA_

We first derive a necessary condition for the minimaxity of OTE. Note that limy, oo Li(pi) =
0 and lim,,, o B;(p;) = 0. Let Cy be a subset of Ay. When p; — 0 foralli € Cy, prp — 00
for all £ € A \C4 and p; — oo for all j € A_, the MSE difference A(p) converges to

Alp) = =2 afLi(0)+ > > a;a0Bi(0)By(0).
i€Cy 1€Cy LeCy b#i

A similar property holds for a subset C of A_, and these give us a necessary condition
for the minimaxity of #7%. Thus, if 7% is minimax, then the following inequalities hold
for all subsets C'. C Ay and C_ C A_:

> @aBi(0)By(0) <2 ) a?Li(0),

1€Cy LeCy LF#i 1€Cy

> Y a;aBi(0)By(0) <2 alL;(0).

JEC_ LeC_ t4] jec_

(2.7)



We next show that condition (2.7) is sufficient. Since (d/dpu;)L;(p;) = —piFi(e; — ;)
and (d/du;)Bi(pi) = —Fi(¢; — u;), the derivative of A(p) with respect to p; for i € Ay
can be written as

Alp) = 2Fi(e; = )@ —a; " aBile) - ai Y a;B() }.

LEN, L#i jeA

O

Since the content of the above bracket is inceasing in u;, we can consider the two cases:
(1) (0/0u;)A(p) > 0 for all p; > 0, or (2) there is a positive point p;o such that
(0/0pi)A(p) < 0 for 0 < p; < pio, and (0/0p;)A(p) > 0 for all p; > ;. This
means that

Alp) < max{ lim A(w), lim A(u)}.

Hi—0 Hi—>00

Applying this argument for all € A, and all j € A_ and noting that

Z Z a;a;B Bj(15) <0,

1E€EAL jEA_
we see that
. {23 d B (0)B.(0)
() < max (=23 afLi(0) + Z > ia¢Bi(0) By(0)
1€Cy 1€Cy LeCy LF#i
+CIEIC8¢/}\(7{—2 Z a3 L; (0 Z Z aja;B;(0 (O)},
JjeC- JEC_ LeC_ 0#j

which implies that condition (2.7) is sufficient for the minimaxity of §7%. Hence, we have
the following result.

Proposition 2.1 The condition given in (2.7) is a necessary and sufficient condition for
the truncated estimator 67 to be minimazx.

Consider a special case that fi(z) = -+ = fi(z) = f(2) and a3 = -+ = ap = 1,
namely, 6 = p1y + - -+ + p. Then, condition (2.7) is expressed as

SN BOPR<2Y Lo
i€C LEC I#i ieC

for all subsets C of {1,...,k}, where

e e (2.8)
L(0) :/_ (z—c)f(2)dz = —/_ (z —c)F(z)dz

This condition can be simplified as
(k= 1){B(0)}* < 2L(0), (2.9)

and we get the following proposition.



Proposition 2.2 Consider the case that fi(z) =--- = fe(2) = f(2) and a1 = --- = a), =
1. A necessary and sufficient condition for the minimazxity of the truncated estimator TR
is that (k — 1){B(0)}2 < 2L(0). That is, 67F is minimaz for k < 2L(0)/{B(0)}2 +1 and
not minimazx for k > 2L(0)/{B(0)}* + 1.

The next result shows that the condition of Poposition 2.2 is sufficient (but not nec-
essary) for minimaxity of §7% for all linear combinations.

Proposition 2.3 Suppose that fi(z) = --- = fi(z) = f(2) and that the condition k <
2L(0)/{B(0)}* + 1 is satisfied. Then 077 is minimax for all linear combinations.

