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Abstract

This paper is concerned with estimation of a predictive density with parametric
constraints under Kullback-Leibler loss. When an invariance structure is embed-
ded in the problem, general and unified conditions for the minimaxity of the best
equivariant predictive density estimator are derived. These conditions are applied
to check minimaxity in various restricted parameter spaces in location and/or scale
families. Further, it is shown that the generalized Bayes estimator against the uni-
form prior over the restricted space is minimax and dominates the best equivariant
estimator in a location family when the parameter is restricted to an interval of the
form [ap,00). Similar findings are obtained for scale parameter families. Finally,
the presentation is accompanied by various observations and illustrations, such as
normal, exponential location, and gamma model examples.
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1 Introduction

1.1 Preamble

We consider here predictive density estimation for continuous models with
X ~po(-), Y ~qol), (1.1)
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where the parameter 6 is restricted. We seek efficient estimators ¢(-|X) of gy based on X
under Kullback-Leibler loss

Lir(q,4) = / qo(y) log q;((;>> dy, (1.2)

and as measured by the Kullback-Leibler risk
Rir(0.4) = E;" Lici(40,d(Y1X)). (1.3)

Such a framework includes normal models with, for instance, X ~ N,(u,vx1,), ¥ ~
N,(p, vy I,) with p restricted to a convex subset of R? as studied recently by Fourdrinier
et al. (2011). Our findings will focus on two fundamental questions:

(A) whether the best equivariant procedure ¢”! is minimax for both the unrestricted
version and the restricted version of the problem;

B) whether the Bayes estimator ¢V with respect to the truncated (onto the restricted
Y
parameter space) right Haar invariant measure improves upon uniformly on ¢5..

Part (A) requires an invariance structure which we will expand on in Section 2. Point es-
timation unrestricted parameter space versions of (A), with affirmative answers in many
situations, date back to Girshick and Savage (1951), Kiefer (1957), Hora and Buehler
(1966, 1967), among others. Point estimation restricted parameter versions of (A) and
(B), with affirmative answers, date back to Katz (1961) who showed under squared error
loss that the Bayes estimator with respect to the flat prior on [0, 00), for normal models
with mean p and known variance, dominates the best equivariant estimator and is mini-
max for the restricted parameter space p € [0,00). There are several related results in the
literature (e.g., Farrell, 1964; Kubokawa, 2004; Marchand and Strawderman, 2005A,B;
Tsukuma and Kubokawa, 2008) for restricted (unbounded) parameter spaces, with a
quite general minimax result given recently by Marchand and Strawderman (2011). As
further illustrated by the work of Casella and Strawderman (1981), Marchand and Perron
(2001), Hartigan (2004), Marchand and Strawderman (2004), Kubokawa (2005A,B), and
van Eeden (2006) among others, frequentist properties like minimaxity of best equivariant
estimators, restricted maximum likelihood estimators or Bayesian estimators depend on
the model, the loss, but also intimately on the nature of the parametric restriction.
Predictive density estimation addresses the challenging and ambitious problem of esti-
mating the whole distribution of a future observation Y. This has become a field of active
study with early findings due to Atichison (1975). In particular, for Gaussian models
under Kullback-Leibler loss, fascinating connections with Stein estimation have been de-
veloped, as recently reviewed by George, Liang, and Xu (2012), and as expanded upon
below in subsection 1.3.

1.2 Outline of Paper

In this paper, we investigate minimaxity of the best equivariant predictive density es-
timator in location and/or scale families with parametric constraints under Kullback-
Leibler loss. In Section 2, we treat a setup with a general invariance structure given



by Hora and Buehler (1966, 67), where the parameter space is restricted to a subset of
multi-dimensional Euclidean space. Using similar arguments as in Girshick and Savage
(1951), we derive unified conditions under which the best equivariant estimator is mini-
max. These conditions are available for both restricted and non-restricted cases, and in
a sense, the minimaxity result is an extension of findings by Liang and Barron (2004),
who showed minimaxity when the parameter space is unrestricted. Minimaxity under
parametric constraints for a given type of problem can thus be tested by checking those
unified conditions.

