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1 Introduction

Recently there has been a growing interest on dynamic panel models, which
are indispensable tools for econometric analysis. As a pioneering work Alvarez
and Arellano (2003) have investigated the asymptotic properties of alternative
estimation methods including the WG (With-in-Groups) estimator, the GMM
(generalized method of moments) estimator and the LIML (limited information
maximum likelihood) estimator for a simple reduced form equation when the time
length is large(i.e. the long panel asymptotics). The asymptotic properties of es-
timators in the long panel model are closely related to the corresponding methods
for the structural equation estimation with many instruments. There has been a
considerable literatures on this problem and Anderson, Kunitomo and Matsushita
(2010) have found that the LIML estimator, originally developed by Anderson and
Rubin (1949, 1950), has some optimal properties as the estimation of structural
equation when there are many instruments. In dynamic panel context, Alvarez
and Arellano (2003) have developed the use of forward-filtered estimation and
obtained the asymptotic properties of alternative estimators (when both the num-
bers of individuals and the time length are large) while Hayakawa (2006, 2007)
have investigated the backward filtered instruments for estimating dynamic panel
reduced form models. For estimating the panel structural equation in the simul-
taneous equation models, Akashi and Kunitomo (2010a, b) have investigated the
asymptotic and the finite sample properties of alternative estimators (the WG, the
GMM and LIML estimators) when we use the forward-filtered panel data and the
backward-filtered instruments. Contrary to some known results in the econometric
literature, they have found that the asymptotic biases of the WG estimator and
the GMM estimator are rather significant and they should not be ignored while
the distribution function of the LIML estimator is almost median-unbiased under
a set of reasonable conditions.

One remaining issue, however, is the fact that the asymptotic bias of the LIML
estimator can be significant when we have heteroscedastic disturbances of the
structural equation in some situations. In the panel econometric analysis the ho-
moscedasticity assumption of disturbances has been often made, but in practical
panel data we often have the situation when the heteroscedasticities beyond the
standard formulation of the individual effects are present. The effects of the similar
bias problem has been investigated independently by Chao, Swanson, Hausman,
Newey and Woutersen (2009), and Kunitomo (2008) for the estimation problem
of structural equations. Some modifications of the instrumental variables (IV)
estimation and the LIML estimation have been considered. For the problem of
estimating the structural equation with many instruments, Kunitomo (2008) has



shown that a particular modification of the LIML estimation has some asymptotic
optimality among a class of estimators when the disturbances have the persis-
tent heteroscedasticities in the classical structural equations and the reduced form
equations. In the practical panel equation problem it may be often natural to have
heteroscedastic disturbances over different individuals and then it may be impor-
tant to investigate the effects of individual heteroscedasticities on the alternative
estimation methods.

In this paper we shall investigate the asymptotic and finite sample properties
of the modified LIML estimators in the dynamic panel structural equation mod-
els. In particular, we shall investigate an asymptotically optimal modification of
the LIML (AOM-LIML) estimator proposed by Kunitomo (2008) and extend it
to the problem of the dynamic panel structural equation models. We shall show
that the AOM-LIML estimation reduces the possible asymptotic bias caused by
the presence of many instruments and the heteroscedasticities of disturbances.
We also show that the AOM-LIML estimator is free from the asymptotic bias
caused by the forward-filtering of panel data, which was proposed by Alvarez and
Arellano (2003). In addition to the asymptotic bias problem we shall show that
the AOM-LIML estimator attains the asymptotic bound among a class of estima-
tors including the corresponding the fixed-effects instrumental variables estimation
methods. Therefore, when the time length of panel data is not small with long
panels, the modified panel LIML estimation we shall introduce can solve the prob-
lems of individual effects, the dynamic effects, the endogeneity problem and the
individual heteroscedastic disturbances at the same time. The AOL-LIML esti-
mator proposed in this paper will be a promising estimation method for practical
panel applications.

In Section 2 we formulate the dynamic panel structural equation models and
define the alternative estimation methods for unknown parameters in the panel
structural equations with the (possible) heteroscedastic disturbances. Then in
Section 3 we give the main results on the asymptotic properties of the modified
Panel LIML estimation method. In Section 4 we shall discuss some finite sample
properties of the modified GMM and the LIML estimators with the original GMM
and LIML estimators, which have been investigated by Akashi and Kunitomo
(2010a, b) based on a set of Monte Carlo simulations. Concluding remarks will be
given in Section 5. The proofs of our theorems will be given in Section 6. Some
figures of the distribution functions of the normalized estimators will be given in
Appendix.



2 Dynamic Panel Structural Equations with In-

dividual Heteroscedasticity

2.1 Individual Heteroscedasticity

We consider the dynamic panel structural equation for ¢ =1,....,N; t=1,....T
given by

) = BoyD + iz (2.1)

where yz(tl ) and yff ) (G4 x 1) are 14 G4 endogenous variables, zgtlll is the K vector
of the included predetermined variables, then v, and B, are K; x 1 and G5 x 1
vectors of unknown parameters. We use the notation that the vector zgtlll consists
Z(tgng (0<p, <o0; g=1,---,K,) and the
original sample saize is NT(= n). Alson; (i = 1,---,N) are individual effects

of the lagged endogenous variables y

and we assume that u;; are mutually independent over individual and periods with
Eluir) = 0 and E[u?] = o? (if the disturbances are homoscedastic).

We shall investigate the case when the reduced form equation with (2.1) can be
represented as

Vie =7 + 1z 1 + vy, (2'2)

where y;; = (yg), ygf)/)/ is the (1 + G3) vector of endogenous variables, z;;_; is the

K x1 (K = K; + K3) vector of predetermined variables at ¢ which includes the K;
exogenous variables and lagged endogenous variables, IT and 7r; are a (14 G3) x K
coefficients matrix and a (1 + G2) x 1 individual effects vector. Also &(v) = 0,
E(vyvy) = Q; and & . ] is the conditional expectation given the o-field F;_i,
which is generated by the set of random variables m;, z;;_, and v;_p, (h > 0). We
assume the condition

N

1

~ > ot (2.3)
=1

and € is a positive definite (constant) matrix.
The extended reduced form, or the vector AR(1) representation satisfies

zy = 7 +1z; | + vy, (2.4)
* 1 * *
yie = JiiaZi thll =I5 251 Zi1 = JxZh
where IT" is the K* x K* autoregressive coefficients (K* = K + K3), w} and v,
represent the K™ x 1 individual effects and the disturbances, respectively, and the
Ks-variables are excluded from the (1 + G3) reduced form equations. Also J7 4,
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is an (1 + G3) x K* appropriate selection matrix whose each element is one or
zero, and then the selection matrices J% and Jj are accordingly defined. We
define K, as the number of the distinct autoregressive variables in z;;_; and then
K, < K < K*. These notations of this paper agree with Akashi and Kunitomo
(2010b).

We consider the effects of the individual (conditional) heteroscedastic distur-
bances in the panel structural equation model, for which we write

Vi, = hiovi = (WWy® L g s KDy (2.6)

where o denotes the Hadamard product, h; = (hz(»l),...,h(K*))’ and v} are the
K* x 1 individual heteroscedasticities and the disturbance terms in the extended
reduced form, respectively. Then the reduced form (2.4) can be re-written as

ziy =7 + 1"z, +hjovy, (2.7)
where we have &[h; o v}] = 0 and

Q= &l(hiovi)(hiov)] = Q) o hiRl, (2.8)

)

o7 = &lu) =BT, %1468 (2.9)
and B = (1,-035)".