Proof. We show that the condition (2.7) is satisfied for all subsets C of A;. The same
proof holds for subsets of A_. Let the cardinality of A, be ky (< k) and the cardinality
of a particular subset C be k* (< ky < k). We use the fact that for any set of positive
(or negative) constants (37_, a;)?> < £32¢_, a2, and hence that

=1 "1

DD ae =0 a) =) ad <k -1 a<(k-1)) al.

i€C jeC,j#i ieC icC ieC ieC
The LHS of the first expression in (2.7) (since all B;(0)’s and L;(0)’s are equal) satisfies

k*

B20)> > aw; <B0)(k—-1)> a.

i€C jEC,j#i i=1

Now, since the assumption of the proposition is equivalent to B*(0)(k — 1) < 2L(0), we

have that . -
BX0)> > aa; < BX0)(k—1)) a} <2L(0)> a,
i€C jeC,j#i i=1 i=1
which is the desired condition. This completes the proof. ]

This result shows that, in a certain sense, the sum of the means is a least favorable
combination as far as minimaxity is concerned when all densities are the same. The
same reasoning implies the slightly stronger conclusion that 67R is minimax provided
k* < 2L(0)/{B(0)*} + 1 where k* = max{card(A,),card(A_)}. The condition is also

necessary if |a;| = a for all 1.
Finally, the variance of TR is written as

k
Var(p,0™) =Y " a?Var(u, o ™),

i=1
which means that the variance of 7% is less than or equal to that of U if for i = L.,k
the variance of i1 is less than or equal to that of X; — ¢;. Thus, from Lemma 2.2, 7%

has a smaller variance than 6Y.



3 Examples of Non-minimaxity of Truncated or Max-
imum Likelihood Estimators

3.1 MLE in normal distributions

Let Xi,..., X, be mutually independent random variables such that X; has a normal
distribution with mean p; and unit variance, namely, X; ~ N (u;, 1) for g; > 0. The MLE
of the linear combination 6 = py + - - - 4 g is

P
where M = max{X;,0} is the MLE of y;.

From Lemma 2.1, the bias and mean squared error of % are expressed as

Bw) = [ e+ o)z

o0

=(i) — pi®(—pi),

M(p) =1 - / e+ ) d()dz — B ()

[e.e]

=1 — ®(—p;) — i B (1),

where ¢(z) and ®(z) are density and distribution functions of the standard normal distri-
bution. Then, B(0) = 1/v/27, lim,,, o, B(j;) = 0. Since L(p;) = {®(—p) + p:B(1:)}/2,
it is observed that L(0) = 1/4 and lim,, o, L(p;) = 0. Thus, 2L(0)/{B(0)}?> = =, and
the following proposition follows from Propositions 2.2 and 2.3.

(3.1)

Proposition 3.1 In the estimation of 0 = Zle Wi, a necessary and sufficient condition
for the minimaxity of the MLE OML s that k < m+1. That I8, OML s minimaz fork <4
and not minimazx for k > 5. Also, the condition k < m+1 is sufficient for the minimaxity
i estimation of any linear combination.

It is interesting to illustrate the behaviors of the risk functions of the MLE for several
values of k. For simplicity, let p; = - -+ = pp = p and consider the case of 0 = py+- - -+ .
Then, the MSE of the MLE is given as

MSE(u, 0M") = kM (1) + k(k = D{B(u)}?,

where M (p) and B(u) are given in (3.1). Since the MSE of the unbiased estimator of
0 is k, the ratio of the MSE’s of the MLE and the unbiased estimator should be less or
equal to one if the MLE is minimax. The ratio of the MSE’s is illustrated in Figure 1 for
k=1,4,58 and 0 < u < 3. As seen from this figure, the ratio of the MSE’s for £k = 5,8
exceeds one at pu = 0.



1.6

1.4

12

ratio of MSEs

1.0

0.8

0.6

location parameter

Figure 1: Ratio of MSE’s of the MLE and the unbiased estimator, MSE(u, ™)/ MSE(u,0Y), for
k=1,4,58and 0 < pu <3

3.2 Scale mixtures of normals distribution

Let Xi,..., X, be mutually independent random variables such that X; has a scale mix-

ture of normals distribution, namely, the conditional distribution of X; given V' has the

nornal distribution A'(u;, V) and V has a distribution G. Then, B(0) = E[V/?]/(27)'/?
and 2L(0) = E[V]/2, so that

2L(0)/{B(0)}* = nE[V]/{E[V'/?]}".

Hence from Propositions 2.2 and 2.3, we get the following proposition.

Proposition 3.2 In the estimazﬁion of 0 = Zle Wi, a necessary and sufficient condition
for the minimazity of the MLE 0M% is that

k < mE[V]/{E[VY3}? +1, (3.2)

which 1s also is sufficient for the minimaxity in estimation of any linear combination.

