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Abstract

The empirical best linear unbiased predictor (EBLUP) in the linear mixed model
(LMM) is useful for the small area estimation in the sense of increasing the precision
of estimation of small area means. However, one potential difficulty of EBLUP
is that when aggregated, the overall estimate for a larger geographical area may
be quite different from the corresponding direct estimate like the overall sample
mean. One way to solve this problem is the benchmarking approach, and the
constrained EBLUP is a feasible solution which satisfies the constraints that the
aggregated mean and variance are identical to the requested values of mean and
variance. An interesting query is whether the constrained EBLUP may have a
larger estimation error than EBLUP. In this paper, we address this issue by deriving
asymptotic approximations of MSE of the constrained EBLUP. Also, we provide
asymptotic unbiased estimators of the MSE of the constrained EBLUP based on the
parametric bootstrap method, and establish their second-order justification. Finally,
the performances of the suggested MSE estimators are numerically investigated.

Key words and phrases: Benchmarking, best linear unbiased predictor, con-
strained Bayes, empirical Bayes, linear mixed model, mean squared error, paramet-
ric bootstrap, second-order approximation, small area estimation.

1 Introduction

The linear mixed models (LMM) and the model-based estimates including empirical best
linear unbiased predictor (EBLUP) or the empirical Bayes estimator (EB) have been
recognized useful in small area estimation. The typical models used for the small area
estimation are the Fay-Herriot model and the nested error regression model (NERM), and
the usefulness of EBLUP is illustrated by Fay and Herriot (1979) and Battese, Harter and
Fuller (1988). For a good review and account on this topic, see Ghosh and Rao (1994),
Rao (2003) and Pfeffermann (2002).
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One potential difficulty of EBLUP is that when aggregated, the overall estimate for a
larger geographical area may be quite different from the corresponding direct estimate like
the overall sample mean. One way to solve this problem is the benchmarking approach,
which modifies EBLUP so that one gets the same aggregate mean and/or variance for
the larger geographical area. Ghosh (1992) suggested the constrained Bayes estimator
or the constrained EBLUP which satisfy the constraints that the aggregated mean and
variance are identical to the mean and variance of the posterior distribution, and Datta,
Ghosh, Steorts and Maples (2011) gave some extensions. Since the sample variance of
EBLUP is smaller than the posterior variance, the constrained EBLUP modifies EBLUP
so that its sample variance is identical to the posterior variance. However, the usefulness
and purpose of EBLUP is that EBLUP gives stable estimates with higher precision of
estimation. We then have a concern whether the constrained EBLUP may be against this
purpose. Thus, it is quite interesting and important to assess the mean squared error
(MSE) of the constrained EBLUP. In this paper, we address this issue for the general
constrained EBLUP in the general linear mixed model.

In Section 2, we consider the general constraint on the mean and variance of estimators
and derive the general constrained estimators including the constrained EBLUP, which
is an extension of the constrained empirical Bayes estimators given by Ghosh (1992) and
Datta, et al. (2011). In Section 3, we derive the asymptotic approximations of MSE
of the constrained EBLUP. When the variance constraint is the posterior variance, it
is shown that MSE of the constrained EBLUP is larger than MSE of EBLUP in the
first order approximation. To modify this property, we suggest some modification of the
variance constraint. We also provide an asymptotically unbiased estimator of MSE of
the constrained EBLUP based on the parametric bootstrap method, and establish the
second-order justification. In Section 4, we investigate the performances of MSE of the
constrained EBLUP and the MSE estimators. Section 5 gives a concluding remark. The
proofs of the asymptotic approximations are given in the appendix.

2 Benchmarking EBLUP

2.1 Linear mixed model and constraints

Consider the general linear mixed model
y=XpB+ Zv + €, (2.1)

where y is an N x 1 observation vector of the response variable, X and Z are N X p and
N x M matrices, respectively, of the explanatory variables, 3 is a p x 1 unknown vector
of the regression coefficients, v is an M x 1 vector of the random effects, and € is an N x 1
vector of the random errors. Here, v and € are mutually independently distributed as
v~ Ny (0,Q) and € ~ Ny (0, R) where Q and R are positive definite matrices. Then, y
has a marginal distribution Ny (X3, %) for ¥ = R+ ZQZ'. Tt is assumed that Q and R
are functions of unknown parameters ¥ = (¢1,...,v,)’, namely, Q = Q(v¢), R = R(¢)
and ¥ = ¥(1)). Denote unknown parameters by w = (', 3')".



Let 8 = X3+ Zv and let 0= 5( ) be a predlctor of 6. Suppose that 0 is evaluated

relative to the quadratic loss function H0 0|3 = (0 0) 9(0 0) for known positive
definite matrix €. In the Bayesian framework, 6 has a prior distribution Ny (X3, ZQZ'),
and the posterior distribution of 8 given vy is

Oly ~ N (XB+2QZ'S ' (y— XB),(Q '+ ZR'2)"), (2:2)

which gives the Bayes estimator
0" =8"(w) = XB+2QZ'S7'(y — XB). (2.3)

As demonstrated by Louis (1984) and Ghosh (1992), the Bayes estimator is shrunken too
much and we need to consider the constrained Bayes estimators. In this paper, we treat
more general constraints on estimator 6.

(©) (C1) W'Q0 = t,(y) for N x L known matrix W and L-variate function ¢, (y),
(C2) |0 — W(W'QW)"'W'Q0|3 = t»(y) for function t5(y).

Datta, et al. (2011) dealt with the general linear constraint (C1), but a simple con-
straint for (C2). The estimator W (W'QW)~'W’Q8 corresponds to the generalized least
square estimator of & under the loss ||@ — W¢||2, and |6 — W(W'QW)~'W’'Q0||2, is
the residual variance. It is noted that the constraint (C2) is also expressed as

10 — W(W'QW)'W'Q8|2 = 6 Pl = t5(y), (2.4)
where
Po=Q - QW (W QW) 'W'Q.

For these general constraints, we derive the constrained Bayes estimators.

Example 2.1 A typical example of W is w = (wy,...,wy)" for nonnegative constants
w;’s, and in the case of £ = I, the linear combination in (C1) is the combined mean w’ 0=
SV w;b; for @ = (04, ...,0x)". For instance, let ¢;(y) = SN wys for y = (1, .-, yn)
and the constraint (C1) is expressed as Zfil w;0; = Zfil w;Y;.

As another example, consider the case that the whole area is divided into G groups
and the i-th group consists of m; small areas. When we can consider the benchmarking
for each group, W is given by

W = block diag(wy, ..., wg), w;= (Wi,..., Wim,),
where w;;’s are nonnegative constants. Also, 8 is decomposed as 6 = (6/1, . ,éc)' for
0; = (0s1, ..., 0im,)’. Then the linear combination in the constraint (C1) is
W0 = (w,0,), ..., (w.0c)).
For instance, let ¢ (y) = (wiy,,...,weye)'; and the constraint (C1) is expressed as

w;@ =wly,,i=1,...,G, where y = (v}, ...,yg) is decomposed similarly to 6.
The above setup is applicable to a model for analysis of cross-sectional and time-series

data. Let y;; be an observation at the i-th area and ¢ time point for ¢ = 1,..., K and
t=1,....,7. Let y = (¥},...,y}) for y, = (y1s,...,yre)’. Putting m; = K and G =T
in the above setup, we get the benchmarking at each time point. ]
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We here verify that the same phenomenon as demonstrated in Louis (1984) and Ghosh
(1992) holds for the above general situations.

~B

Proposition 2.1 The following relationships hold between the Bayes estimator @  and
~B

the posterior distribution: For the linear transformation, E[W'Q0|y] = W'Q0 , but for

the residual variance,
E[|6 — W (W'QW) ' W'Q0||gy]
—18” - W(W'Qw )" 'W'e" ||, + tr (Z'PazZ{Q '+ Z' R 'Z} |
B ' “1uaroa’z
>0 —WW'QW)""W'Qe |, (2.5)
where E[-|y] denotes a posterior expectation.