Since we have (2.1) and (2.2), the relation on the coefficients gives the condition
(1, =By = (v,,0) and 7}, = BTy, where IT, = (7, I1,,) is a Ky x (1+G)
matrix, IT, = (w15, IL,,) is a Ky x (1 + G») matrix. Then we repress the the
(14 Gs) x (K + Ks) partitioned matrix of coefficients as

T, T .
IT= ( H1211 HZ > = [T, T Tk i) (14 Go) xS (2.10)

where J . is a K* x K* selection matrix for re-ordering rows of zj, | as (K-
variables and Ks-variables), and [ . |14+¢,)x i stands for the (14+G5) x K sub-matrix
of the corresponding matrix.

We notice that although we may call (2.4) and (2.5) as the reduced form, the pre-
determined variables in z;;_; satisfy £[z;_1v},] = O and they are correlated with
the unobserved variables (7; +v;;) since £[z;;—17;] # O in the general case. Hence
this aspect makes the panel structural equation model of (2.1) and (2.4) different
from the structural equation in the classical simultaneous equation models.



2.2 Filtering, Instruments and the modified LIML estima-
tion
2.2.1 The Forward and Backward Filters

We define the forward-filter by the transformation that for any variables z; (i =
L+ ,N;t=1,---,T) thetransformedVariablesxg)(i =1,--- , N;t=1,---,T—
1) have the form

1
wi) = el — (=) @arn + o+ 2ir)] (2.11)
with ¢Z = (T —t)/(T —t +1).
When we apply the forward-filter to the structural equation (2.1) fort =1,--- ;| 7T—
1, the transformed structural equation does not have individual effects as

1
yz(t P ﬁQyz +71 fft 1)"‘“515) ) (2.12)

but consequently we have the relation that [z} Z" 1ult '] #0.
We also define the backward-filter to the K x 1 vector of instrumental variables
Zi;_1, which is the transformation of

1
ng; = b [Zitfl - ?(Zz’t72 T+t 2o+ Zi(q))] ; (2.13)

where b2 =t/(t+1) fort =1,--- , T — 1.
If we use the backward filtered instruments of z;, then we have the orthogonal
conditions & [ z, 1u§t)] =0.

As the initial condition we include z;_1) in order to simplify the notation of the
index range. By using the notations used in Akashi and Kunitomo (2010b), we
shall consider two types of the sets of instrumental variables. For each case the
matrix of instrumental variables at period ¢ can be expressed as

!/
Z%q) e §vz 1) ,
Zﬁa) = : : : J Zﬁb) - <Z§2—1)7 T 7253)(15—1)) ) (2.14)
A

where zgf ) 1 1s the K, x 1 vector such that z;?ll = Jk.2zy—1 and the selection matrix
Jx, chooses the nearest lagged variables to ¢ — 1 as autoregressive variables. The
reduction K* to K, is needed to be of full rank for (Zﬁ“)'z,ﬁ“‘)). The first matrix
Zga) is the N x (K,t) and the second matrix Zgb) is the N x K matrix, and then we
shall investigate two possible use of the instrumental variables, which correspond

to two methods :



(a) At period t we use all available lagged variables,

(b) At period t we use the only lagged variables included in the reduced form
after the backward filtering.

The order of the number of instruments for the case (a) becomes O(T?) and the
dynamic GMM method with this filtering has been used in many empirical appli-
cations. The case (b) is equivalent to use an optimal instrumetal variable method
as pointed out by Hayakawa (2007). The asymptotic theory, which corresponds to
Case (a) and it will be called the large-K asymptotics, explicitly depends on the
following ratio in the case of homogenous disturbances and implicitly the resulting
asymptotics depends on it in the case of heteroscedastic disturbance. Under the
double asymptotics N, T" — oo, the ratios of the number of orthogonal conditions
to the total sample NT' in two cases are given by

(a) —f}fg__ ff i = (50 Jim (). (2.15)
K(T—1)

K
b o~ . 2.1
O NT=D) v @ =N (2.16)

respectively.

2.2.2 The Modified Panel LIML and GMM Estimators

Let y) = (yz(tl’f),ygf’f)/)' be (1 + G3) vectors,
/ 1,f) 1, L,
ngf) = ( g{)a 7YE\)[Ct)> ) ZIE & = (thf)f" aZEth)) ’

be (1+G5) x N, and K7 x N matrices of the forward-filtered variables, respectively.
In the present situation an asymptotically optimal modification of LIML (AOM-
LIML) estimation proposed by Kunitomo (2008) can be constructed as follows.
For N x N matrices M; = (myj) = Z(Z,Z;)"'Z,, we construct M;,, = (my ;)
op(1) (4,7 =1,--- ,N) for ¢ = ¢, or ¢ = ¢,. Then we define two (K; + 1+ G3) X
(K1 + 1+ G3) matrices ! by

T-1 Y
aUm -3 M, ,, (Yt(f),Z&{)), (2.17)

1,f)
=R

and

—~ (Y () (L)
HUm) _ Sy | Iy =M (Yt ,zt;1>, (2.18)

1'We impose the condition that G/*™) is a positive definite matrix. If it is not a positive
definite matrix, we need to modify G/) further although such situation rarely occur in our
experiences. See Kunitomo (2008) for the detail.
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where M; = Mﬁ") or Mgb).
By using GY™ and HY"™_ we define a class of asymptotically optimal mod-
ifications of the panel LIML estimator (we call it as AOM-LIML) such that

éMLI (= (BZ,MLD ’Ayll.MLI)/) of @ = (ﬁlza ’Y;)l is the solution of

loum _ L /\nH(f'm)] oo (2.19)
n dn 01

where ¢, =n —r, (> 0) and A, is the (non-negative) smallest root of

1 1
|—GU™ ——HU™| =0, (2.20)
n an
By using these notations, we shall denote 95\; = 95\% ; for the case of the forward-
filter with (a) and 95\?,:[ for the backward-filter with (b), respectively. Also for
both the forward filter and the backward filter cases we define the modified GMM

estimator, eMGM = (52 v Yiaren) of (1, —Bs, —1) = (1,-60') by

T-1 y
1
0,1, k] E [ ]th [Y(f) Z." f)] [ o) ] =0 (2.21)
t=1 - “YMGM

and we denote Q;Z)G v and 95&2 s Tespectively.

The LIML estimation method was originally developed by Anderson and Ru-
bin (1949), and here we modify it slightly to define the modified LIML method
and GMM for the dynamic panel structural equation models with individual het-
eroscedasticities. We notice that the Panel LIML estimation can be derived with-
out assuming any particular distribution such as the normality for disturbances,

which is different from the original formulation.

In order to motivate the method developed in this section, we shall illustrate why
the particular modification of the LIML estimation proposed here can work well.
By utilizing the notations in Section 3 and Section 6 below, we can evaluate the
key asymptotic bias as the first order asymptotic behavior of the modified panel
LIML estimator. For instance, we take the case (a) and then the expected value

of the leading term of the stochastic expansion for 95\% ; — 0 with the modified
LIML estimator is approximately represented as

T-1 T-1
(a) *— 1 ’ !/ L, /
AE (O — 6] o @t | = S e ZIMPu) + S e (U M)
t=1 t=1

(2.22)



and
MP =M — D, (2.23)

where AE[ - | is the expectation operator with respect to the limiting distribution
of the modified LIML estimator, M corresponds to M, with M, = Mg“), Dia) =
Iyo ME“) (we shall use the notation ng) =1Iyo Mgb) in the same way), ®* and D
are some constant matrices (which will be given by (3.5) and (3.12) in Theorem 3.1
and Theorem 3.2). The random matrices 7z = ( l(tf )1) and ul) = (u 5{ )) are the
forward-filtered random matrices of Z,_; and Ui/ (= (u3;f)) is the filtered random
matrix with each row vectors being orthogonal to u; in the case of homogeneous
disturbances. (These notations will be precisely defined by (3.8) and (3.9) in
Section 3 and used in Section 6.) It is important to notice that the LIML estimator
based on MP instead of My, in Equations (2.16) and (2.17) is equivalent to the
AOL-LIML estimator.

