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A Unified Approach to Non-minimaxity of Sets of
Linear Combinations of Restricted Location
Estimators

Tatsuya Kubokawa *and William E. Strawderman!
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January 26, 2011

This paper studies minimaxity of estimators of a set of linear combinations of location
parameters u;, ¢ = 1, ..., k under quadratic loss. When each location parameter is known
to be positive, previous results about minimaxity or non-minimaxity are extended from
the case of estimating a single linear combination, to estimating any number of linear
combinations. Necessary and /or sufficient conditions for minimaxity of general estimators
are derived. Particular attention is paid to the generalized Bayes estimator with respect
to the uniform distribution and to the truncated version of the unbiased estimator (which
is the maximum likelihood estimator for symmetric unimodal distributions). A necessary
and sufficient condition for minimaxity of the uniform prior generalized Bayes estimator
is particularly simple; If one estimates @ = Ap where A is an ¢ x k known matrix, the
estimator is minimax if and only if (AA");; < 0 for any i and j, (i # j). This condition
is also sufficient (but not necessary) for minimaxity of the MLE.

Key words and phrases: Decision theory, generalized Bayes, linear combination, lo-
cation parameter, location-scale family, maximum likelihood estimator, minimaxity, re-
stricted parameter, restricted estimator, truncated estimator, quadratic loss.

1 Introduction

Estimation of restricted parameters has received much attention in the literature, and
interesting studies have been developed from a decision-theoretic point of view since Katz
(1961) and Farrell (1964). For recent developments, see Marchand and Strawderman
(2004), Oono and Shinozaki (2005), van Eeden (2006) and Tsukuma and Kubokawa
(2008). It is especially interesting to note that in the estimation of means of normal
distributions, minimax properties of the uniform prior generalized Bayes estimator and
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the maximum likelihood estimator (MLE) in unrestricted estimation problems are not
necessarily inherited in the restricted problems. One example of non-minimaxity is the
case of estimating a bounded mean; Casella and Strawderman (1981) showed that the uni-
form prior generalized Bayes estimator is not minimax and Marchand and Perron (2001)
demonstrated that minimaxity of the MLE is limitted. Another example is the case of
estimating the sum of positively restricted means; Kubokawa (2010) showed the uniform
prior generalized Bayes estimator is not minimax (if £ > 2) and Kubokawa and Straw-
derman (2011) demonstrated that minimaxity of the MLE is limited. In this paper, we
consider the extension of the results of these two papers to the simultaneous estimation of
a set of linear combinations of means which are restricted to be positive, and derive neces-
sary and/or sufficient conditions for minimaxity of general types of estimators. Quadratic
loss is considered throughout the paper.

To explain instructively the problem treated here, consider the following problem: Let
Xi,..., X} be independent random variables such that X; has a density f;(x — p;) with
a location parameter ;. Assume that F[X?] < co and that the location parameter j; is
restricted to the positive real numbers {u; > 0} for i = 1,... k. Let ¢; = ffooo zfi(2)dz.
Then, an unbiased estimator of p; is

ﬁZU = Xz — G,

which is minimax under the squared error loss. We consider a set of linear combinations
Z?Zl ajip; for i = 1,...,¢, which are expressed as alp, where al = (a;1,...,ay), p' =
(g1, ..., ) and p' denotes the transpose of u. When p is restricted to Q = {p|u; >
0,i=1,...,k}, we want to estimate the set of the linear combinations

01 alp

o= : |=| : |=4u

6, ahp

where A = (a4, ...,as), a k X { matrix.

In the case of £ = 1, Kubokawa (2010) verified that the linear combination of unbiased
estimators 0V = Z?Zl aljﬂjU is a minimax estimator with a constant risk. Then it was
shown that the minimaxity of the linear combination of uniform prior generalized Bayes

. A k ~ . . .
estimators 668 = 5" i1 alju]GB is quite limited. Here,

00 X
268 _ Jo mifi(Xg —p)dpy o JI5 2 (2)dz (1)
! Jo (X5 = py)dpy TN fi(2)dz
In particular, élGB is minimax for £ = 1, but not minimax for £ > 3. In the case of k = 2,

it is minimax when ajja12 < 0, but not minimax when a;;a;o > 0. Also in the case of
¢ =1, Kubokawa and Strawderman (2011) treated the truncated estimator

ﬁer _ max{ﬂ?, 0} = X; — min{Xj, ¢},

which is, as well, the MLE of p; for symmetric unimodal distributions and for some other
distributions. Although ﬁfR is minimax in estimation of the single location p;, it was
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shown that the minimaxity of the linear combination 7% = Z?Zl ay;i; s also limited
in the context of estimating ¢;. When ¢ = k and A = I, the indentity matrix, on the
other hand, it can be verified that the uniform prior generalized Bayes estimator and the
MLE are minimax. Thus, the problem treated in this paper fills in gaps between the
above results for / =1 and ¢ = k.

In this paper we give a general necessary and sufficient condition for minimaxity of a
general estimator of the form A’fi where each 71;(X;) depends only on X;. We show the
condition is also sufficient when each fi; is either the truncated estimator or the uniform
prior generalized Bayes estimator on (0, 00). The condition takes on the very simple form,
i.e., all off-diagonal elements of AA" are non-positive, for the uniform prior generalized
Bayes estimator. This condition is also sufficient (but not necessary) for minimaxity of
the truncated estimators as well. The sufficiency of the general necessary condition is also
demonstrated for certain other minimax estimator ;.

The paper is organized as follows: A general class of estimators, denoted by §¢, of
0 = A’y is handled throughout the paper. In Section 2, a general necessary condition
(NC) and a sufficient condition (SC) for minimaxity of 6, are derived. Additionally, it is
shown that the sufficient condition (SC) is also necessary for minimaxity of the uniform
prior generalized Bayes estimator. Also, some examples of matrices A satisfying the
sufficient condition (SC) are given.

In Section 3, a general condition is derived under which the necessary condition (NC)
becomes sufficient for minimaxity of §¢. In particular, it is shown that the truncated
estimators (which are MLE for symmetric unimodal distributions) are governed by this
result, and the necessary and sufficient condition for their minimaxity is given.

In Section 4, we consider the specific case wherein the underlying distributions are
normal. In Section 4.1, we provide a unified approach to necessary and sufficient condi-
tions for minimaxity of the uniform prior generalized Bayes estimator and the MLE. In
Section 4.2, we extend the results to the unknown variance case and show that similar
dominance results hold. Finally, the proof of minimaxity of the unrestricted generalized
Bayes estimator of 0 is given for a location-scale family. In particular, this implies that
the unbiased estimator of € is minimax in normal distributions with a common unknown
variance.

2 Conditions for Minimaxity and Non-minimaxity

2.1 A necessary condition for minimaxity

Consider the problem of estimating a vector of linear combinations 6 = A'p relative to
the squared error loss function ||@ — ||> for an estimator @ where |Ju|> = 32, u? for
u = (u,...,up)". Let X = (X1,...,Xp) and ¢ = (¢1,...,cx)". An unbiased estimator of
~U R

0is6 = A'nY for

~U ~ ~

n = (MIU’"'7Ml(c])t:X_C’

~U

and the same arguments as in Kubokawa (2010) can be used to show that @ is a minimax
estimator with a constant risk. See also the proof given in the appendix.