In fact, it is noted that
~B ~B
E[06'ly] =6 (0°) + E[Z(v — E[|y])(v — E[v|y])'Z'|y],
since 8 = 8 + Z (v — E[v|y]). From the posterior distribution (2.2), it follows that
E[(v — E|y])(v — Evly])|y] = (Q "+ Z'R"Z)~'. Noting the expression (2.4), we
have
B
)

E[0'Pably] = tr [P0y = tr[Pad (8 )] + tr[Po(Q ™' + ZR™'Z)7Y],  (2.6)

which implies the equality in (2.5).
Proposition 2.1 shows that

E[|§ — W(W'QW)"'W'Q6|3] > E[|8° — W(W'QW)" W'’ |3,

namely, for any linear transformation matrix W, the expectation of the sample resid-
ual variance of the Bayes estimators is less than the expected residual variance of the
unobserved parameters. Louis (1984) and Ghosh (1992) showed this fact in the case of
W =jy = (1,...,1), and pointed out that the Bayes estimator is shrunken too much
since the variance of the Bayes estimator is smaller than the variance of the prior distri-
bution. This gives a motivation of the constrained Bayes estimators under the constraints

(C1) and (C2).

2.2 Unified constrained estimators

We now derive the constrained Bayes estimators under the constraints (C1) and (C2).

Theorem 2.1 The constrained Bayes estimator under the constraint (C1) is

07" =8 —wwaw)  {wad” —t(y)}. (2.7)



~B
where @ is the Bayes estimator given in (2.3). The constrained Bayes estimator under
the constraints (C1) and (C2) is

{9\032 _ aB(y){I B W(Wlﬂw)—lwlﬂ}aB + W(W'QW) 't (y), (2.8)

where

{aB(y)}2:: T:§@£g2t3§-
(6 )PqO

This theorem provides not only general constrained estimators, but also a unified

expression for the constrained estimators. For an estimator 0, we can treat constrained
estimators as the following unified form:

AR (I-WWaW) 'W'Qle + WW'aW) ', (y).  (29)

~/ o~

0 P60

. . . ~CB1 ~CB2 PN
In fact, this class of the estimators includes 6 and @ . When t(y) = W'Q0O and
. - - ~ ~0G =
to(y) = |0 — W(W'QW)"'W'Q0||3 = 0 P, it is seen that @ = . That is, the
constraints do not give any change if the least squares statistic and the residual variance of
the constrained estimator in (C1) and (C2) are the same to those of the original estimator.

~CB1
Proof of Theorem 2.1. The constrained Bayes estimator @ follows from Datta,

~CB2

et al. (2011). We shall derive the constrained Bayes estimator & under the constraints
(C1) and (C2). Ghosh (1992) and Datta, et al. (2011) provided such a constrained Bayes

~CB2
estimator where they treated a constraint simpler than (C2). We here obtain @ directly
in a different way as well as in more general constraint (C2).

~ ~B ~ B .
Note that E[||@—0|/3|y] = E[|0—0 ||4y]+|0 —0 ||4. Then, the constrained Bayes
estimator can be given as a solution on @ which minimizes the Lagrangian multiplier

a ~ B / 'OD Y n
HO) =10 -6 || +X{W'Q0 —t,(y)} + X2{0 Pab — t2(y)},

-~

where A; is an L x 1 multiplier and ), is a scalar multiplier. Differentiating H(€) with
respect to 0 gives Q(a — 53) + %QW)\l + )\nga = 0, which can be rewritten as 0=
{(14 )2 — MPol 'Q(8” — LW A,). Tt is here noted that {(1+ A)2 — AP} =
Q' = X1+ ) QP! Since W/ Pg =0,  can be expressed as

-~ )\2 1 ~B 1
0= (I- Q'Pg )0 — WA, 2.1
( 14 A “) WA (2.10)

Substituting 6 given in (2.10) into the constraint (C1) or W00 = t1(y), we get the

B
equality —0.5A; = (W'QW)"H{t,(y) — W'QO }, which is again substituted into (2.10)
to yield

0= (I - iQA Q—lpﬂ) 8" + W(W'QW) " {t,(y) - W'Q8" ). (2.11)
2
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Substituting 8 given in (2.11) into the constraint (C2) or |8 — W (W'QW)"'W'Q0||2, =
t2(y), we get

(1= 122 0P - wiwaw) (u () - was")) P

{(I 1 iQ)\QQ_lPQ)aB + W(W'OQW) Yt (y) — W’Q@B}} — ty(y).

Noting again that W’ Pgq = 0, this equality can be simplified as

AB, _ )\2 1 _ )\2 1 AB_
(6) <I 1+/\2PQQ )PQ<I 1+)\29 Pq |0 =t:(y),

~B

or (14 X)% = (8" Y P8 /ts(y), since (2" V2PaQ 1?22 = @ V2PaQ 12, Let

0 () = \/1x(y)/ 0" Pad".

Since 6 given in (2.11) can be rewritten as

N 1 N
6= - {1- W(W’QW)—lw’Q}eB + W (W'QW) 't (y),
2
~CB2
substituting a”(y) into this estimator gives the constrained Bayes estimator 6 . ]

2.3 Benchmarked EBLUP

We shall treat the problem of predicting u = ¢/ = ¢/ X3 + ¢/ Zv where ¢ is an N x 1
vector. Typical example of c is tbat components of ¢ are constants for an area of interest
and zeros for other areas. Let ¢ = (¢1,...,1,)" be a consistent estimator of 1. Also,
let Q = Q(¢), R=R(¢) and & = %(¢p) = R+ ZQZ'. The generalized least squares

estimator of 3 is

B@) = (X'S X)IX'S Ty (2.12)
Since the EBLUP or empirical Bayes estimator of 0 is
~FEB o~ o~ ~ ~—1 ~ o~
6  =XB()+ZQZ'E (y—XB(¥)), (2.13)
the benchmarked EBLUP is given by
~CG —~
B = o = a(y)c’Q_IPQOEB +c,ti(y), (2.14)

where ¢, = ¢W(W'QW)~! and

{a(y)}? = @E;;(;’) = (2.15)

The benchmarked EBLUP can be rewritten as
ACEB = PP 4 {a(y) — 1}¢Q Pl + ¢y {ti(y) - WQB" ), (2.16)
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R ~EB
for i¥8 =@ .

It is noted from (2.2) and (2.6) that the regressed posterior mean E[W'Q80|y| and the
residual variance E[||@ — W’'Q0||%|y] of 8 are estimated by

tO(y) =w'Qe",
~EB

217
19%y) =0 Y P8 + tr [Pa(Q ' + Z'R ' 2)7). (247

Then, it may be reasonable to put t,(y) = t§°) (y) and ta(y) = téo)(y) for the constraints

(C1) and (C2). The resulting constrained estimator Z“F? has more variability than 5.
On the other hand, the aim of EBLUP 1”5 is to give an estimate with higher precision,
and there is a trade-off between the benchmarking and the aim of EBLUP. Thus, it is
important how to set up the variability t,(y) of Z°*Z. One of reasonable requirement for

variability is that the constrained estimator i“#? satisfies the property

lim MSE(w,i%") = lim MSE(, i""), (2.18)
N—oo N—o0

namely, MSE of %% is equal to that of zPP in the first-order O(1). It is here noted
that MSE of ¥® does not depend on B3 from the assumption (A3). Unfortunately, the

constrained estimator with ¢,(y) = tgo) (y) does not satisfy the requirement (2.18), namely,

lim MSE(w, i) > dim MSE(«, i%?).
—00

N—oo

This fact is against the aim of EBLUP. For (C2), it is interesting to consider the constraint
t2(y) = 15" (y) where

- ~EB ~EB 1 ~—1 ~—1_
15(y) = (07 )Paf + ur[Pa(Q +Z'R 2)7], (2.19)
for 0 < r < 1. As shown in the next section, the constrained EBLUP for (2.19) satisfies
the requirement (2.18) when r > 1/2.

3 Approximation and Estimation of MSE

3.1 Approximation of MSE

Constrained Bayes estimators or benchmarked empirical Bayes estimators have been sug-
gested to modify the phenomena of shrinking the original data too much. However, this
raises a question about the cost that the benchmarking makes variability of EBLUP
higher. Thus, it is important to examine the mean squared error (MSE) of the bench-
marked estimators. However, it is difficult to investigate the MSE analytically for the
general constraint (C). In this section, we focus on the following constraint which in-
cludes typical constraints:

~EB (3.1)

Cond OV W' = w'ae” tmly).
(C2) OPab=(0 )Pab +h(1),
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where m(y) = O,(NY?) and h(yp) = O(N'™") for 0 < r < 1. Since ¢,(y) — w'oe' " —
m(y), from (2.16), 7P is expressed as

ACEB = iFB 4 {a(y) — 1}¢Q Pl + dymi(y), (3.2)
where ¢, = ¢W(W'QW)~! and
(i)

{a<y)}2 - E —~EB + 1. (3‘3>
0"y Pad

Then, MSE of i°FB is written as MSE(w, u“*?) = I, + I, + 2I3, where

I =B[(@"" - p)?],
=FE[{{a(y) - 1}C’Q’IPQ§EB + c;Um(y)}Q}, (3.4)
I; =E[(u"" — ") {{a(y) — 1}c’ﬂ_ngaEB + c,m(y)}].