By evaluating the conditional expectations of (2.22), we find that
Ae [VNT @), - 6)] =o(1). (2.24)

The most important aspect is the finding that the asymptotic bias of the LIML
estimator obtained in Theorems 3.1 and Theorem 3.2 in Akashi and Kunitomo
(2010b) disappears if we modify the original LIML estimation slightly. It should
be noted that the above phenomenon is true not only for the case (a), but also for
the case (b), which has some implication for applications.

In the case of homoscedasticity, the panel LIML estimator is consistent un-
der many instruments mainly because &[uju;] = 0. However, under the het-
eroscedasticities we generally observe &[u}u;] # 0. For the LIML estimator, the
corresponding first-term to (2.21) has an asymptotic bias term O(1/v/NT) due to
the forward-filtering, and the corresponding second-term has the bias term O(1)
due to the heteroscedasticities of disturbances. However, the AOM-LIML esti-
mator does not have such asymptotic bias terms. It is because (i) off-diagonal
elements of St[ zgfl] and & [utf) (L5 | are 0 by i.i.d., (ii) the diagonal elements
of MP are 0,(1) by construction. It is essential to remove the asymptotic bias
in this method that the off-diagonal elements of &[u (f)zt 1] and & [u(f) ul® » | are

op(1).

3 Asymptotic Distribution of the Panel AOM-
LIML Estimator

In order to investigate the asymptotic properties of the class of modified LIML
and GMM estimators, we make a set of assumptions. They may be standard in

9



the panel structural equation except the fact we shall consider the situation when
the individual disturbances have heteroscedasticities.

(A-I) The random vectors {v}} (i = 1,--- ,N; t =1,--- | T) are i.i.d. across

*

time and individuals, which are independent of the indivisual effects 7}

¥ (7} are

.. . . P /
i.i.d. random variables across individuals) and z},, and E[v}] = 0, E[v}; vy ]

Q) with J)_  Q7"J1.g, > 0 (positive definite) and E[[|vy||®] exists.

(A-II) (i) The random vectors v}, (t = 1,---,T) are conditionally independent
given h;, (ii) ||h;|| are bounded and there exist My, My (My > M; > 0) such that
0<M <h® <My, (i=1,--- ,N;k=1,--- ,K*) and (1/N)N hh, 5 Q,
(positive definite) as N — oc.

(A-IIT) (i) The initial observations satisfy
Z;0 — (IK*—H*)_lﬁ'j—f—Wlo (Z: 1, ,N),

where w;( is independent of #} and i.i.d. with the steady state distribution of
the homogenous process so that w;y = Z;io I Vf(o— i with JE[wiowiy|Jx > 0
(positive definite). (ii) All eigenvalues Aj, of

T — Al

=0 (3.1)

satisfy the stationarity condition [\¢| <1 (k=1,---, K").

The assumptions (A-I) and (A-III) are analogous to the conditions used by
Alvarez and Arellano (2003), and Akashi and Kunitomo (2010b). They imply
that the underlying processes for {y;} after applying the forward filtering are
stationary and we impose the sufficient moment conditions. Define the underlying

process {w;;} for y;; satisfying
Wit = H*Wit,1 -+ V;-kt . (32)

Then (A-IIT) means that wy for each i has a stationary solution. For (A-II) we
can set My = 1 without loss of generality. The assumption (i) of (A-I) describes
the orthogonal conditions for estimation and covariance stationarity of w;;. The
condition (ii) will be used for evaluating the asymptotic distribution of estimators.
We can regard {h;} as the additional scaling parameters for the individual het-
eroscedasticities for keeping the orthogonal conditions and stationarity. Also we
note that the conditions (A-I)-(A-IIT) can be certainly relaxed with some compli-
cations of our analysis derived in Section 6. The obvious extension would be the
time dependent conditional heteroscedasticities.
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We shall discuss the asymptotic properties of the modified estimators. We first

state the result for the case (a) under the condition on K,7" < N, which ensures

the non-singularity of (Z,Ea)/ Z§“)). The proof will be given in Section 6.

Theorem 3.1 : Suppose the conditions of (A-I) to (A-III) hold. We assume that
K, T < N and ¢, = limy 7o (K, /2)(T/N) < 1/2 as N,T — oo. Then é;Z)LI 20
and

Y1

\/NT[ o\ <ﬂ2> ] 4, N(0, BH@) (3.3)
where

PH@) — q)*(a)—l[ \I;{(a) 4 (I(G)z> \Il;(“) (Is,, O) ]q)*(a)—l , (3.4)

and ®" @ w*@ and lIl:(a) (1 =1,2) are defined by

T—-1 N
*(a : 1 a
0 N}%IBOOWD’J’KE[ S = ml Wi Wl |IkD, (35)
t=1 i=1
1 T—1 N
v = lim S DUE [ Zo?u—mEf’“’)zwit_lw;t_ll 3D, (3.6)
' t=1 i=1
1 T—1 N
lI';(a) — N}%IBOOWE Z <a?5t[uﬁuﬁ]
t=1 i,j=1
&l GO = 6502)] . (3)
88
1
u = O,I 5 I 5 ——— | Vit , 3.8
it [ G ] 1+G 303 t ( )
p - |m (™ (3.9)
2 0O y .

02 = &E[u2), 6;=1ifi=3, 0 (i #4), and ®* @I and W5 are well-defined
and ®"@ is a positive definite (constant) matrix.

Next, we shall state our result for the case (b) with the backward-filtering pro-
cedure for instruments. The proof will be given in Section 6.

Theorem 3.2 : Suppose the conditions of (A-I) to (A-III) hold. Then as N, T —

11



A (b
00, 05\;L %, 0 and

\/ﬁ[é(j’}m— (52> } L N(0, &*®) | (3.10)

1

where 0? = &[u?],

o) = rO-1 i) o)1 (3.11)
and
1 T-1 N
o = NI%IEOON— Z wEWir-1wi,_1|JxD | (3.12)
t=1 =1
1 T-1 N
v = e L L DIkl D, (319)

are well-defined and ®"* is a positive definite (constant) matrix.

Remark 1: In both theorems the asymptotic distributions do not have asymp-
totic biases and the asymptotic variances depend on up to the second order mo-
ments of disturbances while the panel LIML estimator possibly depends on the
fourth moments in the general case. (See Section 3 of Akashi and Kunitomo

(2010b).)

Remark 2: (i) If /N — 0 ie., ¢, = 0, then the formula for the case (a) is
simplified as

PH@) — )1 \IJ’{“’) FOR (3.14)

which does not depend on 7r;.
(ii) When ¢, = 0,¢;, = 0 and the disturbances are homoscedastic (¢ = o?), the
asymptotic variances of the LIML estimator, which was derived by Akashi and

Kunitomo (2010b), and the modified LIML estimator are same as
@) — g — 5201 (3.15)

if we adjust the asymptotic biase for the case (a) and the distributions of the
estimators are centered at the vector of the true parameter vector in advance.
(iii) The order conditions for the cases of ¢, = 0 or ¢, = 0 are different. In fact
we need only N — oo for the case of (b). Additionally, the case (b) allows the
sequence N < T, while the case (a) has the restriction that K, 7' < N.