The normal distribution given in Section 3.1 corresponds to the case where V is degen-
erate at one. Proposition 3.2 shows that the normal distribution is least favorable in the
sense that, since E[V]/{E[V'/?]}? > 1, the critical value of k (for minimaxity of #77) is

always at least as large for any scale mixtire of normals as it is for the normal distribution
itself.

The scale mixtures of normal distribution includes ¢-, double exponential and logistic
distributions, and Proposition 3.2 can be applied to these distributions.

10



[1] t-distribution. When 1/V has a chi-square with v degrees of freedom divided by
v, the resulting distribution is a t-distribution with the density function

fole = i) = Co (1 + (@ = pa)?/v) 7,
for C, = (vm)~Y2I'((v +1)/2)/T(v/2) and p; > 0. In this case, it is seen that
BV B B
(B2 {E[(v/V)2F2 {EB[(x2) A}

= - > (r((ry(i/f))/g))2 =Ko,

so that the condition (3.2) becomes k < K, 4+ 1. Using Stirling’s formula, we can easily
verify that K, — 7 as v — 0o, which corresponds to the case of the normal distribution.
For v = 3, it is observed that K3 = 7%/2 = 4.929 since I'(1/2) = /7. Thus, in this case,
OML is minimax for k < 5 and not minimax for k£ > 6.

[2] Double exponential (or Laplace) distribution. When V' has an exponential
distibution mean 2 with the density g(v) = 27! exp{—v/2}, Andrews and Mallows (1974)
showed that the resulting distribution is a double exponential or Laplace distribution with
the density

flo — ) = 27 exp{~|z — wl}.
See also West (1987), who extended the result to the exponential power family. In this
case, it is seen that E[V] = 2 and E[VY/?] = \/7/2, which yields
TEV]/{EV'?)}? =4.
Hence, the condition (3.2) becomes k < 5.
[3] Logistic distribution. When V has the density function

oo

g(v) =) (=1)7% exp{—j%v/2},

Jj=1

Andrews and Mallows (1974) showed that the resulting distribution is the logistic distri-
bution

fo — i) = exp{—(z — ) }[1 + exp{—(z — ;) }] .
In this case, it can be seen from Abramowitz and Stegun (1972, pp. 808) that

E[V] =4 Z(—l)j*/f =72/3,

BV =35 Y (177 = VIR og(2)

which yields
nEV]/{E[V?)) =

Hence, the condition (3.2) becomes k < 4.
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3.3 Symmetric unimodal distributions

In this section, we study symmetric unimodal distributions and show that the uniform
distribution on [—a, a] is least favorable in the sense that the value of k giving minimaxity
in Proposition 2.2 (and 3.1) is the minimum among all symmetric unimodal distributions,
and that this value is given by 11/3. Hence for £ < 3, 6TE is minimax for all linear
combinations for all symmetric unimodal distributions. Here is the formal result.

Proposition 3.3 Assume that the assumptions of Proposition 2.2 (and 3.1) are satisfied,
and in addition that all f(z) is symmetric and unimodal. Then,

(a) If k < 2L(0)/{B(0)}* + 1 = 2E[X?|/{E[|X|]}2 + 1, 6TR is minimaz for all linear
combinations. The condition is also necessary for minimaxity for the sum of the means.

(b) If X has a uniform distribution on [—a,al], 2E[X?|/{E|X|]}?+ 1= 11/3.

(c) For any symmetric unimodal distribution, 2E[X?]/{E|X|]}* + 1 > 11/3, so that
the uniform distribution is least favorable in the sense indicated above.

Proof. To prove part (a), note that for symmetric unimodal distributions 2L(0) =
E[X?]/2, and B(0) = E[|X]]/2, so that the result follows. This calculation is also true
for symmetric distributions for the estimator constructed from the truncated version of
the X; ' s even though this estimator need not be the MLE.

Part (b) follows from part (a) by direct calculation since for a uniform distribution on
[—1,1], E[X?] = 1/3, and E[|X]|] = 1/2. We note that the result is independent of the
scale parameter.