AOEB)

The asymptotic property of MSFE(w depends on the value of r, so that we consider

the three cases of r below.

[Scenario 1] Case of r = 0. From Theorem A.1, it follows that the MSE of g“Z5
is approximated as

MSE(w, i°%8) = MSE(v, i"?) + {A(w) — 1}*B(w) + O(N~'/?), (3.5)
where
2 _ h(v)
{Alw))  BX'PoXB+tr[Z PaZQZ'Y'Z) +1 (36)
Bw) =(cQ ' PaXB)’ + Q0 'PaZQZ'Y"'ZQZ' PoQ e (3.7)

Concerning MSE(v, i?P), it can be easily shown that MSE(p, iF8) = ¢i(¢) +
O(N~Y2), where

ag(Y)=cZZ(Q '+ Z R 'Z)'Z'Z'c=Qc— s'Zs. (3.8)
for s = s(¢) = X' ZQZ'c. Hence, from (3.5),
Tim MSB(w, i) = T gu($) + lim {A(w) - 1}B(w). (3.9)
Since limy_,oo MSE(1, 1¥P) = limy_,o g1(1)), it is seen that

dim MSE(w, ncEBy > Aim MSE(y, T}

that is, the constrained EBLUP i®F® has a larger MSE than the EBLUP 7% in the first
order approximation. Since a good property of EBLUP is that the MSE of the EBLUP
is small, the above fact gives a criticism for the constrained EBLUP.
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Although we give the first-order approximation of the MSE in the case of r = 0, it
may be possible to derive a second-order approximation. However, the second-order term

probably consists of many terms, it may be hard to describe. Also, the difference between

A°EB and PP is recognized in the first-order as explained above. Thus, we do not give

any further study about the second-order approximation in the case of r = 0.

[Scenario 2] Case of r = 1/2. In this case, a second order approximation for the
MSE of i¢F® is given by Theorem A.2, and it is given by

MSE(w, i“"8) = MSE(ap, i%P) + Ty (w) + 2T3(w) + O(N3/2), (3.10)
where

To(w) =3[{A<w>}2 ~ 1’ B(w) + E[{¢,m(y)}’]
+ [{A(w)}? = 1]{Q ' Pa X BE[c,,m(y)] + Q' PaZQZ'E[V ,c,m(y
3

{A(w)P —1](c— 8)X(X'ES'X)'X'S'ZQZ' P 'c

[\Dlr—l

I3(w) =

+(c—8)X(X'T'X)'X'E[V,c,m(y +ZE (080 VyCym(y)], (3.12)

for the differential operator V,, = 0/0y = (9/0v1,...,0/dyn)’.

Concerning M SE(1p, i%?), on the other hand, it follows from Prasad and Rao (1990),
Datta and Lahiri (2000) and Kubokawa (2011) that

MSE (3, i"%) = gi(1) + g2(4) + g3() + O(N~*72), (3.13)

where ¢1(1) is given in (3.8), and

92(¥) =(c — 8) X (X' X)X (e — s),
0s'\ . 08’ ~t (3.14)
=tr |(z—)% C
)=t | (5) 2 (55) Cov (@)
for s = £"'ZQZ'c and Cov (§') = E[(d — E[$ )@ — E['])], ¥ being given in
(A4) in the appendix. Hence, from (3.10), the MSE of the constrained EBLUP n¢E? is
approximated as

MSE(w, i) = g1(¥) + g2(¥) + g3(¢p) + Ia(w) + 2I5(w) + O(N %), (3.15)

It is noted that g1(¢) = O(1), g>(¢) = O(N™Y), gs(¢p) = O(N ™), Ir(w) = O(N™) and
I3(w) = O(N~1). This implies that in the case of r = 1/2,

lim MSE(w, i) = lim MSE(p, Taad)

N—oo

that is, the MSE of 1“#F is equal to that of 7¥? in the first order, and their difference
appears in the second order terms.



[Scenario 3] Case of r = 1. From Theorem A.3, it follows that
MSE(w,i"?) = MSE (s, i"") + E[{c,m(y)}’] + 2[5(w) + O(N"*?),  (3.16)

where
Ts(w) = (¢ — 8) X (X'T7'X) ' X'E[V,c,m(y) +ZE¢T \Vycym(y)]. (3.17)

In the case that m(y) = 0, it is simplified as
MSE(w, i%"P) = MSE(, i"") + O(N %),
that is, the constrained EBLUP has the same MSE to EBLUP up to O(N™1).

Example 3.1 (variance constraint) Consider the following variance constraint which
benchmarks the variance of estimates:

~ ~EB
(V1) W'Q8=W'Q6
(V2) 6 PqB =t (y) for the function t5’(y) given in (2.19).
This corresponds to the case that m(y) = 0 and
1
h(ep) = i [Po(Q '+ Z' R 'Z)1. (3.19)
Then, the constrained EBLUP is
ACFE = 4P | (a0 (y) — 1}¢Q ' Pab (3.20)
where . .
, 1 tr[Pa(Q +Z'R Z)']
(6 )YPgq0O
The corresponding approximations of MSE of the constrained EBLUP can be provided
from the above results. [ ]

Example 3.2 (mean constraint) Consider the following mean constraint which bench-
marks the mean of estimates:

) { (M1) W'Q0 = W'Qy,

AT ~ 3.22
(M2) ' Pob= 8 " YPad " (3.22)

. ’ ~EB , ~~—1
In this case, h(¢p) = 0 or a(y) = 1, and m(y) = W'Q(y -0 ) = WQRY (y —
XB()) in (3.1). From Proposition A.1, it follows that

MSE(w, i¢¥P) =M SE(+, i"?) + ¢, W'QRE ' RQWc,,
+2(c—8)X(X'E'X) ' X'T'ROW e, + O(N3?).  (3.23)

It is easily seen that MSE of i¢F? is equal to MSE of i”? in the first order. n
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3.2 Approximated unbiased estimator of MSE

ACEB)

We here provide an asymptotically unbiased estimator of MSFE(w with second-

order accuracy for p¢F8 given in (3.2).

The parametric bootstrap method is useful for estimating second-order unbiased es-
timators. Based on Butar and Lahiri (2003), Hall and Maiti (2006) and Kubokawa and
Nagashima (2012) and others, we consider the following conditional linear mixed model
given y: L

Yy =XpW)+ Zv" + €, (3.24)
where X and Z are the same matrices as given in (2.1), and given y, v* and €* are
conditionally mutually independently distributed as v*|y ~ N (0, Q(%)) and €|y ~
N (0, R(3)). Then, Kubokawa and Nagashima (2012) suggested the second-order unbi-
ased estimator of M SE (1, i%?), given by

mselys = 2{g1(9) + 92()} — E[g1() + g2(3 )|y] + g5 (%), (3.25)

where
g (@) = E[{s(¢") — s()Y () {s(x) — s(¥)}|y].