12



Remark 3: (i) Under ¢, > 0 and the homoscedasticity of disturbances, the
modified LIML estimator is relatively efficient than the modified GMM estimator.
For the simplicity we take the case when K* = 1 + G5 and gt(vitV;t = Q. Then
E[uug )& [ugug’] = O and

QBE'Q
LS

The corresponding first term of the GMM estimator is the same as \If{(a) and the

Jo,| 0 |36, = &l < &G, vivid ) = 36,23, . (316)

second term is given by

T-1 N
Wi = Jim e Yol 0+ 00900 3 Y 0n -0, .17
—1ij—
(ii) In the case of (b) under the homoscedasticity, we do not need double asymp-
totics N, T' — oo as mentiond by Akashi and Kunitomo (2010b). The heteroscedas-
ticity setting requires the condition N — oo for some second moments convergence
such as % Zf\il hih; 2, Q, , as N — oo when h; are stochastic. However, un-
der the homoscedasticity, the modified LIML estimator also can be apply fixed-N
asymptotics. Then, ¢, > 0in (2.16) and by the same arguments of (3.16) the mod-
ified LIML estimator is also relatively efficient than the modified GMM estimator
in the case (b).

For the estimation problem of the vector of structural parameters 6, it may be
natural to consider a set of statistics of two (1+ Ga+ K1) X (1 4+ G5+ K;) random
matrices G) and HY). Because we consider the modifications of the LIML and
GMM estimators, we shall consider a class of estimators which are some functions
of GU) and H/™ and we have some results on the asymptotic optimality. The
proof is quite similar to Theorem 2 of Kunitomo (2008) and so it is omitted.

Theorem 3.3 : In the panel dynamic structural equation models of (2.1) and
(2.2), define the class of consistent estimators for 8 = (8,,~}) by

( gf ) _ ¢(G(f,m) : H(fvm)) 7 (3.18)

where ¢ is continuously differentiable and its derivatives are bounded at the prob-
ability limits of random matrices (1/n)GY™ and (1/g,)H™).
Then either under the assumptions of Theorem 3.1 or Theorem 3.2, as N, T — oo

W(?f@ ) L N(0, ) , (3.19)

Y171
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where
v > P* (3.20)

and ¥* (¥*@ or ¥*®)) is given in Theorem 3.1 and Theorem 3.2. The AOM-
LIML estimator attains the asymptotic bound.

This is a new result on the asymptotic efficiency of the LIML estimation for the
dynamic panel structural equation models. It could be regarded as the extensions
of Theorem 4 of Anderson et al. (2010) and Theorem 3.3 of Akashi and Kunitomo
(2010b).

4 On Finite Sample Properties

It is important to investigate the finite sample properties of estimators partly
because they are not necessarily similar to their asymptotic properties. One simple
example would be the fact that the exact moments of some estimators do not
necessarily exist. (In that case it may be meaningless to compare the exact MSE
of alternative estimators and their Monte Carlo analogues.) Hence we need to
investigate the distribution functions of several estimators in a systematic way.

In our experiments we took Fzample 2 (Go = 1, Ky = 2, K, = 3, K =
4, K* = 5) of Akashi and Kunitomo (2010b). We set the unknown parameters
such as (B2, 711) = (.5,.5) M2 = .3, and (wy1, wie, waer) = (1.0,.3,1.0). Also we
control the variance of each components of 7; as 1, and generate h; from uniform
distribution u[0,2] independently over k = 1,--- , K,. Then we generate a large
number of normal random variables except for h;, and calculate the empirical
distribution function of the GMM and LIML estimators in their normalized forms.
We repeat 3,000 replications for each case and the smoothing technique to estimate
the empirical distribution functions. Then among a large number of simulations,
we only report the results for (N, T) = (75, 25) and (150, 50).

For both cases (a) and (b), by using true parameters we have set the normalizing
factors as the corresponding sample analogues,

T—1
1
' = ———— DI ) W, [Iy-DJW,_JxD, (4.1)
NT—2) K
1 T-1
ol = mD/J/K > Wi (AY Iy ~ D)W, JxD | (4.2)
t=2
1 T-1 N
vl o= NT=2) > wt ol + QBB Jw  m (1 - 0,7, (4.3)

t=2 i,5=1
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where Agf,r) = diag{o?}, W; = (wy), D; = D or DV, and wt' = (0,1)[Iy —
QB3 /o?). Then we investigate the empirical distribution of the normalized esti-
mator 2

N(T—2)[(¢L) ? T01] [Aﬂz—@] ’ (4.4)

0 (1hg9) 2 Y11 — 71
where ¢!, and ¥5, are the (1,1)-th element and (2,2)-th element of ¥ = &1 [ Wi+
(1,0,0)®1(1,0,0)]®" in the case (a), BT = &1 WIS in the case (b).

Figures 1-4 show the results of the forward-filtering case (a), and compare the
LIML and GMM estimators by Akashi and Kunitomo (2010b) and the correspond-
ing modified estimators. We first notice that the modification removes the biases
caused by the forward filtering and heterogeneity for LIML and GMM estimators.
As for the LIML estimator, an investigation of its empirical distribution as (4.4)
by increasing the sample size indicates that the order of bias due to the hetero-
geneity is O(NT). For the simulation of f,, the modified LIML estimator seems
to be slightly efficient than those of GMM estimator. But we have found that
the difference of two estimators become often small. This aspect on the estima-
tion methods confirms the findings of Anderson et al. (2008, 2010) and Kunitomo
(2008) because the number of instruments is large in some sense.

Figures 5-8 show the results of the backward-filtering case (b), and we see the
similar results as the case of (a). In the case of (b) the LIML estimator is asymp-
totically median-unbiased for the homogeneous disturbances. However, in the
case of heteroscedastic disturbances the non-centered scaling of the distribution
of the LIML estimator has some bias so that the order of bias of (4.4) seems
to be O(1). The label “(b)*” stands for using the different normalizing factor
as OF = &1 Wl + (1,0,0)¥1(1,0,0)]® " as if we had the homogeneous dis-
turbances with a fixed-NN. It seems that the approximation of the finite sample
distribution of estimators have been improved.

5 Conclusions

In this paper we have introduced a class of the modified LIML estimators and in-
vestigated their asymptotic properties and finite sample properties in the dynamic
panel structural equation models when we have significant individual heteroscedas-
ticities. When we have panel dynamic structural equations, we often need to cope
with the individual effects and the use of the forward-filtering panel data has been

2Reduction of sample size from T to T — 2 is due to using the backward filtering in the case
(b), and from the result the sample analogue of ¢, are actually less than 1/2.
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one of standard methods in panel econometric analysis. However, this procedure
causes some additional bias in the standard estimation methods such as the GMM
estimator, which may complicate the evaluation of estimation methods. In this
paper we have shown that if we apply an asymptotically optimal modification
of the LIML (AOM-LIML) estimator proposed by Kunitomo (2008) to the panel
structural equation, the resulting estimator does not have the asymptotic bias and
also its asymptotic covariance does depend on the second order moments. More
importantly, the AOM-LIML estimator attains the asymptotic bound in a class
of estimators. Because it has also reasonable finite sample properties, it should
be useful for many practical applications in the econometric panel data analyses.
Because the AOM-LIML estimator has the simple form of the asymptotic variance,
it is straightforward to develop the hypothesis testing procedure for coefficients of
the structural equation in the dynamic panel models.

There are alternative ways to use the filtering methods, namely the forward-
filtering and the backward filtering, to the panel structural equation given a set of
panel data. Although the backward-filtering looks an attractive way of handling
panel data, their asymptotic results depend on the list of instrumental variables.
Often it may be reasonable to have many instrumental variables, the forward-
filtering has been one way to solve the problem of handling panel data. Since the
resulting estimators have different asymptotic properties and finite sample prop-
erties, the comparison of alternative methods are currently under investigation.