Part (c) follows since all symmetric unimodal densities are scale mixtures of uni-
form distributions on [—v,v], i.e., the distribution of X |V has the uniform distribution
on [~V,V] and V has a density, g(v) on v > 0. It follows that F[X? = E[E[X?|V] =
EV?)/3, and E[|X|) = E[E[X|V]] = E[V]/2. Hence, 2L(0)/{B(0)}* = 2E[X?] /{E[|X[|}* =
(8/3)E[V?|/{E[V]}* > 8/3, since for positive random variables, E[V?]/{E[V]}* > 1.
Therefore, 2L(0)/{B(0)}* + 1 > 11/3, which completes the proof. n

It is interesting to compare the results of section 3.2 and this section. In general the
smallest value of k£ that guarantees minimaxity for unimodal symmetric densities is k = 3,
(attained for the uniform) while for scale mixtures of normals, it is k = 4 (attained for the
normal itself). Note also since scale mixtures of normals are symmetric and unimodal,
part (a), allows an alternative calculation of k.

3.4 Exponential distributions

Let X1, ..., X; be mutually independent random variables such that X; has an exponential
distribution with location parameter p;, namely, the density function of X; has the form
filzs — pi) = exp{—(z; — p;) }(x; > ;) for p; > 0, where I(x; > u;) is the indicator
function. It is noted that

/ zexp{—z}dz =[—(z + 1) exp{—z}]’,
a (3-3)

b
/ 22exp{—2}dz =[— (2% 4+ 22 + 2) exp{—2}]°.
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Then ¢; = E[X; — p;] = 1, and an unbiased estimator of y; is given by ¢ = X; — 1 with
variance E[(X; — 1 — ;)% = 1. Since p; > 0, it is reasonable to consider the truncated
estimator 717 ® = max(X; — 1,0). Noting that X; > yu;, we can see that g/ = X; — 1 if
pi > 1, but g7® > X;—1if 0 < p; < 1. The truncated estimator of the linear combination
0=p1+---+ pyis

0T" = max(X; — 1,0) + - - - + max(X;, — 1,0).

From Lemma 2.1, the bias and mean squared error of 7M% are expressed as

Blu) = — /Ol_m(z S ) exp{— 320 < g < 1)
={exp{p; — 1} = (0 < p; < 1),

M) == [0 1 ) esp(=3=T0 < < 1) = Bl
=1— (1= p) {1+ p; —2exp{u; — 1}}1(0 < p; < 1).

Then, B(0) = 1/e, lim,, oo B(i;) = 0. Since L(p;) = 2741 — p){1 + pi — 2exp{ps —
1}}(0 < p; < 1), it is observed that L(0) = (1 — 2/e)/2 and lim,,, ,o L(p;) = 0. Thus,
2L(0)/{B(0)}* = e(e — 2) = 1.9524, and from Propositions 2.2 and 2.3, it follows that in
the estimation of § = )., 1;, a necessary and sufficient condition for the minimaxity of

the truncated estimator 7% is that k < e(e —2) + 1 = (e —1)*. That is, 7R is minimax
for k < 2 and not minimax for k¥ > 3. If £ < 2, 7% is also minimax for any linear
combination.

4 Extensions to estimation of restricted scale param-
eters

In this section, we treat the estimation of product and sum of the restricted scale param-
eters, and investigate whether a similar phenomenon as studied in the previous sections
still holds.

4.1 Caseof k=1

Let X be a non-negative random variable having density function o' f(x /o) with o > 1.
When the scale parameter o is estimated relative to the quadratic loss function (6 /0 —1)?,
the scale equivariant estimator of ¢ is given by

6% = cX.

The best scale equivariant and minimax estimator is 6™ = ¢“ X, and the unbiased

estimator is 6V = ¢V X, where

M=E[Z]/E|ZY, & =1/E[Z]
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for Z = X/o. Since o0 > 1, it is reasonable to consider the truncation of c¢X at one,
namely, the truncated estimator

61F = max{cX, 1}.

Let A(c) = E[(67%/0)?] — E[(cX/0)?] and B(o) = E[67" /o] — E[cX/c]. We begin with
showing the following lemma which will be helpful for investigating properties of the risk
functions.