{s
[1] General case of r > 0. We can get a second-order unbiased estimator by
estimating I and I3 given in (3.4) directly. Based on the model (3.24), define I by

I; = B@% - i) {{a(y") — 3¢ Pad” +ymly")}y), (3.26)
where for B (¢) = (X'S(¢p ) LX) X'S(¢ )y,

P = XB' () + ZQUNZ'SW) Ny~ XB (4,

p = XBW) + ZQ()Z'S(W) (v — XB()), o

Then, from Theorem A.4, a second-order unbiased estimator of MSE(w, i%?) is given

. msegpg = MSepp + L+ 2135, (3.28)
where

I = {{a(y) - 1}0/9_1PQ/0\EB + c;,m(y)}2 (3.29)

[2] Case of r = 1/2. In this case, we can consider two other estimators using

the second-order approximation of MSE given in the previous section. One is a proce-
dure based on the Taylor series expansion. For the MSE M SFE (1), i?B) of the EBLUP
B Prasad and Rao (1990), Datta and Lahiri (2000) and Kubokawa (2010) derived a
second-order unbiased estimator, denoted by msegp, based on Taylor series approxima-
tion. Together with Theorem A.2, we get the second order unbiased estimator

msecpp = msegp + 72(1,7)) + 273(1}), (3.30)

which satisfies that E[msecrp] = MSE(w, 1¢F8) + O(N~3/2).
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Another second-order unbiased estimator for r = 1/2 can be derived from Theorem
A.5, and it is given by
msespg = mseyy + 1y + 21, (3.31)

where for @ = (’@,B(’@)) and B = B("?’),

7, =, [{A@) ~1)"B@) + {cym(y)}’

+ [{A@)) - 1] ' Po{XBe,m(y) + ZQZ'S E.[(y" — XB)}cium(y*)( ly] }),
3.32

Ty =, [{A@)Y ~ 1B [(37 ~ 3710 PaB” ly| + B.[(377 — ™ )eym(y")ly).
(3.33)

[3] Case of r = 1. The estimator given in (3.31) is applicable to the case of r = 1, and
the second order unbiased estimator can be provided by putting A(&) = 1 in msegyg. It
can be seen that the resulting estimator is identical to msef. 5 given by

~FE Bx
M

* * 2 D% *
msetps = mses + {my)} + 2B, (@55~ i) e,my )y, (3.34)

which is identical to mse(a“F?) given in (3.28) for a(y) = 1.

4 Simulation and Empirical Studies in the Fay-Herriot
model

In this section, we apply the proposed estimator to the Fay-Herriot model, and investigate
the performances by simulation and an empirical example.

4.1 Constrained EBLUP and MSE estimation in the Fay-Herriot
model

The basic area level model proposed by Fay and Herriot (1979) is described by
yi:.’BfL-,B—'—UZ'—i-gZ', izl,...,k, (41)

where k is the number of small areas, x; is a p X 1 vector of explanatory variables, 3 is
a p X 1 unknown common vector of regression coefficients, and v;’s and ¢;’s are mutually
independently distributed random errors such that v; ~ N(0,%) and &; ~ N(0,d;) for
known d;’s. Let X = (x1,...,x), y = (y1,...,yx)’, and let v and € be similarly defined.
Then, the model is expressed in vector notations as y = XB+v+eand y ~ N (X3, %),
where 3 = 3(¢)) = I, + D for D = diag(ds,...,dg). In this model, Z = I, R = D
and Q = YIy.

As estimators of ¢, we here use the truncated Prasad-Rao estimator and the truncated
Fay-Herriot estimator. The truncated Prasad-Rao estimator is "% = {(k—p) (v Eqy —
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tr [DEy)), k~'/2} for Eq = I, — X(X'X)"'X'. Then, Bias(¢"R) = B[R — ¢] =
O(k=3/2) and Var(dPR) = E[(FR — )] = 2k~2tr 2 + O(k~3/2). The truncated Fay-
Herriot estimator is ¢F# = max{1g, k~'/?}, where 1 is the solution of the equation
L¥H (4)y) = 0, where

L™ (o) = o/ {Z(th0) ™ = (o) T X (X' S(tho) ' X) T XS (o) "y — (k —p).

Then, Bias(¥FH) = 2{ktr [£72] — (tr[Z7])2}/(tr [S7Y))® + O(k~%/2) and Var(FH) =
2k/(tr [Z71))2 + O(k=3/2).

As the constrained EBLUP, we consider the case that L =1 W =3 = (1,...,1) €
R, Q = D! and ¢ = e;, where the i-th element of e; is one and the other elements
are zeros. Note that P = D' — (5'd,)"'d.d. and Q' Pq = I, — (§'d,)"'jd. for
d.=Qj = (di',...,d;"). Then from (3.2), the constrained EBLUP under the constraint
(3.1) is written as

~EB

CEB — GEB 4 fa(y) — 1} {éiEB —(5'd,)"'d.0 } + (5'd.)"'m(y), (4.2)

where 8 = X,/B\(@/D\) + @/Zz\i_l(y - XB({/J\)) and a(y) is given in (3.3).
As derived by Prasad and Rao (1990) and Datta, Rao and Smith (2005), EBLUP §ZB
is 0F8 = 2! B(v) + {1 — v (¥) }(ys — 2, B(v))) for v;(v) = d;/ (v + d;), and the second-order

A

approximation of the MSE is MSE (1, 0FP) = g1(¥) + g2(¥) + g3(2) + O(k~3/2) where
g1(©) = di{l = ()}, () = %Pl (X'T1X) Ny and gy(v) = d 9 (6) Var(D)
for s(y)) = {1 — vi(v))}e;. Also, the second-order unbiased estimators of M SFE (v, 0FP)
are given by

-~ ~ ~ ~

msegp =¢1(¢V) + g2(¥) + 293(¥) — 11 (), (4.3)
msep =2{g1(0) + g2(0)} — B [g1 (%) + g2(40)|y] + 95* (), (4.4)

where g11(1) = 7 (1) Bias($) and g5*(8) = E. [{14(0%) = 3()}2( + di)|y]. Tt is noted
that msegp is based on the Taylor series approximation and msejy is the parametric
bootstrap procedure given in (3.25).

In this section, we treat the variance constraint (3.18) and the mean constraint (3.22)
explained in Examples 3.1 and 3.2. For the variance constraint (3.18), m(y) and h(v)
are given by m(y) = 0 and h(v)) = N "tr [Py D(I; + D)™']. For simplicity, the
constrained EBLUP §°F8 under the variance constraint for r = 0,0.5,1 are denoted by
cEByy, cEByg 5 and cE By, respectively. For the mean constraint (3.22), m(y) and h(1))

are given by m(y) = j/iil(y—XB(zz)) and k(1) = 0, and the constrained EBLUP §°£B
under the mean constraint is denoted by cEB)y.

For the constrained EBLUP cE By, cEBygs, cEBy, and cEB);, the second-order
unbiased estimator of MSE is given in (3.28), which is expressed in this model as

MEgp = mseip + L + 213, (4.5)
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where T, = {{a(y) — 1}{FE — (5'd.) .8 } + (j'd.)'m(y)}” and

I = BJ(0F% — 0P7){{a(y") — 1}{0FP* — (j'd.) B} + ('d.) mPP(y")}].
for 6" = @B () +{1 = (D)}~ (9°)), 07 = @iB(W)+{1-(0) i ~2(B(D))
and a"(y) given in (3.21).

For the estimator cE By 5, we can provide two other second order unbiased estimators
given in (3.30) and (3.31). Thus, we have three estimators mg g,
myo.5 =—=MSEERB + 72((:\}) + 273(/\), (46)

myos —mseEB-l—]g( )—1—2]3,
where
) =4 [{A(w)}? — 1]’ B(w),
Ta(w) =2 [{A(w)}? — 1]3(@) 2 (XS X) " X'S (I — (5'd.) " jd)es,
T, =27 [{A(D))? — 1] E.[(6FP* — 6P){0P" — ('d.)'d 0" }].

Iy(w

Here, A(w) and B(w) are given by

5 h(3)
Alw)”= B'X'PoaXpB+ tr [PoX!] +1,

B(w) ={z;8 — (§'d.) " 'd. X B} + ¢*{e; — (j'd.)'d.}T {e; — (§'d.)'d.}.

For the estimator cFE By, we have three types of second-order unbiased estimators,
given by mg g, my1 = msegg and mj,; = msepg.

For second-order unbiased estimator of MSE of the estimator cE B, from (3.34) and
(3.23), we have

Mg =msciy + {('de) Im(y)} + 2B [(0F5 65 (j'd) tmly)|, (49)

mar =mseps + (G'd) S+ 2'd) (D)2l (X'E T X)TIX'S 4, (4.9)

AN~ A~k

for m(y*) = §'S(*) " y* — XB (1)).

4.2 Simulation results

We now investigate the performances of MSE of the constrained EBLUP and the per-
formances of the MSE estimators. For the purpose, we adopt a part of the simulation
framework of Datta, et al. (2005) for our study. We consider the Fay-Herriot model (4.1)
with k = 15, ¢ = 1 and two d;-patterns: (a) 0.7, 0.6, 0.5, 0.4, 0.3; (b) 4.0, 0.6, 0.5, 0.4, 0.1,
which correspond to patterns (a) and (c) of Datta, et al. (2005). Pattern (a) is less variable
in d;-values, while pattern (b) has larger variability. There are five groups G4, ..., G5 and
three small areas in each group. The sampling variances d; are the same for area within
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the same group. Let us consider the case that X '8 = 0 for simplicity as handled in
Chatterjee, et al. (2008). Then, 6; = v;, 0FB = {1 — ~v;(¢) }y; for vi(v) = d;/ (¢ + d;).