6 Mathematical Details

We shall derive the limiting distributions of the modified LIML estimators re-
ported as Theorems 3.1 and 3.2 in several steps. Because the arguments used
in our derivations are very similar to those developed by Akashi and Kunitomo
(2010a, b), we shall try to give the additional arguments to derive the results.

When we use the generic notations of (M, M,, Dy, Y)), the relevant derivation
is valid for the each case of () and (b), and then Y = (Tﬁ'}n, ngn, Tgl)n, Tgé)n, Tfl'%)
will be defined in (6.46)-(6.50) below. We shall use the notation that e;, e (i =
L,...N;k* = 1,..,K*) stand for the i-th(k*-th) unit vectors and J%,Ji, are
K(Gy) x K* selection matrices. We shall freely use the results in Lemma 8 and
Lemma 4 of Akashi and Kunitomo (2010b). Then for the heteroscedastic models
we need to change the derivations of the asymptotic properties of estimators from
those used by Akashi and Kunitomo (2010b). In the following derivations and the
proofs we shall use the representation of MP? = M; — D; with M, = ME‘” or Mgb)
and D, = Dfﬂ) or Dib) instead of M, ,,, for the resulting mathematical convenience.
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We have omitted the proof of Theorem 3.3 because it is essentially the same as
Theorems reported in Anderson and Kunitomo (2010b).

First, we prepare the following lemma, which is an extension of the one of
Arvarez and Arellano (2003) and Akashi and Kunitomo (2010b), and the results
will be repeatedly used in our derivations.

Lemma 1: Let e/ = h!" @ — (B¢ be an N x 1 vector and MP =
Mﬁ“) — DE‘L), where egt) (i = 1, ,N ) are conditionally independent across ¢ with
St[egf )] = 0, where F;_; is the o—field generated the random variables given at

t—1. Then, for I >r>t, p>qg>s,t>s,

Covle MPe?, @ MPel) (6.1)
(m® +m@)tr(M,) ifl=r=p=gq,
< mPtr(M) ifl=p#r=q
0 otherwise,
where
m® = m? (e, ") = (£ €],
m® = m® (e, ") = €} *1E (e (6.2)

Proof of Lemma 1 : The unconditional covariances are represented by

Cov[e MPe® | €@ MPe®)] (6.3)

r’p q

= E[Coule MPe, el MPe()]] + Cov[&[ef MP e, &€l MPe!)]
= 5[&[el(a)/Mf)egb)eé“)lMsDef]b 1] -

We notice that if p < ¢ eéa)ll\/[seéb) is constant and the covariances vanish. The
second equality follows from &/ M{”el”] = 0 and & e} M el”] = 0. In
fact,

EEDeDtr(MPAYAY) =0 if1=r,

Ele MPe?] = tr(MPE,[e? ()]){0 if | # 7

Ele gf)e( )]tr(MDA Ag\l;)) =0 if ¢ =p,

E[e@MPel] = tr(MPE [ el]) { 0 if g # p.

since we use the notationAg\?) = diag(hga) ) and Ag\?) = diag(hl(b) ) is a diagonal
matrix, and then the diagonal elements of MP MP are zeros.
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As for the leading term of (6.3) we have

gt[ MD (b) (a)’MD (b )] (6.4)
(&l MPe| el "MPe] itl=r=p=gq,
EleMPP e IMPeP = 0 fl=r=p#q<t,
= 3 el MDeE >>6Ap<e§o Y MD )] =0 ifl=r#p=gq
(MPE e e MPE [ e ) ifl=prAr=q
0 otherwise.

For the first type of non-zero terms

5 [el(a)/MDEl(b) (a)/MD )] (65)
D) (@)1 (b) 7 (a) (b) (a) _(b) (a) (b)
- Zzzzm mké hih; " hy &€, €1 €k € |
- ey 1Zm§f”” PRIY? 1 G S P i HO RO
zkk;ﬁz
+ Ele”1Ee?] S mImE B2 4 (€[ e ST mEmDn O nP I nY
1,5,571 1,7,J71

= mOr(AYMAYM,) — tr(AYD,AYD )]
+m@r(AQAYMAYADM,) — tr(APAYD,AYAYD,)]

where m(»JD and mkZ denotes elements of MP and MP respectively, and we use

the fact that m'"" = 0 and m D ij V(i # §).
Let C; be an N x N orthogonal matrix such that A, = C;M,C, is a diagonal
matrix, P, = C,AYAPMAYAYC,(> 0) and C,C} = Iy. Then

N
r(AYAYMAYAYM,) = tr(PA) = > AUpl; _Zpu < tr(M,) (6.6)

=1 =1

because the first inequality is due to pff ) >0, 0 < )\ (*) < 1 and the second
inequality follows from that 32 | p?) = tr(ADAYMADADY and 0 < BORY <
1.

For the second type

Ele MPe" e MPe® = €[ (mDOR R S R R ) MP e
=0, (6.7)

and third type is also zero since El/\p(el(a)/MtDel(b)) =0or El/\p(e,(,a)/l\/[f’el(,b)) =0.
For the fourth type

tr(MPE,[e®e® IMPE €€ ]) = m® [tr (AP MAY’M,) — tr(AY*D,AY’D,)] .
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For the term tr(Ag\?)thAg\l;)QMs) in the first and fourth types, we have

(A MLADP ML) < [ (AP MZAYY) (M ADM,) 2 (6.8)
1

= [tr(AY"M)tr(ADM,) ]2
S tr(Mt)

because each elements of hga), hz(»b) are bounded and s <t¢. Q.E.D.

Derivations of Theorem 3.1 and Theorem 3.2 : We shall show the deriva-
tions of Theorem 3.1 and Theorem 3.2 in several steps.

(Step 1) : At this step, we shall show the convergence of G) and HY) based on
MP = M, — D;. The many parts of the derivations are some modifications of the
corresponding ones in Akashi and Kunitomo (2010b). We shall show that

1
WGU) -+, G, = B'®'B, (6.9)
1 Q0
—HY 2 H, = B'®;B 1
NT — 0 OO0 + 2 ) (6 0)
where B = (0,1¢,1k,), 2 = ®] — ®; and
1 N T-1
* : t,a 4
o = DJ N,I%IEOO 7 ; 3 E(1 = my")Wig—ywy,_]JD  (6.11)
1 N
Q = o, (@ oplimyr o5 > Thihi] )J1e, >0, (6.12)
=1
1 T-1
& — D J’K< Jim > EW,_ . D;W,_,] >JKD >0.  (6.13)
Consider the decomposition
G =G 4 g2 4 gUHY 4 g3 | (6.14)
where
T-1
G = BD'Y 7/ MPZ/ DB, (6.15)
t=1
T-1
G/ = BD'Y z ' MP(V" 0), (6.16)
t=1
T-1 (Y
v
G = tyMPvY o), 6.17
tzl( o M (Vi7,0) (6.17)
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and V' = (Vi ... ,VJ(\Q), Vz(f ) are the corresponding forward-filtered distur-
bances of v;.
First, we notice that (1/NT)G/? 2 O because (1/v NT)GU? = 0,(1) by using
the argument in Step 2 below.
Second, we evaluate GU3). For g,h =1,--- , (14 Gs), by the construction of MP,
we have

T-1

EleL I, 6, GU T gen] = Y Efr(MPEVT v )] = 0. (6.18)

t=1

By using V,gf) = (Vi — V) /¢, we have

NT Z J1+G2 3)J1+G2eh (6.19)
1 T—1 9 T—-1 1 T—1
_ / h /
t=1 t= t=1

By using Lemma 1 and the fact (c;?)? < 2, the variance of the first term in (6.19)

is given by
1 T-1 T-1
VCLT'[NT ; f Vgg) MD 2 ; e Q**egeﬁlﬂ**eh + (e’gﬂ**eh)z]tr(Mt) .