Section 3 deals with a location or scale family. In Section 3.1, minimaxity of the best
location equivariant estimator is verified under a one-sided restriction of the location
parameter in a location family. In section 3.2, we make use of a novel variation of the IERD
method introduced by Kubokawa (1994a,b) and Kubokawa and Saleh (1998) to prove
that the generalized Bayes estimator against the uniform prior over the restricted space
dominates the best location equivariant estimator if the target density to be predicted
has a monotone likelihood ratio property. It is interesting to note that the density of
the observation does not have to have a monotone likelihood ratio and need not be of
the same family as the target density. Analogous findings for scale parameter families
are obtained in Section 3.3. Various other observations, detailed examples for normal,
exponential and gamma models, and a non-minimaxity result for a compact interval
restriction, complement the presentation.

In Section 4, we treat various restrictions in location-scale families and investigate min-
imaxity of the best location-scale equivariant estimator. Section 4.1 considers the cases
that the location and scale parameters are in one-sided open spaces, and Section 4.2 in-
vestigates cases with a compact interval restriction for the location parameter and an
unknown scale. Through several examples of parametric restrictions given in Sections 4.1
and 4.2, we demonstrate how to use the conditions given in Section 2. Minimaxity in the
cases of ordered location or scale parameters in multidimensional distributions is shown
in Section 4.3.

1.3 Brief review of previous findings for normal models

We conclude this introduction with a brief review on developments under a multivariate
normal distribution with unknown mean vector and known covariance matrices which
are multiples of identity, since most decision-theoretic results have been studied in this
model and since such a review is helpful for the overall presentation of our findings.
Let X and Y be mutually independent random vectors such that X ~ N, (w, v, I) and
Y ~ N,(p,v,I) for known constants v, and v,. The density functions of X and Y are
denoted by f(x—p|v,) and f(y—p|v,). The problem is to predict the density f(y —p|vy)
based on X in terms of the following risk relative of the Kullback-Leibler (KL) divergence

Ruco(p ) = Bx | [ £y o) los (%) ay).

where f (y| X, vy, vy) is a predictive density estimator of f(y — p|v,). Since this model is
invariant under location transformations, the best equivariant estimator of f(y — p|vy)
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is the generalized Bayes estimator against the uniform prior with respect to Lebesgue
measure. As expressed in (2.3), the best equivariant estimator is given by

f S f(slv) fly — @+ slv,)ds
PPy~ ) = [ f(slv,)ds = fly — z|v, +vy).

Liang and Barron (2004) showed that f™(y — x|v,,v,) is minimax. Concerning the
admissibility of f”/(y — x|v,,v,), Komaki (2001) showed that it is inadmissible when
p > 3, namely, it is improved on by a generalized Bayes estimator against a shrinkage prior.
Brown, et al. (2008) showed that it is admissible when p = 1,2. These are noteworthy
results in the sense that the so called Stein inadmissibility result in point estimation is
inherited by the problem of estimation of a predictive normal density function. Liang and
Barron (2004) established the minimaxity of the best equivariant estimator, George, Liang
and Xu (2006) extended Komaki’s result, Brown, George and Xu (2008) not only derived
conditions for admissibility of the best equivariant estimator, but also showed that several
decision-theoretic results for point estimation of a multivariate normal mean with a known
variance still hold for the predictive density estimation problem. Kato (2009) succeeded
in deriving a minimax and improved generalized Bayes predictive density estimator in the
case of unknown variance.

Brown, et al. (2008) derived an interesting identity which expresses the relationship be-
tween point estimation and predictive density estimation. Let R (g, i) be the risk func-
tion of a point estimator zt = fi(z) under a normal distribution N, (g, vI), namely,

Ryl i) = [ (z) =l 1z = o)z,

for the Euclidean norm || - [|. Let giy be the Bayes point estimator of g for a prior
distribution 7(u) in terms of the risk R (u, ;). Also, let f™(y|x,v,,v,) be the Bayes
estimator of the predictive density. Then, Brown, et al. (2008) showed that

1

. 5 Y1 ~7
RKL(“H fBI) - RKL([-’H fTr) = 5/ ; [R%(“>X) - RZ)(“?/’%)] d’U, (14)

for v, = v,vy/(vy+vy,). This implies that dominance properties in point estimation can be
automatically inherited by predictive density estimation. An essential point in the above
identity is that in the normal distribution, the following representation due to George,
Liang and Xu (2006) holds:

ma(W;vy)

X e vy (15)

fAW<y’w> Vg, Uy) =
where m,(W;v,) and m,(X;v,) are marginal densities of W and X for W = (v, X +
v;Y)/(v, + vy). Using this equality, Fourdrinier, et al. (2011) extended identity (1.4) to
plug-in estimators of the predictive density.