We first investigate the values of MSE of the EBLUP and the constrained EBLUP
by simulation based on 100,000 replications. We compare the EBLUP ézEB , the variance
constrained EBLUPs c¢E By, cEBygs and cEBy; for r = 0, 0.5 and 1, and the mean
constrained EBLUP cE Bj;, whose MSEs are denoted by Mgg, My, Myos, My, and
Mjy;. Those numerical values are reported in Table 1. From this table, it is seen that
My is slightly larger than Mpgp, while MSEs of the other constrained EBLUPs are close
to Mgg, the MSE of EBLUP. The relative fluctuations of MSE M over Mgg, defined by

100 x (M — MEB)/MEB,

are also given in parentheses in the table. The relative fluctuations of My range from
1.4% ~ 6.3% and they are about 5% for the Prasad-Rao estimator in the pattern (a).
Although the variance constrained EBLUP cE By 5 is made so as to increase the sampling
variance, the resulting MSEs are close to Mgp and are smaller than Mgg in some cases.
The relative fluctuations of My, range from 0.4% ~ 3.4%.

We next investigate the performances of the proposed estimators of the MSE. We treat
the estimator mf. g5 for the MSE My, the estimators m¢ gz, myo5 and myqs for My s,
the estimators mg g, my, and myy for My, and the estimators m¢ ;5 and my, for My,.
The relative bias and the risk functions of MSE estimator mse; for MSE M SE(w, éz) are
given by

By(w, mse;) =100 x E[msei ~ MSE(w, 9})} IMSE(w,0;),
Ry(w, mse;) =100 x E[{msei ~ MSE(w, éi)}2] J{MSE(w, 6,2

These values are computed as average values based on 10,000 simulation runs where the
size of the bootstrap sample is 1,000. Further, those values are averaged over areas within
groups G;, © = 1,...,5, and they are reported in Tables 2 and 3, respectively, for the
Prasad-Rao and the Fay-Herriot estimators. Through these tables, it is seen that the
estimators mf gz, mios and mi, have smaller biases but larger risks in the pattern (a)
than the estimators mygs5, my; and my; based on the Taylor series expansion. For the
pattern (b), the MSE estimators with the Prasad-Rao estimator are not good in terms of
biases and risks, but the MSE estimators with the Fay-Herriot estimator give appropriate
biases and risks except GG;. The MSE estimator mg,z with the Fay-Herriot estimator is
recommendable as a simple and useful procedure.

4.3 An example

We apply the benchmarked estimates and the estimates of the MSE to the data in the
Survey of Family Income and Expenditure (SFIE) in Japan.

In this study, we use the data of the disbursement item ‘Education’ in the survey in
November, 2011. The average disbursement (scaled by 1,000 Yen) at each capital city of
47 prefectures in Japan is denoted by y; for i = 1,...,47, and each variance d; is calculated
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Table 1: Values of MSE Mgg of EBLUP and MSEs My, Myqs5, My, an/q M of the
constrained EBLUPs in patterns (a) and (b) for the Prasad-Rao estimator ¥*'# and Fay-
Herriot estimator @//J\F H and 1) = 1 where the values in the parentheses denote the relative
fluctuations over Mgp in percentage

pattern (a) pattern (b)
di Mgp Myo Myos Myr My di Mgp Myo Myos Myr My
Prasad-Rao estimator "%
G1 0.7 0.438 0.460 0.438 0.437 0.447 4.0 0.909 0.963 0.921 0.912 0.917

(5.1)  (0.0) (=0.1) (2.1) (6.0) (1.3) (0.3) (1.0)
G, |0.6 0398 0418 0.397 0.397 0.407 | 0.6 0.425 0.435 0.424 0.424 0.427
(5.0) (=0.2) (=0.2) (2.2) (2.4) (=0.1) (=0.1) (0.6)
Gs |05 0354 0371 0.352 0.353 0.362 | 0.5 0.378 0.386 0.377 0.378 0.380
(5.0) (=0.4) (=0.2) (2.3) (2.0) (=0.3) (=0.2) (0.5)
Gy |0.4 0303 0318 0.301 0.302 0.310 | 0.4 0.325 0.329 0.323 0.324 0.326
(5.1) (—0.6) (—0.3) (2.6) (1.5) (=0.6) (—0.2) (0.4)
Gs |0.3 0244 0257 0242 0.243 0.251 | 0.1 0.100 0.101 0.098 0.099 0.101
(5.5) (—0.8) (—0.4) (3.1) (1.4) (=1.4) (—0.5) (L.9)

Fay-Herriot estimator /"
Gy, 0.7 0.438 0.457 0.437 0.437 0.446 4.0 0.853 0.875 0.857 0.854 0.858

(4.4) (=0.2) (=0.2) (2.0) (25) (0.5) (0.1) (0.6)
G, | 0.6 0.398 0.417 0.397 0.397 0.406 | 0.6 0.401 0.413 0.401 0.400 0.404
(4.6) (=0.3) (=0.2) (2.1) (3.0) (0.0) —0.1) (0.8)
Gs |05 0353 0371 0.352 0.352 0.361 | 0.5 0.355 0.366 0.355 0.355 0.358
(5.0) (—0.4) (—0.2) (2.3) (3.1) (=0.1) (=0.1) (0.8)
Gy |0.4 0302 0318 0.300 0.301 0.310 | 0.4 0.303 0.313 0.303 0.303 0.306
(5.5) (=0.5) (—0.3) (2.6) (3.3) (=0.2) (=0.1) (0.9)
Gs 0.3 0242 0.258 0.241 0.242 0.250 | 0.1 0.093 0.099 0.093 0.093 0.097
(6.3) (=0.6) (—0.4) (3.2) (5.8) (=0.4) (—0.2) (3.4)
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Table 2: Values of relative biases and risks of the MSE estimators where ¢ = 1 and it is
estimated by the Prasad-Rao estimator 7%

My Myo.5 My My

*

. * * * * *
di MoEB Mopp  Mygs TWVo0.5 MoEB My Myl Mopp MM

bias in pattern (a)

Gy 0.7 —0.85 —-1.86 —-1.39 2.66 -2.15 —-2.14 231 —-1.95 2.49
Gy 0.6 —0.49 -1.59 -1.02 3.10 —-1.92 —-1.87 2.56 -1.71 281
Gs 0.5 —0.11 -1.31 -0.60 3.57 —-1.67 —-1.57 281 —-1.42 3.16
Gy 04 0.36 -0.97 -0.10 4.10 -1.38 —-1.21 3.07 —1.08 3.58
Gs 0.3 0.81 —0.60 0.45 4.67 -1.06 —-0.82 3.31 —-0.67 4.07
risk in pattern (a)
Gy 0.7 6.44 7.17 7.67  3.69 7.51 7.62 3.56 6.78 3.11
Gy 0.6 5.55 6.26 6.76  2.87 6.60 6.71  2.72 5.89 232
Gz 0.5 4.68 0.28 5.77  2.06 5.61 5.71  1.90 4.94 1.56
Gy 04 3.78 4.20 4.69 1.31 4.53 4.63 1.13 3.93 0.88
Gs 0.3 2.73 3.03 3.51  0.70 3.35 3.44  0.51 2.89 0.38

bias in pattern (b)
Gi 4.0 -991 | -10.93 -11.99 743 | —-11.23 —-11.63 8.46 | —11.18 8.32

Gy 0.6 | —5.81 —8.10 —8.76 44.07 —8.73 —8.87 43.76 —8.25 43.95
Gz 05 | —5.35 —7.88 —8.49 48.66 —8.59 —8.69 48.14 —7.99 48.47
Gy 04 | —4.63 —-7.53 —8.07 54.16 —-8.32 —=8.39 53.30 —7.57 53.82
Gs 0.1 | —0.00 -3.98 —4.07 63.09 —-5.06 —4.97 60.83 —2.59 61.98

risk in pattern (b)
Gy 4.0 39.67 43.74 4515 27.39 45.19 45,51 28.02 44.04 27.39
Gy 0.6 12.61 14.69 15.52 25.76 15.42  15.68 25.60 14.09 25.97
Gs 0.5 10.70 12.69 13.48 36.35 13.39 13.65 35.93 12.03  36.53
Gy 04 8.66 10.49 11.23 52.54 11.17  11.41 51.67 9.75 52.62
Gs 0.1 1.62 2.17 2.52 111.05 2.58 2.70 107.88 2.15 109.80
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Table 3: Values of relative biases and risks of the MSE estimators where ¢ = 1 and it is
estimated by the Fay-Herriot estimator ¢pf#