The second and third terms of (6.19) can be evaluated analogously as Y and T

in Step 3 below. In fact, for the case (a), the order of variances of the second and

third terms are O(log T/N?T), O((logT)?/N*T), respectively. For the case of (b),

they are O(log T/(NT)?), O((logT)?/(NT)?). Thus, we have (1/NT)G/? 2 0.
Next, we use the representation

Z = Jy(alle - = S ZH*J IWi_\ — Vi)

= U'W,_, — Vi, (,say). (6.20)

Then we shall investigate the asymptotic behavior of G!) and we further decom-
pose (1/NT)GWD as

T— T-1 T-1
1 1 1 -
N—Z IMPzP, = WZ\D;WQ_IMEWt_qut—N—thqlgwg_ll\/{f’vg
t=1 t=1 t=1
1 T—-1 1 T—-1
- W ctv MPW,_ ¥, + NTZchQTM?VtT. (6.21)
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The expected value of the fourth term of (6.21) is O. By using the similar argu-
ments for TS the order of variance of the fourth term is O((log T)?/N2T) for the
case (a), and it is O((logT)?/(NT)?) for the case (b).

The second and third terms of (6.21) have zero means, and for j,k=1,--- | K
we use the Cauchy-Schwarz inequality

T-1
1 , , .
T-17T- i
< (NT)? £ 2 \/C?S (e, T\W,_ MP Virer)? ]\/C?E[(ezvsTMEWS_llpsej)z] '

Also we have
i E(e;¥;W,_ MV re;)’]

T—t
— o€ [e W, 1MD[ Ze;ch);l&[vjov;;]q)hew} MP'W,_ W e,

(T —1)?
K* _
Q**
- Z([ejlﬂ = ZekJ(I)heleeq)hekJ}
1,e=1 (
x Ctg[(elﬂ' mie)e, WiW,_, (M, — D))" W, 1 We; )
|e§Q**ee| L e
< l;[ (T — Z’ €Ly helHez‘I’hekJ!}r‘:[ej‘I’tWt,lwt,lllltej]
K*2N\
B O(T t)ejq';‘s[wiowgo]‘l’tej ) (6.23)

where e, stands for e,; = Je;.

The inequality in (6.23) follows from the relations that ¢ < 1, |e/h;hle/ < 1 and
Amax{ (M; — D)2} < 1, which is the result of MP = (MP)| Apax{(M; — D;)?} =
max; |\ {M; — D;}|? and

-1 S )\min{Mt} + /\min{_Dt} S )\Z{Mt - Dt} S )\max{Mt} + )\max{_Dt} S 1.

Hence

T-1 T—1 T—1
1 , , - 1 N N
Varl4= D e, U,W, \MPVre] < \/ O(=—) \/ O( )

- (T &=\ N =) 2 VAT
- 0((;@3 ) (6.24)
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For the first term of (6.21), we further decompose it as

=
— Y W, MPW,_¥,
NT —
1 =, ]
= 37 2 W MPW W, MPW,_
NT t—1V VWil NT;(T—t+1) MW,
T T—t | T2 T
NT —W, \M/W,_ m) — — ¢ T \W, MPW
NT p— T_t t—1 t t 1(];1 ) NTtZT_t(; ) t—1 —1
1 «—, ¢ I Tt
t e "
+NT (T_t)Q(ZH W, 11\/[1{/3Wt71(z:1-[ )
t=1 ) “

T-1
1
lim _ZS Wi(t—1) z(t 1) ] _NIZ}IEOO NT ZS[WLlDtWt%]a
t=1

where we have used the fact 2 =1—1/(T —t+1).
For the second term of (6.25), for j,k =1,--- , K, we have

T—-1
1 :
g[ ’NT Z 11 jJWt—lM?Wt—lekJ’ ] (6.26)
t=1

T-1

1 1 N o
= NT;(T E[IWL (M, — D,)*w wi¥wi|2]  (6.27)

O(NlogT)
NT ’

where the inequality is due to the Cauchy Schwartz inequality, and we have used
it as &[lwwiwiwit 2] < El(wiwi) (wiwi) )2 = O(V).

Therefore the second term of (6.25) converges in probability to 0. By using the
similar arguments and the boundedness of |e](zT [ TI*9)ey |, the third and fifth
terms of (6.25), which are of the orders of O(logT/T) and O(1/T) respectively,
converge to O. The first term of (6.25) converges as N,T — oo by using Lemma
3 and Lemma 4 of Akashi and Kunitomo (2010b) and the assumption (A-III).
Hence, we have shown that (1/NT)G) £ G,

Next, we turn to show that (1/NT)H) £ H, by evaluating each terms of the
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decomposition

T-1 )
1 Yol ) (v, 2
NT 1 f)’ t— 1

t=1

T—-1

1 1 , ,

_ NTBD § jzt "7") DB + 78D § z v o

=1

T-1 [ () T-1 /()

1 \% \2
+W§ ( (t) )z§ )1DB+NT§ :( 5 )(Vt(f),O). (6.28)
t=1 t=1

For the fourth term, by using the property of the forward filter

T-1 N

1 S ¢l v _ 1 3 9 Oy, ()
NT t:1€e ! el = N7 iﬂe[vi Qrvi”]
1 N
P (9) 7, (h) of Cp*=
Q NT A}Er(l)o > Ehi"hi e ¥ ep] , (6.29)

where Qr = IT — vyt /T and the second equality follows from the fact that
E[MOv Y (M) = 0 if s # t. Using the mutual independence of v;; over
i=1,-- ,N, the variance of the first term of (6.28) is given by

N N T
1 ! 1 ok
Var[ﬁzvgm v = WZV&TZ ROy (p My My (6.30)
=1 =1 t=1
_ N 9 (M0 af OF*a )2
- Wy xO(T(T DVar[h9 hM] (el Q" ey) )

where Cou[h{? v p{M ) {929 p )y exh)) Var[hgg)hgh)](efqﬂ**eh)z for s #

ZS » "

t. Then the variance of the second term of (6.29) is given by

N
1 , N , O(NT*)
} : )L ()] R (@), 1,y
VGT[NTQ 2 v, LV, ] = (NTQ)QVGT[Vi LrlrV; ] = W (631)
since v 170 v = 0,(T?). Hence we find that the variance order of the last

term of (6.28) is O(1/N).
Turning to consider the second term of (6.28), we have

~

-1
gz v =0 -

1

N
NT?

1
NT

t

x O((T = DI (e = ) Evivindiial )

By the similar arguments as used for evaluating (6.31), the variance order of the
second term of (6.28) is O(1/N).
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Finally, we consider the first term of (6.28),

T—1
1 ,
t=1
| N T-1 1 T-1 1
k
- N D Elwiaywig ) - R > Tt > Thlew
i=1 =0 h=0 =1 h=1
N
1 ; k NT
- N Zg[wz(gt)—l)wg(t)—l)] B O(NTZ) ’ (6.33)
i=1

where T';;, = E[Witwg(Hh)].
By using the similar arguments as for evaluating (6.31), the variance order of the
first term of (6.28) is also O(1/N).
Therefore we have established that as N,T" — oo

1

SFHY L BB

Q
Ol _Go=H,. (6.34)

(Step 2) : We consider the consistency and the limiting distribution of the AOL-
LIML estimator 677. For this purpose, we need to evaluate the sampling error
form for @,,7;. We notice that the continuity of the minimum eigenvalue function

Q 0

B'®*B — plim >\< o o

and we have 0 as a solution due to the singularity of Gg. If plim, A, < 0, we
observe |Gg — plim,,_, . A\, Ho| > 0. This is because for any (1+ G5+ K;) non-zero

vector d' = (df, d}) we have d}Qd, > 0, or for d; = 0 and d, # 0,

0 0
(0',d,)B'®*B = (0',d))®" >0. (6.35)
dg d2

Thus we have plim,, A, = 0. Then the non-singularity of (6.35) and ®* (0., —
0) =0+ 0p(1), we obtain eML] £> 6.