Identity (1.4) can be applied to estimation when the parameter space 6 is restricted to a
convex cone C', or more generally to a convex set. In the framework of point estimation
under a constraint and squared error loss, Hartigan (2004) proved that X is improved
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on by the generalized Bayes estimator against the uniform prior over €', and Tsukuma
and Kubokawa (2008) showed that X is minimax under the constraint. As developed in
Fourdrinier et al. (2011), combining these results and the identity (1.4) implies that these
properties hold for the estimation of the predictive density.

The inferences are valid for normal distributions where key property (1.4) can be derived
from the equality (1.5). The equality (1.5) holds under normality with known variances,
but it does not hold in the case of unknown variances. Thus, it is not clear whether a
decision-theoretic property in point estimation is inherited by estimation of the predictive
density under normality with unknown variances or for another distribution.

2 General conditions for minimaxity

In this section, we treat general parametric distributions in which an invariance struc-
ture is embedded, and derive general conditions for minimaxity of the best equivariant
estimator. The conditions will be used for checking minimaxity in location and/or scale
families.

Let X be an observable random variable and Y be a future random variable. Let (X X
V,Bx x By) be a measurable space of (X,Y) and P = {P : 6§ € O} be a family
of identifiable probability measures with parameter space ©. We assume the following
conditions.

(A1) There exist a group G = {g} and a measurable space (G, Bg) on which there
exists a left invariant Haar measure ~ satisfying

v(9G) =v(G) for all g € G and all G € Bg.

Each ¢g € G induces a one-to-one transformation g from © onto itself defined by Pgo(gA) =
Py(A) for any A € Bx x By and any # € ©. The induced space G = {g : § € G} is
measurable.

(A2) There exists a one-to-one correspondence X < (t,,u,) between X and G x Ux
such that gX corresponds to (gt,, u,) and Ux is a measurable space. Also, there exists a
one-to-one correspondence Y <« (t,,u,) between Y and G x Uy such that gY corresponds

to (gt,, u,) and Uy is a measurable space. The statistics u, and u, are maximal invariant
under the transformation G.

(A3) There exists a one-to-one correspondence @ <+ g, between © and G such that
g0 corresponds to gg, for all g € G. The correspondence of g, in G is denoted by gy.

(A4) There exist conditional probability density functions p(g, 't.|u.) and q(g, 't,|u,)
given u, and u, such that for all A € Bx, B € By,

FylA] = /A (g5 a1 )p (1127 (At ) ya (s,

PB] = /B 005 'ty (1)1 (A, ), (),



where p,(-) is a marginal density function of w, with respect to a measure v,(-) on Ux,
and p,(-) and 7,(-) are defined similarly.

We define a measure v(-) by

v(dg) = v(dg™").
This is a right invariant Haar measure. Since v(-) is left invariant, it is noted that
v(hdg) = v(dg) and v((dg)h) = A(h)y(dg) for h,g € G, where A(-) is a modular function.

Now we can set up the problem of estimating the joint predictive density q(g, 't,|u,)p, (u,)
based on (t,,u,). When we estimate gy by a density §(t,|uy, t., u;)g,(u,), we evaluate the
performance using the Kullback-Leibler (KL) divergence in (1.2) and we may write

Lip(O. st ) = [ ol o) o (I )

=E" [/ q(9q 'ty|uy) log (;(Lty\uy))) v(dty)]-

(ty’uwtx? 'U/z
Then, the risk function is
RKL(Qa qA) = E[LKL<67 (j(|7 t:Ea um)] = EUoty [RKL<97 qA"u’I7 uy)]7 (21>

where E%#"[.] is the expectation with respect to the marginal distribution of (u,,u,),
and Ry, (0, ¢lug, u,) is the conditional risk function given (u,,u,) equal to

RKL(&QW:E?“@/) :/p(ge_lta:|ux)'7(dtx)
< { [ atar ) og (—qgﬁ(ﬁutt'”j)) ) @)

This demonstrates that estimation of the joint density function q(g,'t,|u,)q,(u,) can
be reduced to that of estimating the conditional density function ¢(g, 't,|u,) as long as
estimators of the form §(t,|u,, t;, us)q,(u,) are considered.