We begin by considering a general type of estimator
Hoj = Xj — ¢;(X;)
of pj for j = ,k, where E[¢3(X;)] < co. Let
9¢ = At[/,\l,qs, for :Z\l‘qﬁ = (Zj\’tfhlﬁ .. ,ﬁ@k)t. (21)

Then the risk function of the estimator 5¢ is written as

R(p,04) =E[[04 — 0]%] = E[(fiy — p)' AA" (fr — p)]
=3 (AANRi(w) + > > (AAY,;Bi(1) By(y),
i=1 i=1 j=1,j#i

where (AA");; denotes the (i, j)-th element of AA", and R;(u;) and B;(u;) are, respec-
tively, the risk function and the bias of the estimator fis; = X; — ¢;(X;), given by

Bi(ﬂz’) :E[ﬁqb,i - Hz’] = E[Xi - ¢z’(Xi) - ,ui]u
Ri(p:) =E[(figi — p13)?] = EI(Xs — 6i(Xi) — )7

These can be also expressed as

Bi(p;) =E[c; — ¢:(X5)],

2.2
() =BI(X; ~ ¢ — )] ~ Dyl 2

where the risk difference can be expressed as
Di(pi) = El{ci — ¢i(Xi) Hei + 0i(Xi) — 2(X5 — pa) . (2.3)

~ ~U
Then, the difference between the risk functions of 84 and the minimax estimator € is

A(p) == (AAN:Di(w) + Y > (AAY;Bi(i) Bi(y), (2.4)
i=1 i=1 j=1j#i

and it is seen that the minimaxity of §¢, is equivalent to A(p) < 0.

We first derive a necessary condition for the minimaxity of §¢. For this purpose,
we assume that lim,, . B;i(1;) = 0 and lim,, o D;(1;) = 0. As shown below, this
assumption can be guaranteed when ¢;(w) converges to ¢; as w — oo. Let A = {1,... k}
and let C' be any subset of A. If p; — 0 for all ¢ € C, and if p; — oo for all j € A\C,
then the risk difference A(pu) converges to

> (AAND(0)+ > Y (AAY);B;(0)B;(0).

ieC 1€C jeC,j#i



Proposition 2.1 Assume that lim,, .o B;(1;) = 0 and lim,,,_.o D;(p;) = 0. If the esti-
mator 84 is minimaz, then for all subset C' of {1,...,k},

(NC) = =) (AADDi(0)+ ), Y (AAN;Bi(0)B;(0) <0, (25)

icC i€C jEC,j#i

The assumption given in Proposition 2.1 is satisfied if the function ¢;(w) satisfies the
following conditions: (i) lim, .. ¢;(w) = ¢; and (ii) there exists a function ®;(z) such
that sup,,. . ¢i(z 4 )| < ®i(2), ®4(2) is independent of y1;, and E[|®;(Z)[*] < oo, where
Z has a density f;(z). In fact, using the Lebesgue’s dominated convergence theorem,
we can see that lim,, . B;(p;) = ¢; — lim, oo E¢:(Z + ;)] = 0 and lim,,, oo D;(p;) =

If ¢;(w) satisfies the condition

(A1) ¢;(w) is nondecreasing and lim,, o ¢;(w) =¢; for i =1,... k,
then it can be seen that sup, . |¢i(z + )| < |¢i(2)| + |cil, so that the above condition
(i) is satisfied by E[|¢;(Z)|?] < oo. That is, if ¢;(w) satisfies the condition (A1), then
the assumption of Proposition 2.1 holds, namely, B;(y;) > 0, lim,, o Bi(1;) = 0 and

2.2 A sufficient condition for minimaxity

To get sufficient conditions for minimaxity, we need to find conditions such that A(p) < 0
for any p. In this subsection we derive a general sufficient condition and show that it is
also a necessary condition for minimaxity of the uniform prior generalized Bayes estimator.

[1] A general sufficient condition. If D;(x;) > 0 and B;(u;) > 0 for p; > 0 and
i=1,...,k, then it follow from (2.4) that A(p) < 0 if all off-diagonal elements of AA"
satisfy the condition (AA");; <0 for all 4, j (i # j).

Proposition 2.2 Assume the following conditions:

(SC) (SC1) D;(pi) >0 and Bi(p;) >0 for any pu; >0 andi=1,...,k
T (SC2) (AAY); <0 foralli,j (i # j).

Then, the estimator 54, s MANIMAL.

It is noted that D;(y;) > 0 for any p; > 0 implies that the estimator ji,; dominates
7Y or it is minimax. As verified in Kubokawa (2010), the estimator fig; = X; — ¢;(X;) is
minimax if ¢;(w) satisfies the condition (A1) and the condition given by

(A2) ¢;(w) > ¢¢P(w) for i = 1,..., k, where

67w) = [ apens [l (2.6)

The conditions (A1) and (A2) imply that D;(u;) > 0 and B;(p;) > 0 for any u; > 0 and
i=1,...,k, so that the condition (SC2) is sufficient for the minimaxity.
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[2] The uniform prior generalized Bayes estimator and the necessary and
sufficient condition. In general, the sufficient conditions (SC1) and (SC2) are not
necessary for minimaxity. However, it is interesting to note that the condition (SC2) is
necessary and sufficient for minimaxity of the uniform prior generalized Bayes estimator

~GB ~GB ~GB ~ ~
6 =A'p"", for p"=@et, Py,
where {'P is given in (1.1). In fact, note that a{'® may be expressed as

it = X = ofP (X)),

and that ¢&Z(w) satisfies the conditions (A1) and (A2). Also, note that the risk function
of the uniform prior generalized Bayes estimator i¢? attains the constant minimax risk
at p; = 0 as verified in Kubokawa (2010), namely, in (2.2) and (2.3),

Ri(0) = E[(X; — ¢; — m)*], or D;(0)=0,

for ¢;(w) = ¢P(w). Thus, the necessary condition (2.5) becomes that

Z Z (AA");;B;(0)B;(0) <0,

i€C jEC j#i

for all subset C' of {1,...,k}. Since B;(0) > 0 for i = 1,...,k, it can be seen that this
necessary condition is reduced to the condition (SC2).

Proposition 2.3 A necessary and sufficient condition for the uniform prior generalized

~GB
Bayes estimator @ to be minimazx is that all off-diagonal elements of AA" satisfy the
condition (SC2).

[3] Examples of matrix A satisfying (SC2). We here investigate when the
condition (SC2) is satisfied through some examples.

Example 2.1 (Case of k =2) Let a; = (a;1,a;2)" for i = 1,2. In the case of £ = 1,
we have (AA")15 = (a1a})12 = ajia;p. Then from Proposition 2.3, it follows that the

uniform prior generalized Bayes estimator 0 is minimax if and only if ayya12 < 0. For
example, it is minimax for a! = (1, —1), but not for @} = (1,1). This corresponds to the
result in Kubokawa (2010).