Lemma 4.1 (1) A(o) and B(o) are expressed as

1/co 1/co
A(o) :i/ (1— 20?2 f(2)dz = 202/ 2F(z)dz,
0 0

Blo) =+ /0 0 con)f(o)dz = o /0 " e,

for F(z fo

(2) A(J), B(o ), JB(J), 2B(0) — A(o) and 0 A(0)/B(0) — 20 are decreasing in o for
o> 1, and lim,_,, A(c) = lim,_,, B(c) = 0.

(3) A(1) > B(1) for c =M = E[Z]/E[Z?].

Proof. The part (1) can be verified by using integration by parts. For the part
(2), the monotonicity of A(c) and B(c) can be seen since A'(c) = —203F(1/co) and
B'(o) = —J_2F(1/CO) Also from the equality given in (1), B(c)o = Ol/w(l—coz)f(z)dz,
so that (B(o)o)" = 1/00 z2f(z)dz < 0, which shows that 0B(o) is decreasing. Since
2B'(o) — A'(0) = 20~ 3F(l/ccr)(l —0) <0 for o > 1, it follows that 2B(c) — A(0) is
decreasing for o > 1. Leting g(0) = 0 A(0)/B(0) — 20, we can see that

1/co
F(z)d
g(o) = QCUW — 20
I/ F(2)dz
and
1/co
2F(2)dz
g'(o) :2Cf01/w— -
Jo' 7 F(2)dz
2 (1/co)F(1/co) [V F(2)dz — F(1/co) [}/ 2F(2)dz
T 1/co
o (o' F(z)d=)?
(e = D F(2)d2 L 2F(1/e0) (2~ 1feo)F(z)dz
S/ F(2)dz o (/7 F(2)dz)?
which is negative since o > 1. Thus, g(0) is decreasing in o.
Finally, for ¢ = E[Z ] /E [Zz] we show the 1nequahty A(1) > B(1), which is rewritten
as h(d) > 0 Where h(d) = 2f0 2F(2)dz — dfo z)dz for d = 1/c. Note that h'(d) =

fo z)dz and h"(d) = df(d). Since h”(d) > 0 and h'(0) = 0, it is observed that

14



h'(d) > 0, so that h(d) is increasing in d. Since h(0) = 0, it is shown that h(d) > 0 for
d > 0, proving the inequality given in the part (3). [ ]

TR

The risk function of the truncated estimator 6* " is expressed as

R(0,6™") =E[(6""/0)*] = 2E[6"" /o] + 1
E[*Z% + A(o) — 2E[cZ] — 2B(0) + 1
R(0,6%) + A(0) — 2B(0).

From Lemma 4.1, it follows that A(o) —2B(0) is increasing in ¢ > 1 and lim, . {A(0) —
2B(0)} = 0, which means that 67% dominates 6.

Proposition 4.1 For any positive constant c, the estimator 6¢ = cX is dominated by
the truncated estimator 671 = max{cX, 1}.

4.2 Caseof k>2

We now investigate whether the truncated estimators dominate the non-truncated estima-

tors in the case of £ > 2. Let X, ..., X} be mutually independent random variables where
X; has density O'_ 'fi(zi/o;) for o; > 1, and distribution function [ o7 fi(u/o;)du =
Fi(x;/o;) for Fi(x fo fi(2)dz. We consider two problems of estimating the product

and the sum of the restricted scale parameters, given by

1N =01 X 09 X+ X O,
920'1+O'Q+"'+0'k,

where estimators 7) and 0 are evaluated relative to the quadratic loss functions (7/n — 1)2
and (0/0 — 1)%

We first treat estimation of the product n. Along the line discussed in the case of k = 1,
we consider the estimator 6¢ = ¢; X; and the truncated estimator 67 % = max{c; X;, 1} for
0;, which lead to the estimators

~C _~C ~C ~C
77 —0-1 ><0_2 X "‘Xo_k7
AR =6TR x 618 x ... x 6] 7.