Since the problem has an invariance structure, we can derive the best equivariant
estimator. Conditional predictive density equivariant estimators under the transformation
G satisfy

q(gty|uy, gte, us) = G(ty|uy, t,u,) forall g € G,
which implies that a class of (nonrandomized) equivariant estimators is given by

01 = {attz ) | [ antlugwoiatas) = 1}
The best equivariant estimator is given in the following proposition.

Proposition 2.1 Assume conditions (A1) to (A4). Then, the best equivariant estimator
of q(gy 't,|u,) is given by

Py, ) = / D(tug) gttt [uy) v (dt)

_ (g™ alua) a(g~"ty[uy) v(dg)
J plg~"ta]uz) v(dg) '




Proof. Note that the conditional risk function of §; (¢, *t,|uy, u,) is free from 6, and from
(2.2), it is expressed as

Rico(irtiasiy) = [ [ pltaluclattyluy)og ( o L) ) () (dy)

Yy luy, us)

= [ [ sttalus ts|uy>1og(ql(&‘jlf‘zl))v(dtx>v<ds>, (2.4

where s = t;'t, and (t,ds) = v(ds) for the left invariant measure y(-). With the
alternative rewriting

Rua(irtia. ) = [ [ pttauateasing(ansiog (120D o g

o [ [ ot ion (o m S i ) e

it is seen that the best equivariant predictive density estimator is

q"" (sluy, uy) = /p(t]ux)q(ts\uy)'y(dt). (2.5)
Making the transformation ¢ = g~ 't,, we see that

Y(d(g™ ) = v((dg™")ta) = Alta)V(g™") = Alts)v(dg).

Since 1 = [ p(tlu,)y(dt) = [ p(g~'ts|us) A(t,)v(dg), it is seen that

Alts) =1/ / plg™ s us ) (dg).

Substituting s = ¢, 't, into (2.5) and using the above arguments show that ¢/ (s|u,, u,)
is expressed as (2.3). u

As seen from the form in (2.3), the best equivariant estimator is the generalized Bayes
predictive density estimator against the right invariant measure v(dg). Liang and Barron
(2004) showed that the best equivariant estimator ¢%! (¢ 't,|u,, u,) is minimaz if the group
G is amenable, namely, if there is a sequence of probability measures ~;(-) on G that is
asymptotically invariant in the sense that lim; ,o [{¢(ag) — ¥ (a)}v;(da) = 0 for every
g € G and every bounded measurable function ¢ on G. However, the best equivariant
estimator is not necessarily minimax when the parameter space is restricted.

We now provide unified conditions for the minimaxity of the best equivariant predictive
density estimator. Although the conditions can be applied to both cases that parameters
are restricted and non-restricted, they lead to new findings in restricted cases only, since
minimaxity in non-restricted cases follows from the result of Liang and Barron (2004).

(A5) O is restricted, and this restriction is equivalently expressed as gy € P. Also, it
is assumed that P C G C R"; namely, G is a subset of  dimensional Euclidean space and
P is a restricted space of G.



(A6) There exist sequences of subsets P, and one-to-one functions hy(-) between
G <> Z C R" which satisfy the following conditions:

(A6-1) U2, Pr = G for some kg > 1.
(A6-2) Let V(Py) = [, v(dge). Let 7(-) be an induced measure defined by 4(A4) =
v(h;'(A)) for A € . Then, hy(Py) = [[i—;[=1+ aix, 1 + biy] and

1 T
/hk(Pk)f(ik)%(dsk)/V(Pk) > 5 /I<§ € EH + a1 +bi,k])f(g)dg, (2.6)

where & = hi(gp), I(-) is the indicator function, and limy oo a;p = limg oo bip =
limy_yoocp =0fori=1,...,r.