~GB
In the case of £ = 2, we have (AA") 5 = (a1a! +aial) 1y = a11a15+az ags, so that 6
is minimax if and only if a11a12 + a21a20 < 0. Since ar1a12 + ag1622 = (11, a21)(a12, a22)t7
it is convenient to express A as

at
A= ( al ) = (aq) a@)

for a1y = (a11,a21)" and @) = (ai2,a2)". Then, the necessary and sufficient condition

~GB
is equivalent to afl)a(g) < 0. For example, let a} = (1,1). Then, #  is minimax for
al, = (1,-1), (1,—2), but not minimax for a’, = (1, —1/2).



Example 2.2 (Case of k = 3) Let a; = (a;1,a40,a;3)" fori = 1,2, 3. In the case of £ = 1,
~GB

0 is minimax if and OIlly if (AAt>12 = (alaﬁ)lg = Qa110Q12 S 0, (AAt>13 = a11Q13 S 0
and (AA")y3 = ajpa;3 < 0. There is no solution of non-zero a;1, a;; and a;3 satisfying

~GB
these inequalities. This implies that @  is not minimax in the case of / =1 and k£ = 3.
This corresponds to the result of Kubokawa (2010).
In the case of ¢ = 2, we have

at
A= ( al ) = (aq), a@), a@))

for any = (a11,a21)", a@) = (a12,a2)" and a) = (a13,a23)". Then, the necessary and
~GB
sufficient condition is a'él)a(g) <0, a'EQ)a(g) < 0 and a23)a(1) < 0. For example, 8  is

minimax for
1 1 -1
t __
A_<1 -1 1 )’

c (1 11
A‘(1—1 1)'

In the case of ¢ = 3, we have

but not minimax for

a;
A'=| a; | = (aw,ap.a))
at
3
for an) = (011>a217a31)t, ) = (a12,a22,(132)t and aiy = (013,a23>as3)t- Then, the

necessary and sufficient condition is afl)a(g) <0, a'&)a(g) < 0 and af3)a(1) < (0. For
example, let {ay, as, a3} be orthonormal vectors. Then, A becomes an orthogonal matrix,
which means that {an), a(z), a3} are orthonormal vectors and the mutual inner products

~GB
are zero. Thus, the condition (SC2) is satisfied and the minimaxity of @  is established.

Example 2.3 (General cases) For kK >4 and ¢ > 1, let

¢
a;

Al = = (a(l),...,a(k))) .

t
a,

~GB
Then, &  is minimax if and only if a’éi)a(j) < 0 for all 7,5 (i # 7). In the case of
¢ = 1, such vectors a(;’s do not exist, and it is not minimax. In the case that { = k

~GB
and A = (aq,...,a,) is an orthogonal matrix, the condition (SC2) is satisfied, and @
Is minimax.



3 Necessary and Sufficient Conditions for Minimax-
ity of General Estimators

3.1 Sufficiency of the necessary condition (NC)

We here consider the interesting question of whether the necessary condition (NC) given
in (2.5) is sufficient or not. To answer the question, we need to show that the risk function
attains its maximum on the boundary of the parameter space. Differentiating A(p) with
respect to p;, we see from (2.4) that

0

-B) = —(440, ) OB ST (A Gs) )

O Opi o1

It is here noted that B;(u;) and D;(ju;) can rewritted as

Bi(pi) =E[c; — ¢i(Z; + 114)],
Di(pi) =E[{ci — ¢i(Zi + i) Hei + 6i(Zi + i) — 22},

for Z; = X; — p;. Differentiating these functions with respect to p; gives the expressions

OB;(ps)

OD; (i)
o) (6 (X: ~ i - X))

where ¢(w) = (d/dw)¢;(w). Thus, the partial derivative of A(u) is expressed as

k
ai-A( ) =2(AA"E[¢(X){:(X:) — (Xi — i)} = 2E[¢4(X5)] > (AA");B;(uy)
‘ J=1,5#i
k
2 B0 (X {(AAY:Hi(pe) — Y (AA)B;(y) ), (3.2
J=1j#i
where H;(u;) is
" Ho(1) — B¢l (Xi){o:(Xi) — (Xi — i) }] 3.3
)= E[¢}(X)] | )

It is noted that only E[¢i(X;)] and H;(u;) depend on p; while all other terms are in-
dependent of y; in (3.2). Assuming that E[¢i(X;)] > 0, we see that if H;(u;) is non-
decreasing in pu;, then we can consider the three cases: (1) (0/0u;)A(p) > 0 for all
i >0, (2) (0/0u;)A(p) <0 for all p1; > 0, or (3) there is a positive point p; ¢ such that
(0/0pi)A(p) < 0 for 0 < p; < pip, and (0/0p;i)A(p) > 0 for all p; > p; . This implies
that

A(p) < max{ lim A(p), lim A(,u,)}.

pi—0 Hi—00



Applying this argument for all 4 € {1,...,k} and assuming that lim,,_,. B;(x;) = 0 and
lim,,, oo D;i(pt;) = 0, we see that

Alp) < max{ = >"(A4):D,(0) + > 3 (A4Y,B.(0)B;(0)}

ieC i€C FEC,j£i

where C'is all subsets of {1, ..., k}. This implies that the sufficient condition leads to the
necessary condition (2.5). Hence, we have the following result.

Proposition 3.1 Assume that E[¢(X;)] > 0 fori=1,...,k as well as lim,, .o B;(1;) =
0 and lim,,, .o D;(p;) = 0. If H;(p;) given in (3.3) is nondecreasing in y; fori=1,... k,
then the condition (2.5) is a necessary and sufficient condition for the estimator 5¢ to be
minima.

As verified below Proposition 2.1, the condition (A1) implies that E[¢;(X;)] > 0 for
i=1,...,kand that lim,,_.. B;(¢;) = 0 and lim,, .o D;(x;) = 0, namely, the assumption
of Proposition 3.1 is satisfied.

Although this proposition provides a nice necessary and sufficient condition, it may be
hard to check the monotonicity of the function H;(u;). For specific cases of estimator and

distribution, however, we can verify this monotonicity. The following proposition give us
a condition on ¢;(-) which implies the monotonicity of H;(f;).

Proposition 3.2 Assume the condition (Al). If ¢i(z + ua)/Pi(z + u1) and ¢i(z) — =z are
nonincreasing in z on {z|¢i(z + u1) > 0} for 0 < uy < ug, then H;(u;) is nondecreasing
in w;, and the condition (2.5) is necessary and sufficient.

Proof. We omit the index ¢ in this proof. For 0 < u; < us, we need to show that

E(Z +u{o(Z +w) = Z}] _ El¢(Z + up){d(Z + up) — Z}]
E[¢'(Z +u)] E[¢/(Z + us)] ’

<

which holds if

El(Z + u{o(Z +w) — Z}]

E[¢(Z +ug){d(Z +uy) — Z}]
B¢/ (Z + u1)] '

E[¢'(Z 4 us)]

VAN

Since ¢L(Z 4+ uz)/Pi(Z 4+ uy) and ¢;(Z + uy) — Z are nonincreasing in Z, this inequality
holds. m

When ¢(z) is differentiable, it is noted that ¢;(z 4+ ug)/@;(z 4+ u;) is nonincreasing in
z for 0 < uy < ug if ¢} (2)/¢i(z) is nonincreasing in z.