Next, we consider the limiting distribution form of the modified LIML estimator.
Define G = /n[(1/n)GY —Gy), BY) = /n[(1/n)HE —Hy], by = /1[0y —
6] and \Y) = \/n[\, — 0]. By substituting these random variables into (2.19), it
is asymptotically equivalent to

1 1 1
Go [ ] +—=[GY — A\ H,] [

1 1
0|t ol ﬁGobl = op(ﬁ) . (6.36)
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Then by using the relation of B(1, —0") = 0, we have
o +0,(1) . (6.37)
Multiplication of (6.37) from the left by (1, —8) yields
NOpee (L 0
" (17_0/)H0(17_0/)/ +0p( )
Also the multiplication of (6.37) from the left by (0,Is,.x,) and substitution of
)\5{3 for (6.37) yields

1
(B'®'B)b, = (G — A{/H| [

(6.38)

Bonrir — 1
o/ | Pover = Ba | _ 0,16, ] [Gﬁ” - Aﬁ{}HO] o | T o(1)(6:39)
Yimrr — N -
1 (g , 1
= [0,1g,+x)] [11+G2+K1 Y < 0 ) (1, -6 )] G{" [_0 +op(1) .

Using the relations of (6.38), we have

|1 T A P SR T A 2 A WS
G! ol = %B D Zzt—lMt w4 —= o M/u,” | (6.40)
t=1 t=1

where M? = M, — D,. Therefore
: T-1 T-1 [ Cr(Lf)
— 1 ' 1
@*\/ﬁ (?2]\/[[/] ﬂ?) _ D/ § Z§{)1M7Pu1(sf) + (Ut ) M?ugf)

YimrLr — 71 \/ﬁ — ni O
+o,(1) | (6.41)
where
Ly Q86 / 1, 1,
Ut = 10,15, lll+a2— 30 Vi =iy u ) (6.42)

(Step 3) : At this step we shall evaluate the effects of the forward-filtering on
the limiting distribution of the modified LIML estimator. The sampling error
®*\/n(0 — ) can be written as

1 T—-1 ) T—1 U(Lf
%D’Z zV Pl — = Z < ) MPu) + 0,(1) (6.43)
t=1 t=1
T—1 T—1 ’
1 1 Ut
SR O WLTRLURE RS of () LUE Rt
\/ﬁ t=1 n t=1
T-1 -1 ’
1 P 1 UJ‘
= —D/ZJ W, [In — Z ( ) — DyJu; + 0,(1)
\/ﬁ t=1 TL t=1

= ay, +as, +0,(1), (,say) .
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We shall show the first and second equalities and that the bias b) due to the

forward filtering is 0. In order to show the first equality,] we use the fact u;

) _

(w; — wr) /¢y and consider the decompositions, for k =1,.... K ;g =1,...,Go,

where

and

- 5= - gl g

e 2Pl

/ k,. k,. k,.
e;cJWt—lMtDut - Tgln) - Tan) ) —( T;ln) -

T-1
/ 1 /
Ui MPuf = 7 > e UFMPu, + 17
t=1

/ ! D -
ekJWtflMt utT 3

~~
Il
N

S

Ct ~
(ﬁ)e;cJWt—lMtD Uﬁf) 5

&
Il
—

S

RV D
ekJVtTMt Ut 9

S

R Vet D~
ek,JVtTMt UtT 9

~
Il
i

~

]. ! !
[(T—_t)e;UtL MPu, — ct_Qe;UtL MPa,r
t

-2 /7L NP 2 / TTL N D
—¢; e, UirMyw, + ¢ e, Uyr My wyr |

1

T—t T—t

* =~/ 1 *l
(ZH h)W;f—l ) VtT - T Z q)hVT—h )
h=1 h=1
(Vins oo Vim) = (Vi v E0)
(IK* . H*)_l(IK* . H*h) ,
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(6.46)

(6.47)

(6.48)
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We shall investigate the convergences from (6.46) to (6.50). For Tﬁ)n, we have

Ew I MPE [urtl )MP w) ] (6.57)

1 , i 3

where A7 = diag{o2}. Consider the first term of (6.57),
N i
1

k) o k
(T — 54 1)5[W§—)1MtA§V)MSW£_)1] (658)
1 k) o k k) o k
A - M AW

€[l (Ly = M)AR (Ly = M,)el)] + €[l (Ly = M)A w2 ]|
where we used the decomposition wék_)/ll\/[h = wék)/l egf) Iy — M,] for h = t,s,
and e,(f) was defined in Lemma 3 and Lemma 4 of Akashi and Kunitomo (2010b)
for the cases of (a),(b). For the second term of (6.57), we use

N
k’ o k k
EwAPwWY] = Ze[afes[w;ll]wgm (6.59)
*t—s k

< Ze 2|Zewnt Do w? )
.

< (Y lef I e )(Z max ElJww]]) |
j=1

since &|o?wy 1] = 02Ewiy—1] and 0 < ¢ < 6% w.p.1. Thus, by using Lemma 2
in Akashi and Kunitomo (2010b), the corresponding order is O(logT'/T'). For the
third of (6.57),

Ele” Iy = M)A (Iy — M,)el”)] (6.60)
< (€l Ty — M)A (Ly = Mo e %) (Tn — M.)%e,))?
_ k) (k) (k) (k) 1\ 1
< 02(8[‘5§—)1‘5§—)1€g—)16£—)1])2 ;
since )\mw{As\?p} < (%)% and (Iy — M;) is idempotent. Thus, by using the same
arguments used in Akashi and Kunitomo (2010b), we obtain the corresponding
order of (6.57) as O(logT/+/T). Similarly, we apply the same arguments to the
second, third and forth terms of (6.57) by using the fact 0 < [Dy]; = m() <1
Therefore, Var[Tnn] = O(logT/VT).
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For ngi) and TY;;‘;), by using the facts that Et[ug )2] = 0?7 and St[u,gf)ug )] =
0 (s<t),

T-1
1 c - (k) o ' (K
VQT[TRTL)] = NT (T_tt)2g[W§_)1MtDA§V)MtD W?E—)l]
t=1
_ T—1
<z e[ (M, - D)
= NT & (T -2 ! =1
5 T-1 9
4 ¢ B () 1
< LW, =0() -
= NT pa (T_t)g [W 1Wt 1] <T)

For Téln , by using Lemma I and the same arguments in Akashi and Kunitomo
(2010b), we can obtain Var[Y$] = O(log T/N).
For T it is sufficient to show that

14+Ga
Var[vt} 2 MPua,] = Va'r[(h%) ~**I” YMP( Zﬁg N ovtT )] (6.61)

< (14 Go) max{Var[ (b o ~**“”’)1\4D<hN o B, 1}
= 0<mr<Mt>>m“)(v:;“w BV D)+ m® (vt g e

where the first inequality is due to the Cauchy-Schwartz inequality, and the last
equality follows from that the same arguments used for the case of [ =7 =p = ¢ in
Lemma 1, and m® < mO (v 5.99)) = g](e/virt)2(8,e,v9)2). Therefore,
the rest of the proof is to show that VaT[Tg;’s)] = O((logT)?/N), which is quite
similar to the ones in Akashi and Kunitomo (2010b).