(A6-3) For any small enough ¢ > 0 and any £ € [[\_,[—1+a;x+¢,14b;j, — ], there
exists a sequence of subsets P such that P} does not depend on £, Up2, Py = G for some
ki > 1 and

Py cA{[h; ' (€)] "g: g € B}

Theorem 2.1 Assume conditions (A1) to (A6-3). Then, the best equivariant estimator
GP1(t; ', luy, u,) is minimaz in estimation of the conditional density q(g, 't,|u,) in terms

of the conditional risk (2.2).

Proof. We can show this theorem along the same lines as in Kubokawa (2004) who
modified the method of Girshick and Savage (1951). Consider the sequence of prior
distributions given by

V(P)Y v(d if gg € P,
7k (g0)v(dge) :{ e k)}() o) otﬁz:rwisg.

This yields the Bayesian predictive densities

qg(tymy’ ta, ux) = /

P

p(g‘ltxqu)Q(g‘ltyluy)V(dg)//P p(g™ " taluz)v(dg)

with conditional Bayes risks

99 t luz)q 99 )t |uy>

(ﬂ—k’v 4 |Ux, uy -

P

Q(ga ty’uy) )
X log ( J(dt,)y(dt, )v(dgo).
qk(ty’uyvtl"vux) Y

Since 7y (7, G7 |z, uy) < re(mE, (B ug, uy) = Ro(ug,u,), it is sufficient to show that
lim infy o0 76 (7, ¢F |Ue, wy) > Ro(ug, u,). Making the transformations s, = g, ¢, and
Sy = Gy lty yields

q(sy|ua) )
Thes G | U, Uyy) Sz |tz )q(sy|u log( v(dg
7, i, vy /pk// )45y 1) Gr (905y|uy, 965z, Us) (d50)
x y(dsz)y(dsy)v(dgs), (2.7)




where G} (gosy|uy, g9z, uz) is expressed as

Jp, P(97 " gosluz)a(g" gosy |uy)v(dg)
Jp, P(g7 gos:|uz)v(dg)

(j;gT(gGSy’uy, 965z, um) =
Now, make the transformation ¢; = 99_19 with v(dg) = A(ge)r(dgy) in order to rewrite
qg(ggsy‘u% goSq, u;r) as

Symer, PA61 " s:lu: )07 5, e, v ()
fgsglepk P97 ' salug)v(dgr)

QZ(gesyWy, 905z, Ug) =

In view of the assumptions, there exists a transformation & = hi(gy) satisfying the
condition (A6). Note that gog; € Py is equivalent to hi'(&,)g1 € P, or

g1 € {[hy ") g9 e B} = pk(fk)-

Then, the Bayes estimator g7 (gosy|uy, goSz, us) is rewritten as

Jnenien POt selus)alar ' syluy)v(dg)
fgleﬁk(gk)p(91_13:c|um)v(dgl)

Q;T(hl;l(fk)sy’uy?hlzl(fk)sxaux) - , (28)

and the conditional Bayes risk (2.7) is rewritten as

(Wkan;|uac7uy — P / // Sm|u$ Syluy)
k: hi(Px)

< log (qk( - oyl )Mdgkw(dsmdsy).

Sy’uyv hk 1(516)5:107 uz)

It is noted that from (A6-2), for any small € > 0,

r

hk(Pk) = H[—l + aiJ“ 1 + bz,k] D) H[—l + ai,k + g, 1 + bi,k — 6] = Ik@.

i=1 =1

Then from (2.6), the conditional Bayes risk is evaluated as

rk(ﬁkqu—'ul’yuy) Z%/I(g € Ik,a)//p(3x|ux)Q(3y|uy)

. o(syl) s
log (e ) dr(asontas,)

Sy’uya h’k 1(5)‘9:07 ux)

For ¢ € I, from (A6-3), it can be seen that ¢7 (h, ' (€)s,|uy, by, ' (€)se, us) — G5 (t7 1, luy, uy)



as k — 0o. Hence, Fatou’s lemma is used to bound the Bayes risks as
lim inf " > L liminf I(§ € [
imin Tk (Ths G | Uy Uy) 2o, [ limin €€ ly.) P(Sz|uz)q(sy|uy)

q(syluy)
X hgn inf log (q,’;(hkl( Sy luy, k1(§)527u:p)) y(dsy)y(ds,)dE
1

= d¢

|—14e,1—¢|"