Remark 3.1 In the general setup, it would be interesting if we could show that H;(u;)
is nondecreasing in p; for the uniform prior generalized Bayes estimators. Unfortunately
we have not been able to show this. However, when the distributions are normal, it will
be verified in Section 4.1 that the uniform prior generalized Bayes estimator as well as
the MLE lead to monotonicity of H;(1;).



3.2 Truncated estimators and the necessary and sufficient con-
dition
In this subsection we study minimaxity of truncated estimators. The truncated estimator
of p; is
;" = max{X; — ¢;, 0} = X; — ¢/ "(X;),
for pI(X;) = min{ X}, ¢;}. This is the MLE of y; in a symmetric unimodal distribution.
More generally, we can consider the truncated estimators

i =max{X; —c;, (1= 7)(Xi — )} = Xi — 6] 7 (X5),
where v > 0 and

TRy (v \ _ - o o X =)+ for X <,
(bz' (X’L) - mln{’y(Xl Cz) + Cucl} - { ci fOF Xz 2 ci.

For the condition (A2), it is noted that the function ¢S (w) given in (2.6) is increasing
in w and lim,, ., ¢°Z(w) = ¢;, and that ¢FP(w) < min{w, ¢;} < min{y(w — ¢;) + ¢;, ¢}
for 0 < v < 1. Thus, the function ¢] " (w) satisfies the conditions (A1) and (A2)
for 0 < v < 1, so that from Kubokawa (2010), the resulting truncated estimator ﬁZTRV
dominates X;, namely, it is minimax for 0 < 7 < 1 in the context of estimation of ;.
However, Kubokawa (2010)’s result can not be used to extend this dominance result to
the case of 0 < v < 2.

To show directly the dominance result for 0 < v < 2, it is noted that ﬁ?RV =X, —

¢ —v(Xi — ¢)I(X; < ¢) for the indicator function I(-), so that the bias and the risk of
Al are written as

Bi(pi) =E1X; — ¢i — i — 7(Xi — ) [(Xi < )]
= —YE[(Xi — ) [(X; < ¢i)],

Ri(ps) =B{Xi — ¢ — pi — v(Xi — e) [(X; < i) }]
=E[(X; — ¢i — )?] = Di(m),

where D;(u;) = vE[{2(X; — ¢; — i) — v(Xi — ci) {(Xi — &) [(X; < ¢;)]. Letting Fi(w) =
fi”oo fi(2)dz and z = z; — u;, we can rewrite them as

(3.4)

ci—pi

Bi(u) = — 7 / et ) fi(a)dz = / Fi(2)dz,

— 00 —00

D) =1(2 — ) / e — et ) () s Ba)

Ci— [

{2 ~7) /Ci_m(z ) Fi(2)dz + (v — 1)m/ F(2)dz}.

—00 — 00

since [7 Mz —¢)(z — ¢ + i) fi(2)dz = =2 [ (2 — ¢;)Fy(2)dz — p; [© 1 Fi(2)dz as

o0
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shown in Kubokawa and Strawderman (2011). Then, for p; = 0, we have

BO) == [ -e)fedz= - [ R

—00 —00
Ci

D(0) =1(2 — ) / (2 — )2 fi(2)dz (3.5)

o]
Ci

=—27(2 ) / (z — ¢;)Fi(2)dz.

—00

Proposition 3.3 The truncated estimator ﬁ?RW always dominates X; —c; for 0 <~y <1,

while this dominance result holds for 1 < v < 2 if f'(z)/f(z) is non-increasing in z. When
v > 2, however, ZZZ-TR7 does not dominate X; — ¢;

Proof. For simplicity, we omit the index i in X, p;, D;(+), ¢; and others. It is noted
that the dominance of 7® over X — ¢ is equivalent to the inequality D(u) > 0 for any
p > 0. Also, note that lim,_,. B(p) = lim, .o D(p) = 0. When v > 2, it follows from
(3.5) that D(0) < 0, which means that 7”®" does not dominate X — ¢. Then, we shall
establish the dominance property when 0 < v < 2. Differentiating B(u) and D(u) given
in (3.4) with respect to p gives B'(u) = —y [ " f(2)dz and

D'(u) =y(2 —7) / HL(Z —¢)f(2)dz +yB(u) +yuB' (1)
- . (3.6)
“n{@-n [ e-crmfed-p [ )

Since [ (2 — ¢+ p)f(z)dz <0, it is seen that D'(u) < 0 for g > 0 when 0 < v < 1,
so that D(u) is non-increasing in pu. Thus, D(u) > 0 for all g > 0 since D(0) > 0 and
lim, .o D(p) = 0. When v > 1, making the transformation x = z + u, we rewrite D'(1)

* ¢ C af(x—p)de
D’(u)z%/ f(x—u)dx{(l— )ff ff(x_ )) (1—7)—u}-

We here show that [z f(z —p)dz/ [ f(z — p)dz is non-decreasing in p if f'(z)/f(z)
is non-increasing in z. In fact, differentiating the function with respect to u, we observe
that the derivative is proportional to

_ffooxf’(:v—u)d:v+ff wf(x—p)de [ f'(z — p)d
Lo f@—pde  [° flz—p)dz [ flz—p)ds

which is non-negative if f'(z—p)/ f(x — ) is non-increasing in z. Since (1—7) [ xf(z—
p)dz/ [ f(x — p)da is non-increasing in y for v > 1, it can be seen that D'(u) < 0 for
all > 0, or there exists a point pg such that D'(u) > 0 for 0 < p < g, and D'(u) < 0
for u > pg. This implies that D(u) > min{D((0),0} for all x > 0. Hence, D(u) > 0 for
all py>0whenl<y<2. m

11



Proposition 3.4 For the function ¢?R7(w), the function H;(u;) is increasing in p; > 0
when 0 < v < 1. When v > 1, the function H;(1;) is also increasing in p; if f'(2)/f(2) is

non-increasing in z. Thus, for both cases of 7, (2.5) is a necessary and sufficient condition

~TR ~ ~ ~ ~
for minimaxity of 0 = AT for @t = (™,

Proof. For simplicity, we omit the index i in X;, p;, H;(+), ¢; and others. Also, we
here write ¢! "7(X) as ¢(X) for notatonal convenience. Since ¢/(X) = vI(X < ¢), it is

%

seen that E[¢'(X)] =~ [I(z < ¢)f(xz — p)dz =~ [*/ f(z)dz. On the other hand,

El¢'(X){o(X) = (X — w)}] Z/vf(x <{y@—c)+e— (v —p)}flz —p)de

= /C_M{("y — 1)(2 —Cc+ /L) + ,U}f(z)dua

—00

so that the function H(u) can be written as

Joo (2 —c+p)f(2)dz
Jo f(2)dz
=(v = 1)¢""(c— p) —c(y = 1) + 1,
for %P (w) defined in (2.6). Since ¢“F(w) is increasing in w, it is seen that ¢<B(c — ) is

decreasing in . Thus, H(u) is increasing in g when 0 < v < 1. When v > 1, from (3.7),
H(p) is expressed as

H(p) =(y—-1) (3.7)

ﬁmxﬂx—umw+ﬂ

S [z = p)da

As verified in the proof of Proposition 3.3, ffoo zf(z — p)dx/ ffoo f(z — p)dx is non-
decreasing in p if f'(2)/f(2) is non-increasing in z. Thus, H(u) is increasing in g when
~v > 1, and the proof is complete. m

H(p)=(y—1)

It is noted that the assumption that f’(z)/f(z) is nonincreasing in z is satisfied by
the normal distribution and, more generally, all other location density functions with
monotone likelihood ratio.