My My .5 My My

. * * * * * *
di Mopp | Mo Myoes Mvos | Mogg My Mvi | Mopp MM

bias in pattern (a)
Gy 0.7 —0.96 —1.93 -1.38 2.20 —2.21 =215 1.72 —2.02 1.96
Gy 0.6 —0.55 —-1.61 —0.97 2.59 —1.93 —1.84 1.98 —-1.72 227
Gs 0.5 —0.08 —-1.23 -047 3.05 —1.58 =146 2.28 —1.34 265
Gy 04 0.50 | -0.75 0.14 3.60 | —1.15 -0.99 264 | —-0.87 3.11
Gs 0.3 1.08 | —0.20 088 4.23 | —-0.63 —0.43 3.01 —-0.29 3.66
risk in pattern (a)
Gy 0.7 6.17 6.95 742 3.83 726 7.36 3.70 6.58 3.24
Gy 0.6 5.32 6.05 6.53 3.02 6.38 647 2.87 5.72  2.46
Gs 0.5 4.51 5.09 5,58 221 5.41 551 2.05 4.80 1.69
Gy 04 3.68 4.05 453 144 4.37 446 1.27 3.82  0.98
Gs 0.3 2.73 292 340 0.79 3.23 332 0.62 281 043
bias in pattern (b)
Gy 4.0 —3.62 —-3.70 —3.89 —1.33 —3.71 -3.82 —-1.02 —3.68 —1.00
Gy 0.6 —1.25 —2.02 —=1.91 1.55 —2.23 =224 1.40 —2.08 1.65
Gs 0.5 —0.80 —-1.64 —1.46 1.97 —1.88 —1.86 1.72 —-1.71 2.02
Gy 04 —0.20 —1.16 —0.90 2.46 —-1.43 -1.39 2.09 —1.23 247
Gs 0.1 1.72 0.68 1.38 3.80 0.36 048 2.86 0.83 3.86
risk in pattern (b)
Gi1 4.0 22.51 23.21 23.45 21.19 23.43 23.46 21.29 22.97 20.89
Gy 0.6 6.14 6.79 7.12 3.67 7.03 7.10 3.61 6.61 3.39
Gs 0.5 5.16 5.72  6.04 2.70 5.95 6.03 2.63 5.54 2.43
Gy 04 4.15 4.57 488 1.76 4.79 486 1.68 4.38 1.52
Gs 0.1 0.96 0.73 093 0.16 0.85 0.89 0.09 0.89 0.20
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Table 4: Values of the EBLUP and the variance constrained EBLUPs with their estimates
of the MSE (the MSE estimates are given in parenthesis)

Prefecture dz Yi 33;6 EB CEBVO CEBV()_5 CEBVl
Ibaraki  12.49 8.10 9.45 8.77 8.72 8.76 8.77
(5.34) (5.90) (5.45) (5.38)

Tochigi  62.56 10.03 9.48 9.57 9.71 9.59 9.58
(7.05) (7.76)  (7.18) (7.09)

Gunma 5.38 5.21 999 6.63 6.08 6.54  6.61
(3.48) (4.20) (3.57) (3.51)

Saitama ~ 9.01 12.33 14.30 13.14 14.12 13.30 13.17
(5.31) (6.81) (5.43) (5.34)

Chiba 91.77 30.71 12.17 14.43 15.71 14.63 14.46

(7.73)  (9.96)  (7.87) (7.75)

Tokyo 3.65 1545 13.16 14.94 16.34 15.17  14.98

(2.79)  (5.01)  (2.90) (2.81)

Kanagawa 27.48 23.25 12.54 15.93 17.56 16.19 15.97
(7.21) (10.62) (7.42) (7.25)

based on data of the disbursement ‘Education’ at the same city every November in the
past ten years. Although the average disbursements in SFIE are reported every month,
the sample sizes are around 100 for most prefectures, and data of the item ‘Education’
have high variability. On the other hand, we have data in the National Survey of Family
Income and Expenditure (NSFIE) for 47 prefectures. Since NSFIE is based on much
larger sample than SFIE, the average disbursements in NSEDI are more reliable, but this
survey has been implemented every five years. In this study, we use the data of the item
‘Education” of NSFIE in 2009, which is denoted by X; for «+ = 1,...,47. Thus, we apply
the Fay-Herriot model (4.1) or

yi=xB+vi+e, i=1,...k,

where x; = (1, X;), B8 = (b1, 52)" and k = 47.

The Fay-Herriot estimate of ¢ is 12.752, and the GLS estimates of #; and S are 2.209
and 0.580, respectively. The EBLUP and the constrained EBLUP are given around (4.2).
We provide the values of the EBLUP E'B and the variance constrained EBLUPs cE By,
cEBy o5 and cE By for r =0, 0.5 and 1. It is noted that the mean constrained EBLUP is
identical to the EBLUP E'B in this case. These values in seven prefectures around Tokyo
are reported in Table 4 with the estimates of their MSEs based on m{. 5 given in (4.5).
As seen from the table, the EBLUP E'B shrinks y; more toward a:;,a for larger d;. It is
seen that cE By, is more variable than cE£ By 5 and cE'By1, and that the value of cE By
in Tokyo is beyond the range between y; and 3, while the values of the EBLUP and the
other constrained EBLUPs are between those values. Also, the MSE estimate of cE By
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over that of B is about 1.8 for Tokyo. Compared with cE By, the estimates of cE By 5
and cE' By, and the estimates of their MSEs are close to those of E'B.

5 Concluding Remarks

In this paper, we have obtained the unified constrained estimator for the general mean-
variance constraints based on the constrained Bayes estimator, and have derived asymp-
totic approximations of MSE of the constrained EBLUP. Using this result, we have shown
that when the variance of estimates is constrained to be equal to the variance of prior
distribution, the resulting constrained EBLUP has a larger MSE than EBLUP in the
first order. This may be against the aim of EBLUP, since EBLUP is suggested to in-
crease the precision of the estimates. Thus, we have considered to modify the variance
constraints so that MSE of the constrained EBLUP is equal to MSE of EBLUP in the
first order, and then we have derived a second order approximation of the MSE. Also, we
have suggested an estimator of MSE of the constrained EBLUP based on the parametric
bootstrap method, and have shown that it is a second order unbiased estimator of MSE.
The performances of MSEs of the constrained EBLUPs and their estimators have been
investigated by simulation and empirical studies.
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Appendix

A.1 Assumptions and lemmas

We here give analytical results and their proofs for asymptotic approximation of MSE of

m

~CEB

We begin by introducing the notations used here. Let Cgf] denote a set of k times con-
tinuously differentiable functions with respect to @. For partial derivatives with respect

to 1,

we utilize the notations
_ DA(%) e _ PA(y)
Ap () = 90 Auj(P) = 05 A(Y) = D00,
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and

oA
Ay () = OjuAp) = awa—&
%

where A(1)) is a scalar, vector or matrix.

For 0 <i,j,k < q, let \;(X) < --- < An(X) be the eigenvalues of ¥ and let those of
E(i), ;) and E(ijk) be )\;(E), AN9(X) and /\ZJR(E) for a‘i 1,...,N respeczively, where
AME) < < PVE)]L (B < - S AR(E)] and AH(E)] < -+ < AR

Throughout the paper, we assume the following conditions for large N and 1 < 1,7,k <

(A1) The elements of X, Z, Q, R and c are uniformly bounded, p and ¢ are bounded,
and Z'Z = [O()|yxur, ZZ' = [O(1)]yxn, where [O(1)]arxas means that every element
of the matrix is of O(1). The matrices X'S7"'X and W/QW are positive definite and
X'S7'X /N and W/QW /N converge to positive definite matrices;

(A2) (i) X(v) € C , and limy e )\1 > 0, limy 00 Ay < 00, limpy o0 [Ay| < 00 and
limy o0 [AR] < oo. (11) s =s(1p) € Cy, and (y — XB)'s(yp) = O,(1), (y — XPB)'s
Op(1), (y — XB)'si5 = Op(1) and 3 si) = O(1).