Proposition 4.2 The product of the truncated estimators N dominates the non-truncated
estimator A% if and only if k and the c;’s satisfy the inequality

[T {aEZ) + B} ~ Lo (e B2}
where Az<az) = E[(é',LTR/O'Z)Q] — E[(chz)Q] and Bz(az) = E[a'ZTR/O'l] — E[QZ@]

Proof. From the independence of X1, ..., X}, the risk function of #7% is written as
R(o, 7™ H{C2E (23] + Ai(00)} — QH{CZ ]+ Bi(o)} +1, (4.2)
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for ¢ = (01, ...,0%). Differentiating R(o, 7" ®) with respect to o, gives that

2 Roi™) = 20 /e0){o, [T{eBl2] + Bioo) - TTIEEIZ) + Ao},
J J i#j i#]

which is negative for ; < o7 and positive for ; > o7, where
o = [ [{GEIZ]] + Aien)}/ [ [{c:E(Z)] + Bi(ow)}.
i#i i#]
This implies that
R(o,i"") < max{ lim R(o,7""), lim R(o,7"")}.
gj—>

0 —>00
Repeating this argument shows the inequality

R(o,7™) < max{m lim  R(o,7""), lim R(o, 7TR)}.

j—1,j=1,...,k 0j—00,j=1,....k

Since limg; o0 j=1,... k R(o,7T®) = R(o,7°), we can see that the condition (4.1) is a
necessary and sufficient condition for #7® to dominate 7°. n

In the case of f1(2) = -+ = fe(2) = f(2) and ¢; = --- = ¢ = ¢, the condition (4.1)
can be simplified as

u+AuMWEwm%—1<2<mm)ﬁ w3

1+ B()/{cE[Z]})F =1 — \cE[Z?]
where A(o) and B(o) are given in (1) of Lemma 4.1 and Z is a random variable having

the density f(z). When 6¢ = ¢MX; is the best scale equivariant estimator, namely,
M = E[Z]/E|Z?%), the condition (4.3) can be described as

L+ AQAMEZ]}]" —1
1+ BOAMEZ -1 (4.4)

or
L+ AW/ BIZD] L [+ AQAMEZY i
T+ BO/AEZY] 1- L+ BOANEZ) = )
From (3) of Lemma 4.1, it is noted that A(1) > B(1), so that the Lh.s. of (4.5) exceeds
2 for large k. Thus, we get the following proposition.

Proposition 4.3 Assume that fi(z) = -+ = fr(2) = f(2) and ¢y = -+ = ¢, = c. The
best scale equivariant estimator of n is given by N° = Hle(cMXi) for M = E[Z]/E[Z?],
and the condition (4.4) or (4.5) is a necessary and sufficient condition for the truncated
estimator N°F to dominate 3. Further, n"7% does not dominate 3¢ for large k.

We next treat the estimation of the sum of the restricted scales 6 = Zle o;. For

6¢ = ¢; X; and 6TF = max{c; X;, 1}, we consider the two estimators
AC _~C | AC ~C
9 :01 +02 ++0k7

~TR _~TR | TR ~TR
N =0y oy o
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Proposition 4.4 Assume that the constants ¢;’s satisfy that GE[Z]<1forl1=1,... k.
Then, the sum of the truncated estimators 07T dominates the non-truncated estimator 6
if k and the c;’s satisfy the inequalities

k
;{Bju) 42, E7;] -2} < 2 — ’;8; (4.6)

fori=1,... k.

Proof. The risk function of the truncated estimator 77 is

k

R(a,6"™) ZE[{Z(@TR —0:)}7]/6?

=32 E((67" /0, — 1)%)/6

i=1

k k
+ ZZO’Z'O']'E[&Z-TR/O'Z‘ - 1]E[5'JTR/O'] — 1]/02

i=1 j#i

=Y 0 {E[Z]] + Ai(0:) — 2¢,E[Z)) — 2B;(07) + 1}/6°

=1

+3 Y oio{aElZ] + Bi(o:) — 1H{¢;E[Z)) + Bj(oy) — 1}/67,  (4.7)

i=1 j#i

which is less than or equal to R(o, éc) if and only if for any o; > 1,71 =1,...,k,

; U"B"w"){"" 2223 — 20, + ; 0, {B;(0;) + 2¢, B[ Z;] — 2}} <0, (48)

Note that ¢;E[Z;] —1 < 0 from the condition of ¢;’s given in Proposition 4.4. From the
monotonicity properties of 0;4;(0;)/Bi(0;) — 20; and 0;B;(0;) given in (2) of Lemma 4.1,
it follows that

UlAi(ai) — 20;
ZBi(oi) L B;(1) ’
oi{Bj(0;) +2¢;E|Z;] — 2} < Bj(1) +2¢;E[Z;] — 2.