3.3 Case of the same distribution

Consider a special case that f1(z) = -+ = fi(2) = f(2). Then, condition (2.5) is expressed
as

SO Y (449, {BO)F < 3(44Y,D(0)

i€C jeC,j#i ieC

for all subsets C' of {1,...,k}. This condition is simplified as

Yice 2 jec(AAY);
ZieC(AAt)ii

< Kyg, (3.8)
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where
D(0)

Ko =By

+1. (3.9)

For example, consider the case of @} = (1,...,1),al = (1,-1,0,...,0),al = (0,1,-1,0,...

. ab=1(0,...,0,1,-1,0,...,0) for 1 </ < k+ 1, namely,

1 1 1 1 1 1 1 1 1 1
1 -1 0 00 0 0 0 0

t 01 -1 0 0 0 0 0 0 0

A=09 0 1 =10 0 0 0 0 NE
00 0 0 0 -+ 110 -0

where for ¢ = k + 1, the bottom row vector of A’ is given by a; ., = (-1,0,...,0,1).
This setup means that 6, = Zle ft; is the sum of means and the other parameters are
contrasts 0y = g — po, .., O = pr—1 — g and k1 = pp — pgr1. In this case, the
condition (3.8) is simplified as

/{32
<Ky, 1
k+2(0—1) = 7 (3.10)

For ¢ = 1, this is just & < K4, which corresponds to the result of Kubokawa and
Strawderman (2011). It is interesting to note that larger ¢ eases more the condition for
the minimaxity, and for £ =k + 1, it is k/3 < Ky .

We may summarize much of the discussion for the case of fi(z) = --- = fi(z) = f(2)
as follows:

(I) A necessary and sufficient condition for the uniform prior generalized Bayes esti-
mator to be minimax is that condition (SC2) holds, namely, (AA");; < 0 for any i and j,

(i # 7).
~TR

(IT) A necessary and sufficient condition for the truncated estimator 9" to be min-
imax is that condition (3.8) hold. In this case, we can obtain Kyrp, = Kjyrry =
D(0)/{B(0)}*> + 1 for "™ (w) = min{y(w — ¢) + ¢, c}, where B(0) and D(0) are given
in (3.5), and v > 0. The following values of Krp, have been found in Kubokawa and
Strawderman (2011).

(a) Normal distribution, X ~ N(0,1): Kfrr, = (2/y — 1)m + 1.

(b) Variance mixtures of normal distributions, namely, X |V ~ A (0,V) and V ~ G:
Kyrry = (2/y = DrE[V]/{E[V'?]}? + 1.

In particular, - and double exponential distributions give the following values.

(b1) t-distribution, X ~ t,,

Kf7T37: (2/’}/—1)71' —f-]_

(v/ 2
v i 2 (r((ry - 12))/2)>

13
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(b2) Double exponential distribution, X ~ DE(0): Kyrpy, =4(2/7— 1)+ 1.
(b3) Logistic distribution, K;rp, = (2/7—1)7%/{6[log(2)]*}+1 = 3.424(2/y—1)+1.

(¢) X ~ Symmetric unimodal distributions: K;rg, = 2(2/y — 1)E[X?/{E[X|]}* +
1> (8/3)2/v=1)+1.

Of course, for the case

1 00 --- 0 0
o100 --- 0 - 0 7. o
t: 0 0 1 ct e O O t: ¢
A= T 44 (0 0)’
000 -~ 1 --- 0

the condition (3.8) holds for all distributions. This implies that any subset of estimators
(Hiys - - - fbi,) is minimax for (ug,,...,u;,). However, as we have shown, for other linear
combinations, the trucated estimator (often the MLE) may or may not be minimax, but
the condition (3.8) gives a reasonably straightforward necessary and sufficient condition
for minimaxity for a set of linear combinations.

Remark 3.2 It is interesting to note that it may be possible to construct an example
such that each estimator is not minimax in the context of estimating a single location
parameter, but such that their combination is minimax for estimating the corresponding
linear combination. For example, consider the estimation of § = p; — po in normal
distributions. Since A* = (1,—1), the Lh.s. of the inequality (3.8) is zero, and the
minimaxity of the truncated estimator 757 is given by 0 < (2/y — 1)+ 1, or 0 < v <
27 /(m —1). Taking v = 27/(m — 1), from Proposition 3.3, we can see that each estimator
7™ is not minimax for estimating y; since 5 > 2, while 757 is minimax in estimation

of 0 = py — po.

4 Minimaxity and Non-minimaxity in Normal Dis-
tributions

In this section, we consider the cases of normal distributions with known or unknown
variance. In Section 4.1, we provide a unified approach to necessary and sufficient condi-
tions for minimaxity of the uniform prior generalized Bayes estimator and the MLE. In
Section 4.2, we extend the dominance results to the unknown variance case.

4.1 A unified condition for minimaxity

Let Xy,..., X\ be mutually independent random variables such that X; has a normal
distribution with mean y; and unit variance, namely, X; ~ N(u;, 1) for pg; > 0. In the
estimation of y;, an unbiased estimator of ; is i¥ = X;, which is minimax relative to the
mean squared error. The maximum likelihood estimator of ju; is ML = max{X;, 0} =

14



X; — ¢TE(X;) for ¢TB(w) = min{w,0}. The uniform prior generalized Bayes estimator is
written as &% = X; — ¢“B(X;) for

6% (w) = [ sew(-2/2dz/ [ ewpl-s2)as

Both estimators are minimax, namely, they dominate 7i¥. As mentioned before, in general,
an estimator of the form X; — ¢(X;) is minimax if

(A1") ¢(w) is nondecreasing and lim,, ., ¢(w) = 0,

(A2) p(w) > 6P (w).

We now treat the estimation of the vector of the linear combinations 6 = A'p and
consider the estimators 8, = A'fi, where fiy, = (fig1, ..., Hex) for fig; = X; — ¢(X5).
Necessary and sufficient conditions for minimaxity of /0\¢ are summarized in the following
proposition which follows from Propositions 2.1, 2.2 and 3.1. Let B(0) = —E[¢p(Z)],
D(0) = 2E[6(2){Z — ¢(Z)/2}] and H(p) = El¢"(Z + w){¢(Z + p) — Z}]/El¢'(Z + p)]
for Z ~ N(0,1).