(A3) ’l//\) = {Z)(y) = (121\1, o ,ng)' is an estimator of @ which satisfies that {Z)(—y) = @(y)
and ¥ (y + Xa) = ¥ (y) for any p-dimensional vector a.

(A4) ¥ — 1 is expanded as

Y—Pp=1 +P +O0,(N?), (A1)

/\

where ;bT = 0,(NY/2) an 1,b = O,(N™1). For gAbT = (ﬂ, . ,@1)’, it is assumed that @
(

satisfies that (i) E[¢!] = O(N-Y), (i) S( Z)Vy@-T = O0,(N71) and (iii) c’VyV;&\gs(a) =

1

O,(N71).

(A5) The functions ¢;(y) and t2(y) in the constraints (C1) and (C2) are expressed as
~EB

ti(y) =W'Q0 " +m(y), m(y)=O0,(N"?),

~EB_,  ~EB ~ - (A.2)

ta(y) =(0 ) Pab  +h(vp), h(yp)=ON""),

for 0 <r <1.

We shall derive approximations of MSE of the constrained EBLUP “®? given in (3.2)
under the general constraints given in (A5). It is noted that M S FE(w ACEB) = [ +1>+313,
where

I =E[(p"" — ),
—E[{{a(y) - 1} P8" " +cym(y)}], (A.3)
I; =E (7" — ) {{aly) - 1}¢ " Pad + c,m(y)}].
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for 9" = Xa(tAp)—i—Z@Z’i_l(y—XB(;b)) and uFP = ¢8""”. Since P = Eluly] = 9’
for 53 = XB+ZQZ'Y '(y— X3), I3 is rewritten as

R R _ ~EB
Iy = BI(E" — i) {{a(y) — 1}¢Q " Pad"" + c,m(y)}]. (A.4)
The following lemmas are useful for the purpose.

Lemma A.1 (Stein identity) Let y ~ Ny(X3,X). Then,

Elly — XB)g(y)] = E[V,{Zg(y)}], (A.5)

where g(y) = (1(y),...,gn(y))" is an absolutely continuous function and V, is the
differential operator defined by V, = 0/0y. Let A be an N x N matriz independent of
y, and let f(y) be a scalar function which is twice-differentiable with respect to y. Then,

Elu'Auf(y)] = tr [ZA]E[f(y)] + tr [BAXE[V,V, f(y)]]. (A.6)

The identity (A.5) is from Stein (1973), and the equation (A.6) can be derived by
using the Stein identity.

Lemma A.2 Assume the conditions (A1)-(A6). Then,

~EB

@Y P8 IN = v + 1, (A7)
where
vy = {8 X' PoXB+tr[Z'PaZQZ'Y""'Z]}/N,
and vy is a function with O,(N~Y2). Also,

a(y) — 1= A(w) — 1+ O,(N~V/>™), (A.8)

where A(w) — 1= O(N™") for A(w) defined in (3.6).

Proof. To verify (A.7), note that 8" is rewritten as 8 = 8" + (@EB — /H\B), where

070" =0 + RS (BW) - B} +(2QZT - ZQZ'S )y~ XB)
and it is seen that 8 — 8 = [O,(N~Y%)]nyen. Also note that E[(@B)’PgaB] =
BX' PoXB+1tr[Z'PaZQZ'Y""Z]. Then,
@7 YPad"" =@ YPa8 +20" —8")YPad + (@ -8 )Pu® -8
~B

07 Pab” + 0, (N'/?),

~E ~EB  ~B
-0

since (87 — 8 YPa8 = O0,(N/2) and (8 —8")Pq(8 ) = 0,(1). Thus, it is
~B ~B

sufficient to verify that (0 )’Pg@B = E[(0 )’Pg@B] + O,(N/?). Since
1 ~B., ~B By ~B 2 _ 3 / I —1 2
~E[{@ Y Pab” — B0 YPab |} | = i |{Z'PazQz'EZ} |,
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which is of O(1) from (A1). This proves the approximation (A.7).
To verify (A.8), note that a(y) — 1 is rewritten as

fap -1 _ h(®) |
WL @y Pad faly) + 1)

It is here noted that

h) _h®) 3o o) @) 3, -

N N N

G

Since 1/{1 + a(y)} can be similarly approximated as

{1+a(y)} ™" = {1+ V1+h()/ (N} + O, (N2T7),

we can see that

h(tp) _ h(t)
(b\EB)/PQaEB{a(y) +1) Nwfl+ V1+h()/(Nv)}
={A(w) = 1} + O (N~1277).

+ Op(N_l/Q_T),

Clearly, A(w) —1 = O(N~") and we get Lemma A.2. n

Lemma A.3 Assume the conditions (A1)-(A6). Then, I3 = O(N~1) forr > 0.
Proof. Note that I3 = I3; + I35, where

Iy =E[([@"® — 1% ){a(y) — 1}¢Q ' Paf |,
Ly =E[(7"F — ") c,,m(y)].

Since i = ¢ XB + s'(y — XB) for s = s(1p) = ' ZQZ'c, it is seen that
AP — P = (c—3)X(B-B)+(3-9)(y - XB), (A.9)

for § = s(¢p) = g_lZ@Z'c. Clearly, i?% — if = O,(N~1?). Since ¢, m(y) =
O,(N~Y2), it is observed that I3y = O(N7!).

To evaluate I31, we approximate g% — i as
At =i =(c— sy X(B(¢) — B) + (g —5)(y = XB) + Oy(N 7

—(c—s)X(B(¢) — +Zs — XB)+Oy(N ),

<)
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Y\vh/e\re S = 0s(9 )/8@% Since B(a)('(p) = 0B(v) /0, = /E v 1/2)/,\ it is noted that
BY) = ( )+ 30 By (W) ($a — ) + Op(N732), namely, B(¢h) — B(h) = O,(N 7).

Then, %8 — 1P can be further approximated as

pre =i =(c—5)X(B +Zs — )y = XB) + Op(N7)
=(c—s)X(X'Z'X)" 1X 2 Yy — XB)
+> (Y- XB)'s@Uf + 0,(N7Y), (A.10)
a=1
From Lemma A2, it follows that a(y)—1 = A(w)—1+0,(N~Y/27"). Since c’ﬂflPQ/O\EB =

dO1Po8" + C/Q_lpg(/éEB - 63) —¢QPGo + O,(N~Y2), I; can be approximated

Iy =E[ (7" = i"){{A(w) = 1} + O(N"> ") H{eQ Pab + 0, (N/)}]
_E [(ﬁEB ~ P {Aw) — 1}c'ﬂ*1PQ§B} L O(N™Y) + O(N1).

Using the approximation (A.10), we can evaluate I3, as
q
I =E|{(c = s) X(X'S'X) ' X'S 7y — XB) + Y _(y — XB)'s(0)0}

x {Aw) — 1}¢Q 7 Po{XB+ ZQZ'S \(y - XB)}] + O(N ).
It is easy to see that
Ellc—s)X(X'T'X)' XS (y— XB)Q 'Po{XB+2QZ'E"'(y — XB)}]
= (c—s8)X(X'S'X)'X'S'ZQZ Pqc,

which is of O(N™1). The Stein identity (A.5) and the equation (A.6) are applied to get
that

El(y— XB)swllcQ ' Po{XB+2QZ'S \(y - XB)}]
= Q' PoXBEs|, VUl + QT PaZQZ {5 E[W]] + ZE[V,V, {5},

which can be verified to be of O(N™!) from the condition (A4). These show that I3; =
O(N™1) and the proof is complete. n

A.2 Approximation of MSE
We now asymptotic approximations of MSE of the constrained EBLUP in the cases of
r=0,r=1/2and r =1.