For the case of (b), by using the fact tr(M,) = O(1), we have

k b IOg T kb (log T)2
Var(X5,)] = O(557). Var[T3)] = O(—=-) . (6.62)
For the ﬁrst term of T ' by using Lemma 1, the order of its variance is
(1/NT)S T - t)Qtr(M ) = 0o(1). The orders of the variances of second and

third terms for (Y@ 1Y are the same as those of (T, YY) respectively.
By the same token, for both (a) and (b) cases, the variance order of fourth term
of Ti‘i") are the same as the ones for (T22n ,Tg;: ).

Thus, the variances of (6.46) to (6.50) converge to zeros as N,T — oo. Hence,
b(¥) can be evaluated as the sum of expectations of these terms by the mean

squared convergence. These expectations are zeros by the construction of MP =
M, — D, and then b{) = 0 for both (a) and (b) cases.
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The second equality of (6.43) holds for both (a) and (b) cases, since M; =
In — (In — M,;) and the results due to Lemma 3 and Lemma j of Akashi and
Kunitomo (2010), which is

S

-1

logT)
)

Var| W;_I(IN — M)u,| = O( (6.63)

7

||M

(Step 4) : At this step we shall evaluate the asymptotic variance-covariance terms
of the modified LIML estimator. For this purpose, we utilize the representation of
(6.43). First,

T-1 N

S[alnalln] = —D J/Z Z 5 Wzt 1 1 - )>uztujt(1 - EE))W;t—l]JD
t=1 i,j=1
T-1 N

= D’J’ZZE (& 2] (1 — m{ ) wy_ 1w/, ]ID | (6.64)

t=1 i=1

where the first equality is from [Iy — Dy];; = 0 for i # j, and the second equality
follows from &;[uyu ] = 0 for i # j.

Second,
1 T-1 N N
Elaal,) = (=D €[S wall = mue 3 wielmly — dm )], 0)
t=1 i=1 k=1
_ <0,0>, (6.65)
where §; k = 1if 5 = k, 0 otherwise. The second equality follows from that
(mﬁ) )St[ultu]tu .] = 0 and &[ug,] = 0 for any i, 5, k.
Third,
g[J/G’QaQTLaénJGQ]
A= N
= D wiml e > wemfu | (6.66)
t=1  ij,i#j Kl k#l
= N
- WZ&’ Z ultm( )ujt(uztm( )u]t —|—ujtm(t)uzt )]
t=1  Qj,i#j
| 1N
= 57 2 & | D Elwual ey ] + Efug g D) (m [1 = 6172
=1  igj=1

where the last equality is from mg-? =mb.



Consider the statements in (3.14) and (3.15) or the cases ¢, = 0,¢, = 0. As for
®*, by the Cauchy-Schwartz inequality

T-1 N
1
£ [W tz ; mg) ‘e;JWitflwgt—lekJ’} (6.67)

1
=1 i=
1

-1

<e[r 2 (z Xm) (7 20
< % g(%) : (5[(e}JWz‘oW§oekJ)2]> : ;

where the last quantity is O(TVT/TVN) = O(,/¢,) or O(T/TVN) = O(/a).
Because of the mean convergence, these terms converge in probability to zeros,
and then ®* — &7.

By using the similar arguments, W7 converges to a constant matrix in probability.

[

Mz

! 2
(€l Wit—1Wi;_1€x) >
=1

Moreover, for g,h =1,--- , Gy, we can show

T-1

. 1
ey When| < ~— ;tr(Mt) x O(1) (6.68)

since |e], (o7& [uj; L/]4—6}[ € [uﬁuL |)en| are bounded w.p.1 and Z” L m(t) =
tr(M;). Thus, we can conclude that ¥; — O.

[ Step 5 |: Finally we consider the asymptotic normality of the modified LIML
estimator and the modified GMM estimator. For this purpose, define the (G5 +
K;) x 1 martingale difference sequence by

oy =

1
i [D’J'Kwt_l[IN ~ D, + (UL, 0)[M; — Dy | = auns + aess (, say)
where (1/vVT) Y ay = ay, and (1/VT) Y, aay = ag, for (6.43). For any
(Gy+ K1) x 1 constant vector d and any function f(.) such N = f(7T), f(T) — oo
as T — oo,

T—
— Z d&loyalld 2 lim — Z d'Eloyalld . (6.69)

T—oo T

For the case of (a), (6.69) holds by the assumptions (A-I) to (A-IV) and

1Tl

N
NT ZO’ Wi W, = E[otwu_wl,_|]. (6.70)

t=1 =1

For the case of (b), the condition (6.69) is equivalent to (6.70).
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By using the similar arguments as the modified LIML estimator, the limiting
distribution of ®*\/n(6¢aas — 0) for the modified GMM estimator is given by

1 T-1

I J.. V,
—D'Y JW,_ Iy — Dju + G2 M, — DyJu; + 0,(1) . (6.71
\/ﬁ; -1y t\/—z< )[t Ju +0p(1) - (6.71)
Then for both the modified LIML and GMM estimators, it is enough to investigate
the 4-th order moments as the Lyapounov condition for the asymptotic normality.
For the case of (b), |d’ay|* are uniformly bounded in h by (A-I). For the case of
(a), it sufficient to show the boundedness of |d’a1t|4 and |h’aq|?.

Define tgt) by (d'Uf'e;) or (d'Jg, V'ie;), fj D)= ¢ ‘[M; — Dy]e; and re-write

ul) =y, then & |d'UFMPuy|*] or & |d'Je, ViMPu,|* ] are given by

N N
Yoo > mgPmEmE I m e G0 (6.72)

YA/ Y VY Y )
7,7 ,2 4,2 WY Y Y}

t(t)t(t)t(t)t(t)u( )u( )u(,,)u ,,,] does not depend on

Where O-(/[:7 /l:/’/l,//’/[:///’j’ j/’j//7j///) — 5 [
t. Then after some evaluations we can summarize the results as Lemma 2 below,
which is similar to Lemma 5 of Akashi and Kunitomo (2010b). (The proof is

omitted.) (Q.E.D.)

Lemma 2: Define the (G2 + K7) x 1 martingale difference sequence by

« :L[D’J/iw- u} @ :L[ U Nu} (6.73)
1t JN 2 i(t-1)Ug | 5 Oty N o | - .

Then for any ¢, N and any constant vector d, there exists a positive constant A
such that (i) [ |[d'a|? ] < A and (i7) [ |[d'ag|* ] < A .
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APPENDIX : Some Figures

In Figures the distribution functions of the modified GMM and LIML estimators and the
GMM and LIML proposed by Akashi and Kunitomo (2010a, b) are shown with the same
normalization (4.4) in each case (a) and (b). The marginal limiting distributions for the
modified LIML estimator for (2,711) are N'(0,1) as N, T — oo, which is denoted as “0”.
Note that the modified LIML estimator denoted as (b)* in Figures 5-8 are normalized
by the different way as explained in Section 4. The parameters of our settings and the

details of numerical computation method have been explained in Akashi and Kunitomo
(2010a, b).
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“LIML(@) —— Modified LIME (a)
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Figure 2: vy1: N =75, T =25, ¢, = %%
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Figure 3: 35 : N =150, T =50, ¢, = 334
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Figure 4: 711 : N =150, T =50, ¢, = %%
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Figure 6: 731 : N =75 T =25, ¢, = %
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Figure 8: 711 : N =150, T' =50, ¢, = %
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