A

Hence, the condition (4.8) holds if for i = 1,.. .k,

Ai(1) y
B 2T ;{Bﬂ) +2¢;B[Z;] - 2} <0,

which is given in (4.6). u
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It is noted that the inequality (4.8) is a necessary and sufficient condition for 67E to
dominate §¢. We thus derive the necessary condition given by

iBi“) (A

(1)
which is weaker than the sufficient condition given in Proposition 4.4.

A, ¢
B 7 ;{Bﬂl) +2,B17;] - 2}} <0, (4.9)

As described in the case of kK = 1, the best scale equivariant and minimax estimator
of o; is oM = M X, for M = E[Z;)/E[Z?], and the unbiased estimator is 6V = ¢! X; for
& = 1/E[Z;]. Tt is noted that both of ¢M and ¢V satisfy the assumption ¢;E[Z;] < 1 in
Proposition 4.4.

In the case of fi(z) = -+ = fi(z) = f(2) and ¢; = -+ = ¢, = ¢, the necessary
condition (4.9) can be simplified as
A1)
W—Q—k(k— D{B(1) +2cE[Z] — 2} <0, (4.10)

which is identical to the sufficient condition given in Proposition 4.4.

Proposition 4.5 Assume that fi(z) = - = fi(2) = f(z) and ¢y = -+ = ¢, = c. For
the constant ¢ satisfying cE[Zl] < 1, the sum of the truncated estimators % dominates
the non-truncated estimator 0 if and only if k satisfies the condition (4.10).

4.3 Examples

We here provide two examples of exponential and uniform distributions. We first treat
the case of exponential distributions. Let Xi,..., Xy be mutually independent random
variables such that X; has an exponential distribution with scale parameter o;, namely,
the density function of X; has the form o~ !f;(z;/0) = o 'exp{—=z;/o;}(x; > 0) for
o; > 1. Moments and integrals of the exponential distribution can be computed by using
(3.3). Then, E[Z] =1, E[Z% = 2 and

Alo) =(1/o +1/2)e7 27 +1/0% —1/2,
Blo) = 27/2+1)o —1/2.

Thus, A(1) = (1 +3e7%)/2 and B(1) = (1 +e7?)/2 for Z = X;/o;. Note that M =
E|Z|/E[Z?] =1/2 and Y = E[Z] = 1.
Concerning the estimation of the product of ¢;’s, it is noted that
1+ AL)/H{MEZ]}F -1 (2+3e2)F -1
[1+BMW)/{cME[Z]}]F -1  (2+e2)k—1"

Then from Proposition 4.2 and the condition (4.4), it follows that [[_, max{c™X;, 1}
dominates [, (¢™ X;) if and only if (2+3e %)k — 1 < 2(2+4 ¢ 2)* — 2. Investigating this
inequality numerically, we can see that this condition is satisfied for k£ < 5, while it does
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not hold for £ > 6. From (4.2), the MSE function of the truncated estimator of the best
scale equivariant estimator 777 is written as

MSE(o, 7™ = [(1/2 + A(0))* — 2(1/2 4+ B(0))* + 1|0?*,

in the case of 0y = -+ = 0, = 0. The numerical behavior of the ratio of the MSE’s,
MSE(o,7T8)/MSE(a,7%), is illustrated in Figure 2 for k = 1,5,6,10 and 1 < o < 5.
From this figure, we can observe that the truncated estimator does not dominate the
non-truncated estimator for £ > 6.

For the estimation of the sum of ;’s, from (4.10), the necessary and sufficient condition

is given by
2

%(14—6_2_}_40—4) < 112
For ¢ = c¢™ =1/2, we have 1+ e 2 +4c” —4=¢"2 -1 <0, so that 3¢ max{c” X;, 1}
always dominates Zle(cM X;), which is the sum of the best scale equivariant estimators.
Forc=cV =1,14+e 244 —4 =1+¢72 > 0, so that 3¢, max{cVX;, 1} dominates the
unbiased estimator 3% (¢V X;) if and only if k —1 < 2(1 —e72)/(1+ e 2)2. Investigating
the inequality numerically, we can see that 3.  max{c”X;, 1} dominates 3% (VX))
for k = 1,2, while this dominance does not hold for £ > 3. From (4.7), in the case of
o1 = --- = o = o, the MSE of the truncated estimator for the unbiased estimator is
written as

1—e"

R(0,0™%) = [A(0) — 2B(0) + 1+ 2(k — 1){B(0)}*]ko”.