[Scenario 1] Case of r = 0. Note that h(¢p) = O(N) for t5(y) in (3.1). From
Lemma A.3, it follows that
I;=O(N"?). (A.11)

We can obtain the limiting value of I, and get the following theorem.
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Theorem A.1 Assume the conditions (A1)-(A6) and r = 0. Then, MSE of u¢FB is
approximated as

MSE(w, i) = MSE(v, i) + {A(w) — 1}*B(w) + O(N~Y/?), (A.12)
where A(w) and B(w) are defined in (3.6) and (3.7).
Proof. Note that I, is expressed as
L= E[{ ~EB fl\gﬁ)
(0 )Pab {a(y)+1}
From (A.7), it is noted that

fa@) = - (A 0,V ),

@y Po

~ 2
COIPG0 4+ cmiy)} | (A.13)

where Since ¢, m(y) = O,(N~Y/?), it is seen that

I, =E[{a(y) - 1}2c'9—1PQ§EB(§EB)'PQQ-1C} +O(NY2)
—{A(w) — 112E[dQ7'Pa8" (8") PoQ~'c] + O(N~'/2)
—{A(w) — 1}*B(w) + O(N~Y?), (A.14)
which proves the theorem. [ ]

[Scenario 2] Case of r = 1/2. In this case, it is noted that k() = O(N'/?), and
we get the following theorem.

Theorem A.2 Assume the conditions (A1)-(A6) and r = 1/2. Then, MSE of i°®? is
approximated as

MSE(w,i%8) = MSE (v, iPP) + Ty (w) 4 2I5(w) + O(N3/?). (A.15)
for Iy(w) and I3(w) given in (3.11) and (3.12).
Proof. Since h(1p) = O(N/?), it is seen that {a(y)}? — 1 is equal to
M) h(t)
@ yPas™" BX'PoXp+itr|Z'PaZQZ'S 7]
{AW)F — 1+ 0,(N ),

for A(w) given in (3.6). Note that {a(y)}*—1 = O,(N~Y?) and {A(w)}?>—1 = O(N~V/?).
Since ¢, m(y) = O,(N~%/?), it is observed from (A.13) that I, = O(N~!) and

+O,(N7)

_ h(@) 2 JO-! HEBy 2 c m 2
L=E[{ @EB)/P&EB{E@)H}}{ 0 Pad |+ B[{cmiy))]
28| — h¥) ¢ P ¢, mly)

E ~EB
(@ )Pob {a(y)+1}
:[21 + [22 + 123. (Say)
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Noting that a(y) = {1+ [{a(y)}? — 1]}/2 = 1 + O,(N~1/2), we can evaluate I, as

~EB ~EB

) Pod
= [{AW@)Y ~ 1’ B@) + O(N ),

Iy :E[{ o h(%) }2{c’9—1P95E3}2] +O(N=32)

Similarly,

h(®)
~FEB ~EB

2060 )Pqb
[{A(w)} - 1]E[C’Q’1PQ§EBC’Mm(y)} + O(N73/2),

Iy =E| O Pab dmly)| + O

1

2
~EB B

Since @ =80 + [0,(N~Y2)]yx1, it is seen that

Ly =27 [{A(w)}? - 1] E[dQ7 ' Pa{XB + ZQZ'S™ (y — XB)}c,,m(y)]
+ O(N73/2), (A.16)

The Stein identity given in (A.5) gives the expression

Ly =27 [{A(w)}? = 1]{Q ' Po XBE[c,m(y)] + Q' PaZQZ'E|V c,m(y)]}
+ O(N~%2).

Hence, I, is approximated as Iy = Iy(w) + O(N~%/2) for I5(w) given in (3.11).
For I, it is noted that I3 = O(N~!) and I; is expressed as

h(%)

Iy =B| (A"~ 0Pl + ¢,
=Pl - ){(5EB)'P95EB{a<y) e miy)
=F [(ﬁEB _ﬁB){ AE}?(UJ) —= C/Q—IPQ/éEB + wam(y>}:| +O(N*3/2),
20 ) Pqb

Using the same argument as in the evaluation of I»3, we can see that I3 = I3 + I3 +
O(N~3/2), where
Iy = [{A)}? — 1] B[ - i")¢Q " Pob’ |,

I =B (@ ~ i)c,,my)|.

DN | —

(A.17)
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Since I8 — 1% = (c—s) X(X'S' X)) X'S (y — XB)+ 0, (y — XB)'s(a)¥] from
(A.9), it is seen that

Ty =5 [{A@)} = 1]{dQ ' P X8 s, TV,]
a=1

N | —

+(c—8)X(X'ZH'X'21'ZQZ PaQ '

q
+3 ¢ PazQZ {5 B0} + E[Vyv;wg]zs(a)}}, (A.18)
a=1

I =(c - s) X (X'S7'X) " X'E[V, ¢, m(y)]

+ Y ElstoS{V i} e,my)] + Y Eldls(yV,e,m(y)). (A.19)
a=1

a=1

From the condition (A4), it follows that E[s’(a)EVy@l] = O(N7Y), E[¢l] = O(NY),
c’E[Vng,lZl]Es(a) = O(N™') and sza)E{Vyzzl} = 0,(N71). Thus, I3 is approximated
as I3 = I3(w) + O(N~3/2) for I3(w) given in (3.12). Therefore, the proof is complete.

[Scenario 3] Case of r = 1. In this case, from Theorem A.2, it follows that I =
E[{c,m(y)}?] +O(N=3/2) and Iy = E[(i"? — iP)c,,m(y)] = I3, + O(N~3/2). Thus, we
get the following theorem.

Theorem A.3 Assume the conditions (A1)-(A6) and r = 1. Then, MSE of u°*P is
approzimated as

MSE(w, iF) = MSE(4, i) + Bl{c,;m(y)}*] + 2[z2(w) + O(N*?),  (A.20)
for I3y given in (3.17).

. / ~FEB y ~ ~—1 o~ o~
Consider the case that m(y) = W'Q(y -0 )= W'QRY (y— XB(¢)). Then,
c,,m(y) is approximated as

., m(y) =, WQRE'(y — XB) + ,WQRS  — RS Y)(y - XB)

— d,W'QRS X (B(3) - B)
=c,WQRY 'y — XB)+ O,(N7").

This implies that E[{c,,m(y)}?] = ¢, W QREZ 'RQWc,, + O(N3/?). Also,
(c—8)X(X'E'X) ' X'E[V,c,m(y)
—(c—s)X(X'S'X)'X'STRQW e, + O(N3/?),
E[zﬁls’(a)vyc;,m(y)] :E[il]s'(a)E_lRQch + O(N—3/2).
Since E[{f] = O(N~1) and 8(0X RQWec, = O(N™'), it is seen that
E[@ls'(a)vyc;um(y)] = O(N73/?).

Hence, we get the following proposition.
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Proposition A.1 Assume the conditions (A1)-(A6) and r = 1. In the case that m(y) =
~EB
W'Q(y—0 ), MSE of i°E® is approxvimated as

MSE(w,i"P) =M SE(+, i"?) + ¢, W'QRE ' RQW ¢,
+2(c—8)X(X'E'X) ' X'T'ROW e, + O(N*?).  (A.21)

A.3 Estimation of MSE
We next provide a second-order unbiased estimator of the MSE(w, i%P). Tt is noted
that I3 = O(N~!) from Lemma A.2. This implies that E[I;] = I3+ O(N~%2) for I given

n (3.26). Also, note that I, given in (3.29) is an unbiased estimator of I. Hence, we get
the following theorem.

Theorem A.4 Assume the conditions (Al)-(A6). Let mse(ﬁ BY be a second-order un-
biased estimator of MSE(«, if8), namely, Elmse(iF?)] = MSE(y, ") + O(N—3/2).
Then, the estimator given by

mse*(°FP) = mse(iPP) + I + 21 (A.22)

satisfies that Elmse*(i°FP)] = MSE(y, i¢F8) 4+ O(N—3/?).

This theorem holds for all » > 0. In the case of r = 1/2, we can obtain another
second-order unbiased estimator based on the second-order approximation of MSE. It is
noted that I3 given in (A.16) is expressed as

Ly =2""[{A(w)}* = 1]{dQ ' PoXB+ N 'PaZQZ'S'E[(y — XB)}c,,m(y)] }
+O(N 3/2).

Since E[(y—XB)}c,,m(y)] can be estimated based on the parametric bootstrap method
as

E.[(y" - XB(¥))}c,mly)ly].
Using the same argument, we can estimate I(v) and T3(p) by I, and I, respectively,
given in (3.32) and (3.33).

Theorem A.5 Assume the conditions (Al)-(A6) and r = 1/2 Let mse(u®?) be a
second-order unbiased estimator of MSE (1, i8). Define mse** (i°FP) by

mse** (A°FP) = mse(nFP) + T, + 21,

CEB ) CEB)

Then, mse*™ (u is a second-order unbiased estimator of MSE(w, i , namely,

E[mse**(ﬂCEB)] MSE( CEB) +O( 3/2).
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