Proposition 4.1 (1) Assume the condition (A1l'). If the estimator /éqs is minimaz, then
for all subset C' of {1,...,k},

. o(AAY,;
ZZGZCZCJ(GAC;t)u ) = K, (4.1)

where Ky = D(0)/{B(0)}* 4+ 1 for the standard normal distribution.

(2) Assume the conditions (A1’) and (A2'). Then, the estimator §¢ is minimaz if
(SC2) (AAY),; <0 foralli, j (i # j).

(3) Assume the condition (Al") and that H(u) is nondecreasing in wu. Then, the
condition (4.1) is a necessary and sufficient condition for the estimator 6, to be minimazx.

In general, it may be hard to check the monotonicity of H(x) in part (3) of Proposition
4.1. When ¢(w) is twice differentiable, however, this condition can be simplified in normal
distributions as

(A3) The derivative ¢'(w) is absolutely continuous and ¢(w) — ¢"(w)/¢'(w) is non-
decreasing in w.

Proposition 4.2 Under the normality assumption, if the condition (A3) is satisfied, then
H(p) is nondecreasing in p, and the condition (4.1) is a necessary and sufficient condition
for the estimator 8, to be minimaxz.

Proof. The function H(u) is expressed as

S 9@ o) — (@ — )} - wdz

Hu) = o — s
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Note that — [*°_ ¢/ ()(x — p) f(x — p)da = [7_¢'(x)f'(x — p)dz. Since ¢(x) is absolutely
continuous, by integration by parts, it can be seen that

/_C: ') f (x — p)de = — /_Z ¢"(z) f(z — p)dz,

so that H(u) is rewritten as

Jo A (@)d(x) — ¢"(2)} f (2 — p)da
o ¢ @)f (@ — p)da

Differentiating H(u) with respect to pu shows that the derivative is proportional to

[E A0 @9() — (@)}« — p)da
I~ <z5’ )/ (@ — p)dz
| A @)0(@) — @) o = p)de [ S @) (@~ )
f G —mde [ d@)f@— pdr

Since f'(z—p)/f(x—p) is decreasing in z, and {¢'(x)o(z) —¢"(x)}/¢'(x) is nondecreasing
in z, it can be seen that the derivative in (4.2) is positive, so that H(u) is increasing in

. W

H(p) =

(4.2)

As shown below, the uniform prior generalized Bayes estimator satisfies the condition
(A3). Taking into account this fact and Propositions 4.2 and 4.2, in normal distributions,
we can provide a unified necessary and sufficient condition for minimaxity of the MLE
and the uniform prior generalized Bayes estimator.

As an application of Propositions 4.1 and 4.2, we deal with estimators of the form
ﬁi)\ = Xz — ¢A(Xz> where

ox(w) = /_w zexp{—A\z?/2}dz/ /_w exp{—\z?/2}dz

for A > 0. This estimator was studied by Maruyama and Iwasaki (2005), who showed that
#x(w) is nondecreasing in w and also in A, which implies that ¢y (w) > ¢1(w) = ¢%F(w)
for A > 1. Maruyama and Iwasaki (2005) proved that jz; » is minimax if and only if A > 1.
Considering the estimation of 8, we can get sufficient conditions for minimaxity of the
corresponding estimator 8y = A'f, for fiy = (B1xy -y Hrn)"

Proposition 4.3 (1) For A > 1, the estimator 6 is minimaz if the condition (SC2)
holds. R

(2) For 0 < A < 1, the estimator 0y is minimax if and only if the condition (4.1)
holds.

Proof. For part (1), the function ¢,(w) satisfies the conditions (A1l’) and (A2') as
demonstrated in Maruyama and Iwasaki (2005), so that the estimators ji; 5 are minimax.
Thus, the minimaxity result for A > 1 follows from Proposition 4.1 (2).
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For part (2), we shall show that the function ¢,(w) satisfies the condition (A3). Since
[E zexp{—Az?/2}dz = =X exp{—Aw?/2}, the function ¢,(w) is written as

1 exp{— w?/2}

oalw) = A JE exp{—Az2/2}dz
Then,
A(w) = = Mw — da(w))a(w),
Pr(w) = = M1 = ) (w))pa(w) — Aw — ga(w)) B (w),
so that o () .
Spw) AP A= RNy
Thus, w)
LACI w w — ¢y(w)) — _
on(0) = S = (1= o) + Moo = () = T

Note that w — ¢r(w) =[5~ wexp{—A(w — u)?/2}du/ [;° exp{—A(w — u)?/2}du. Differ-
entiating w — ¢, (w) with respect to w, we can see that w — ¢,(w) is increasing in w.
Hence, ¢ (w) — @5 (w) /@) (w) is increasing in w for 0 < A < 1. The result (2) follows from
Proposition 4.2. m

As shown in Maruyama and Iwasaki (2005), the estimator fi; ) is not minimax for
0 < A < 1. It is, however, interesting to note that Proposition 4.3 (2) implies that the
estimator @) is minimax for certain conditions on (AA"),; even for 0 < A < 1. It is also
worth noting that the case of A = 1 corresponds to the uniform prior generalized Bayes
estimator and that Proposition 4.3 means the function ¢“P(w) satisfies the condition
(A3). That is, the condition (4.1) is a necessary and sufficient condition for the uniform
prior generalized Bayes estimator to be minimax. Since D(0) = 0 for the uniform prior
generalized Bayes estimator &P, the condition (4.1) is identical to the condition (SC2)
as shown in Proposition 2.3.

4.2 An extension to the case of unknown variance

It is quite interesting to consider the extension of the previous results to location-scale fam-
ilies. In general, however, this extension may be difficult, because estimators of location
parameters are not necessarily independent of estimators of scale parameters. Extension
for a specific distribution may be feasible however. We here treat normal distributions
with common unknown variance.

Let Xi,..., X and S be mutually independent random variables distributed as
Xi NN(,U/Z‘,O'z), for izl,...,k7

S NUQX?n?

where y;’s are restricted as y; > 0 and x?, denoted a chi-square distribution with m degrees
of freedom. This is a canonical form of a random sample from k& normal populations with
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unknown common variance. As studied in the previous sections, we deal with estimation
of a set of the linear combinations @ = (0y,...,60,)" = A’ for the restricted parameter

space Q = {(p,0?)|p; > 0, = 1,...,k 0% > 0} for A = (ay,...,as), a k x £ matrix,

and g = (p1,...,ux)". An estimator @ of 0 is evaluated relative to the quadratic loss

16 — 0]12/0% = Sk (i — )? /0.

~U
Proposition 4.4 The unbiased estimator @ = A'X for X = (Xy,..., X)! is minimax

under the restricted space Q with unknown variance o?.

The proof of Proposition 4.4 is given in the appendix. To construct a class of minimax

. . . ~U . .
estimators improving on @ | consider estimators of the form

H¢, = Atﬁ¢ for ,l/l¢ = (ﬁ¢71, c. ,ﬁ¢7k)t, (43)

where

flos = Xi = V56 (X,/V5),

for an absolutely continuous function ¢. It can be seen that the expectations E|(fis; —
wi)(fig;— ;) /0] depends on p;, p; and o2 through \; and \; for A; = p; /o and \; = p;/o.
Let R(\;) = E[(figi — 1:)*/0?]. The following lemmas due to Kubokawa (2004) are useful
for deriving conditions for minimaxity of the estimator §¢.