The ratio of the MSE’s, MSE(c,0"®)/MSE(c,0°), is illustrated in Figure 3 for k =
1,2,3,5and 1 <o < 5.

We next treat the case of uniform distributions, namely, let Xi,..., X} be mutually
independent random variables such that X; has a uniform distribution with the density
function o7 f(z /o) for f(z) = I(0 < z < 1) where 0; > 1. Since F[Z] = 1/2 and E[Z?] =
1/3, we have ¢™ = 3/2 and ¢V = 2. Also note that A(1) = 2/(3¢) and B(1) = 1/(2¢).

Concerning the estimation of the product of o;’s, it is noted that

1+ AQ)/{ME[Z]})F -1  (1+16/27)F -1

14+ BQ)/{ME[Z]})F -1  (1+4/9)F—1"
Then from Proposition 4.2 and the condition (4.4), it follows that Hle max{cM X;, 1}
dominates [, (c™X;) if and only if (1 + 16/27)% —1 < 2(1 + 4/9)* — 2. Since this
inequality is satisfied for £ < 6, the dominance result holds for £ < 6, while it does not
hold for k£ > 7.

For the estimation of the sum of ¢;’s, from (4.10), the necessary and sufficient condition
is given by

(k=1)((2c) ' +¢c—2) <2/3.
For ¢ = ¢™ = 3/2, we have (2¢)"! 4+ ¢ — 2 = —1/6, thus 3¢ max{c™X;, 1} always
dominates 3> (M X;). Forc =V =2, (2¢) "' +¢—2 = 1/4, so that 3. max{cV X;, 1}
dominates Zle(CU X;) if and only if £ —1 < 8/3 or k < 3, while this dominance property
does not hold if k —1 > 8/3 or k > 4.
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Figure 2: Ratio of MSE’s of the truncated estimator #7% and the best scale equivariant estimator for
k=1,5,6,10and 1 <o <5
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Figure 3: Ratio of MSE’s of the truncated estimator 0T and the unbiased estimator for k = 1,2,3,5
and 1 <o <5
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5 Concluding Remarks

In this paper, we address the problem of estimation of a linear combination of restricted
location parameters where estimators are evaluated through MSE. The linear combination
of the best location equivariant estimators is a minimax estimator with a constant MSE,
and it is used as a benchmark estimator. Since each location parameter is restricted to
the positive real line, it is reasonable to consider the linear combination of the truncated
estimators. Our interest is to investigate whether the restricted estimator remain minimax
or not. In this paper, we have derived a necessary and sufficient condition for the restricted
estimator to be minimax, and have examined this condition for some specific distributions.
Especially, we have an interest in the minimaxity of the MLE in the estimation of the sum
of the restricted means in £ normal distributions, and we have established that the MLE is
not minimax for £ > 5, while it is still minimax for £ < 4. This result corresponds to the
result of Kubokawa (2010) who showed that the generalized Bayes estimator against the
uniform prior over the restricted space is not minimax for £ > 2. Thus, in the estimation
of the sum of the restricted normal means, the MLE as well as the generalized Bayes
estimator are not minimax for large k. It has been also shown that such a decision-
theoretic phenomenon remains true in the estimation of the product and the sum of the
restricted scale parameters.

In the context of the simultaneous estimation of k restricted normal means, Hartigan
(2004) established that the generalzed Bayes estimator against the uniform prior over the
restricted parameter space is still minimax, and it can be also shown that the MLE is
minimax. However, the minimaxity of the generalized Bayes estimator and the MLE do
not hold for large k in the context of estimation of the sum of the restricted means. This
may be an interesting decision-theoretic phenomenon, and it is conjectured that such a
property still hold for distributions other than the location and scale families treated in
this paper.
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