Lemma 4.1 The risk difference of the two estimators X; and [ig; is

D(N) = — pi)*/0”] = R(\)
—9c / (G, (w3) — b(w:)} & (w:) Py, (ws)dws,

where ¢ is the normalizing constant and

™ (g = Aoy 26—+ =X VD" 2y dy

Gr(w) = ff p(m+1)/2e—v{L+W=2/v)%}/2dydy
=— /v(m_1)/26_”(1+w2)/2+‘/5w)‘dv/F,\(w).
for Fx(w) = [ f p(mHD/2e=v(4y?)/ 24V 4y dy
Lemma 4.2 When X goes to zero, G\(w) converges to limy_o Gy (w) = ¢“P(w), where
6wy = [ [y g
B 1 (1+w?) (e (4.4)

CmA 1 [T (14 y?)mEh2-1dy

for Fy(w) = limy_o F\(w). Also, Gy(w) < ¢“B(w).
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The above lemmas imply the following proposition.

Proposition 4.5 Assume that ¢(w) satisfies the following conditions:
(A1") ¢(w) is nondecreasing in w, and lim,, ., ¢(w) = 0,

(A2") ¢(w) > 6% (w).

Then jiy,; dominates the unbiased estimator X;.

Let B(\i, \j) = E[(fipi — pi)(fg; — pj)/0?] for i # j. Then, B(0,0) for \; = \; =0 is
written as
B(0,0) = E[T$(Z1/VT)d(Z2/VT)], (4.5)
where Z;, Z, and T are mutually independent random variables such that Z; ~ N (0, 1),
Zy ~ N(0,1) and T ~ x2.

Proposition 4.6 (1) Assume the condition (A1”). If the estimator §¢ is minimaz, then
for all subset C' of {1,...,k},

Yice 2 jec(AA);
ZieC(AAt)ii

where K; = D(0)/B(0,0) + 1.

(2) Assume the conditions (A1”) and (A2"). Then, the estimator §¢ is minimaz if
(SC2) (AA");; <0 foralli, j (i # j).

Proof. Let A = (A1,...,A\)". The risk function of the estimator 5(,5 is written as
R(X.04) =El16g — 61°/%] = El(fiy — 1) AA!(f5 — /0]

— Z(AAt)iiR()\i) + Z Z (AA") ;BN\, A,

i=1 i=1 j=1,j£i
~ ~U
so that the risk difference of 8, and 6 is

A(Xi @) =R(\,84) — R(A,6)

==Y (AA)DN)+ > Y (AAN;B(A, ). (4.7)
i=1 i=1 j=1,j#i

For part (i), note that limy, ..o D(\;) = 0 and limy, .o, B(\;, ;) = 0. Let C be any
subset of A = {1,...,k}. If y; — 0 for all ¢ € C, and if y; — oo for all j € A\C, then
the risk difference A(u) converges to

—> (AA); D)+ ) (AA");B(0,0),

iceC 1€C jeC,j#i

which yields the necessary condition (4.6).
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For part (2), Proposition 4.5 shows that the conditions (A1”) and (A2”) imply that
D(X;) > 0 and B(\;, Aj) > 0 for \; > 0 and A\; > 0. Thus, part (2) follows from (4.7). m

Particular attention is paid to the truncated invariant prior generalized Bayes esti-
mator and the maximum likelihood estimator. When we assume the truncated invariant
prior distribution ([Tf_, du;)do?/o? over y; > 0, 62 > 0 for i = 1,...,k, the generalized
Bayes estimator of 8 is written as

ACGB ~GB ~GB _ [~ ~
6 =A'p"" for p =@t mt), (4.8)
where

on fooo fooo ,uz'(02)_(m+1)/2_26_{(Xi_”i)2+s}/2"2d,uz'daz
K = fOOO fooo(02)f(m+1)/272ef{(Xif,ui)QJrS}/Za?dluidO-Q
=X; — \/§¢GB(X¢/\/§),
where the function ¢“B(w) is defined by (4.8). It can be seen that ¢“P(w) satisfies all
the conditions of Proposition 4.5, and the generalized Bayes estimator i dominates X;.

Also, note that D(\;) = 1 — R(\;) > 0 and L(0) = 0 for ¢“B(w). This fact implies that
the necessary and sufficient condition for minimaxity is (SC2).

~

Concerning the MLE, it is given by 0" = AR for gt = (TR, ... ATR) where
Al = max{X;,0} = X; — V'S¢ (X, /VS),
for ¢T%(w) = min{w,0}. It is noted that ¢ #(X;/V/S) = min{X;,0}/v/S. It can be seen
that the same arguments as in the case of known o2 can be used to derive the minimaxity
~TR
of the MLE. Thus, the necessary and sufficient condition for minimaxity of @  is given
by (4.6), where Kyrr = D(0)/{B(0)}* +1=m + 1.

~GB
Proposition 4.7 (1) The truncated invariant prior generalized Bayes estimator 6

given in (4.8) is minimax if and only if the condition (SC2) is satisfied.
(2) The MLE §TR is minimaz if and only if for all subsets C of {1,...,k},

3N (a4, (A, <7+

eC jeC ieC
Remark 4.1 It is noted that B(\;, \;) defined around (4.5) can be written as B(\;, \;) =
E[To((Z;+X)/VT)d((Z;+\;)/VT)] for i # j. Thus, the partial derivative with respect
to )\z is
0

S-BO ) =EVTG(Z+ \)NT)O((Z; + X5) VD)

=E" |VTE[$((Z: + ) /[VT)IT] - E[6((Z; + ) /VD)IT]]

which cannot be separated into two expectations like (3.1). Hence, we cannot use the
same arguments as in Section 3.1 to show the sufficiency of the necessary condition. It
would be desirable to get a result corresponding to Propositions 3.1 and 4.1(3) in the case
of unknown variance.
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Remark 4.2 Proposition 4.7 (2) can be extended to symmetric unimodal location-scale
distributions. Let (X3, V1),..., (Xk, Vk) be mutually independent random variables such
that (X;, V;) has joint density function o=2f;((z; — p;)/0,v;/o) with p; > 0 and unknown
scale o, where f;(z,w) is symmetric and unimodal on z = 0 with respect to z. Then, the

TR . TR . ‘
MLE of 8is 8 = A'L"" where 5" " is a vector of max{X;,0}. Noting that the MLE

~T

R
60  does not depend on statistics V;’s, and that X;’s are mutually independent, we can
apply the same arguments as in Section 3.1 to show that the necessary sufficient condition

TR
for minimaxity of @  is (2.5), where from (3.4) with v =1,
“\;
B =- [ G+ Mgl
=t
D) = [ s+ Mgz + MBI,

where g;(z) = [;° fi(z,w)dw and \; = p; /0.

5 Concluding Remarks

In this paper, we have derived necessary and/or sufficient conditions for minimaxity of
general types of estimators in the simultaneous estimation of a set of linear combinations
0 = A'p where the location parameters ;s are restricted to positive real numbers. When

~GB
0 is estimated by the uniform prior generalized Bayes estimator @ | the necessary and
sufficient codition for minimaxity is that all the off-diagonal ellements (A A");;, (i # j), are

~GB
not positive. Hartigan (2004) proved that @  is always minimax in normal distributions
when A is the identity matrix Iy, where his result guarantees the minimaxity when p is
restricted to a general convex set. When A’ = (ay, ..., a;), on the other hand, Kubokawa

~GB
(2010) showed that @  is minimax if and only if £ = 1, or (k = 2, a;1ay < 0). This means,
in a sense, that the results given in this paper fill in gaps between the two results given
by Hartigan (2004) and Kubokawa (2010).

The paper also gives conditions on estimators under which the condition (2.5) becomes
necessary and sufficient for minimaxity, and this result has been applied to a class of
truncated estimators. When the underlying distributions are normal, we have shown that
this gives a unified condition which can be applied to both the uniform prior generalized
Bayes estimator and the MLE.

Finally, we want to conclude this section by describing some interesting related issues
to be (hopefully) resolved in the future.

(1) Is it possible to construct a prior distribution, other than the uniform prior, such
that the resulting generalized Bayes estimator is minimax ? No such prior has been found
even for k = 1.

(2) An admissible and minimax estimator of @ = A’'u was derived by Kubokawa
(2010) when A" = (ay,...,ay), namely, £ = 1. Can this result be extended to the case of
(> 27
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(3) In this paper, the location parameters p;’s are restricted to positive real numbers.
Can the results given in this paper be extended to the case where u is restricted to a
general convex cone?

(4) When X ~ Ny (p, Ix) and p is restricted to a convex set, Hartigan (2004) proved
that X is dominated by the uniform prior generalized Bayes estimator. Is it possible to
extend his result to the case of X ~ Nji(p,X) for known ¥ or more general location
family?
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A Minimaxity of Unbiased Estimators in Location-
Scale Family

We here give the proof of Proposition 4.4, namely, minimaxity of the unbiased estimator
A'X under the restriction Q = {(u,0)|p; > 0,i = 1,...,k 0 > 0}. In this section, we
treat the following location-scale family: Let X = (Xi,...,X;)" and V be random vari-
ables whose joint density function is given by o %71 f((x — u)/o,v/c) where (u,0) € Q
and f((x — p)/o,v/0) denotes f((x1 — p1)/o,...,(xx — pg)/o,v/o). This includes the
canonical form treated in Section 4.2. The random variable S in Proposition 4.4 corre-
sponds to S = V2. When the quadratic loss ||@ — 0]|*>/0? is used to evaluate estima-
tors of @ = A'p, the unrestricted generalized Bayes estimator against the uniform prior

d(p, 0) = ([T, dp;)do /o is written as 0" — A'pM where

M = / ab™* £((X — a) /b, V/b)d(a,b)/ / b F((X — @) /b, V/b)d(a, b)

=X — ¢V, (A.l)
where ¢ = féTf £,7) )/ [ 7 f(€,7)d(&€,7) and the integrals are taken over —oo <
& < 00,1 = K, O < 7 < oo for & = (&,...,&)". When f(&,7) is symmetric on
&zOfori: 1,...,]{:, we have i = X since ¢ = 0 in this case.

~M
Proposition A.1 The unrestricted generalized Bayes estimator @  is minimax under
the restriction (p,0) € €.

Proof. Let Q, = {(p,0)|0 < p; <n,i=1,...,k,n"t <o <n} for n > 2. Consider
the sequence of prior distributions given by

{2n*logn}~to~tdudo if (p,0) € Q,
o, 0)d(p, 7) = { 0 otherwise,

Where d(p, o) means dudo for dp = Hle dp;. Then the Bayes estimators @ are given by
0 = A'” where

u’ = ab " f((x —a v a “k=lf(p —a v a
A = / b (@ - a) o) / (@ a) o)
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with the Bayes risk function

) (2 togy [ [P ZOE S (2 2 g

— {2n* log n}~ / / |A B (0= + “’) I, ) dz%d(p,, o) (A2)
where z = (@ — p)/o. Letting t = (¢y,...,t)" = (a — p)/o and s = b/o, we see that
Bioz+p) —p _Jolla—w)/ol(c/b)"f([z - (a —p)/olo/b)d(a,b)
= T 0/ (2 — (@ — @)/o]o/b)d(ab)
_fQ; ts " f((z — t)s)d(t, s)
B fQZ sTh=4f((z —t)s)d(t,s)’

where Q) = {(t,s)’ —pi<oti<n—pi=1,... . knt<os<n} Let &= (&,...,&)
for & = (2/n)u; — 1 and n =logo/logn. Then, Q} is rewritten as

(A.3)

o ={(t.5)] - ;1”(1+§z)<t<;n M —&)i=1,....k
—(14+mn)logn <logs < (1—n) logn} (A.4)

and we denote the quantity (A.3) by @ (2z|€,n). Since the condition that (@, o) € €, is
equivalently expressed by

(E’lrl) G UO = {(s? 77) | |£7/| < 17i = ]" ct |/’7| < 1}7
the Bayes risk (A.2) is rewritten as
(n/2)klogn i
Al )dzd
e 1B e sz

_W/ /HAt (zl€, )| £(2)dzd(€, ),

where U, ={(&,n) | |&| <1—¢e,i=1,..., |n| <1—¢} for e > 0. Noting that 1 —7n > ¢,
l+n>e 1—-¢>cand 1+& > g, we see that the set QF given in (A.4) contains the
subset

Tn (7Tn>/72> YN ST

(t,s) € {—%na <t; < gn‘f, i=1,...,k, —clogn < logs < 510gn},

which implies that all the end points of ¢; and log s go to infinity or minus infinity as n
tends to infinity, so that

lim f)(z[€,n) =@
n—oo

Hence, Fatou’s lemma is used to evaluate the Bayes risk as

o A~ 1 ~

liminf r, (7, 6,) 22k+1 /(g - d(&,n) / A (2)|?f(z)dz
)71 €

—(1— eyt / | A (2)|2 f (2)d
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~M

which establishes the minimaxity of the estimator 6 . [ ]

It is noted that the same arguments as in the above proof can be applied to show
minimaxity of the unrestricted uniform prior generalized Bayes estimator in various
location-scale distributions. For exmple, consider joint density function ], {o2f;((z; —
w;)/o,v;/o)} for random variables (X, V3),..., (Xk, Vk). Then, the unrestricted general-

ized Bayes estimator against the uniform prior d(u, o) = (Hf:1 dp;)do /o is written as

~M *
~M
0 = A'n""", where

e J @b I fi((XG — @) /b, Vi/b)d(a,b)
J o311, fi((X0 = ;) /b, Vi/b)d(a, b)
_x _ JEM L il Vim)d(€, 7).
ST fil&, Vim)d(€,7)

~M x
The minimaxity of @  can be verified based on the same arguments.
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