/ [ ptesludatstu)os (it ) (s s,
(1= < R.671 (1 g, ) = (1= &) Rolus )

From the arbitrariness of ¢ > 0, it follows that liminf,_, rg (7, ¢f |ts, uy) > Ro(us, uy),
completing the proof of Theorem 2.1. [ ]

In the above proof, the Bayes risk is given by 7y (mg, 45) = E" " [ri(mk, 4F |ue, uy)]. It
is easy to see that ri(my,q7) < E™|rg(me, % ug, uy,)] = E"*[Ro(uy,u,)]. On the
other hand, Fatou’s lemma is used to evaluate the Bayes risk as lim infy_,oo 7% (7, ¢7) >
Bt liminfy o0 7 (g, G |Us, wy)] > B [Ro(uy, uy)]. Thus, we get the following corol-
lary.

Corollary 2.1 Assume conditions (A1) to (A6-3). Then, the best equivariant estimator
GBL(t; 1, luy, us)qy (uy,) is minimaz for the estimation of the joint density q(g, “t,|u,)q, (1)

in terms of the Kullback-Leibler risk (2.1).

As we will show in various situations, Theorem 2.1 includes both non-restricted and re-
stricted cases and thus provides a unified result for the minimaxity of the best equivariant
estimator.

3 Location and scale families: minimaxity and im-
provements on ¢%/

3.1 Minimaxity for location families

We first deal with the estimation of a density with a restricted location parameter. Let
X = (Xi,...,X,,) be a random variable having a density f(x — u) for @ — p = (x; —
Wy Tp, — ), and let Y = (Y7, ...,Y,,) be a random variable having a density g(y — )
fory—pu = (y1—p, - - ., Yn, — 1), where the location parameter is restricted to the one-sided
parameter space

A={p| p>ap} for known ao.

Let uy, = (xo—21,...,2n, —21) and uy = (Y2— Y1, - - - , Yn, — Y1) be the maximal invariants.
The location models are expressed as p(x; — plu,) = f( — py Uy + 21 — p)/pa(u,) and

q(y1 — pluy) = gy — pyuy +y1 — 1)/ q,(uy) for p,(u,) ff t,u, +t)dt and gy(u,) =
[ g(t, u, +t)dt, where u, +a means u, +a = (v — 1 +a, ..., Ty, —x1 + a) for a scalar a.
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When the parameter p is not restricted, it follows from (2.3) that the best equivariant esti-
mator for predicting the density q(y1 — pu|u,) g, (uy,) is ¢%1(y|x) = ¢57 (y1 — 21wy, v ) gy (uy),
where

[ p(ar — alug)g(yr — alu,)da
I p(z1 — alug)da ’

q" (yr — x1|uy, up) = (3.1)
which is minimax without the restriction A. When p is restricted to A, we can show the
minimaxity of ¢%!(y|x).

Theorem 3.1 The best equivariant estimator ¢°!(y|zx) in the location problem is mini-
max for estimation of the predictive density under the restricted parameter space A relative
to Lir-loss; and the minimax risk is given by Ry = R(u, ¢PT).

Proof. It is sufficient to check conditions (A6)-(A6-3) in Theorem 2.1. In this case,
P={p>a}, G =R, v(du) = v(du) = du, Py = {ulag < p < ap + k} and V(Fy) = k.
Take & = hy(p) = (2/k)(n — ap) — 1. Then, hy(Py) = [-1,1], w(d&) = (k/2)d&k
and fhk(Pk) f(&)vk(d&r) /V (Py) = (1/2) f[—1,1] f(&)dE, which satisfies condition (A6-2).
For any £ € [-1+¢&,1 — ¢], it is noted that u = h;'(€) = ag + (k/2)(€ + 1), so that
{1 g9 € By = {p—ao — (k/2)(§ +1);a0 < p < ap + k} = (=(k/2)(§ +
1), (k/2)(1 = &)) D (—(k/2)e, (k/2)e) = Py. Since limy_,o Pf = R, condition (A6-3) is
satisfied, and the minimaxity of ¢?! is established. [ ]

3.2 Improvements on the best equivariant estimator ¢/

Although the best equivariant predictive density is minimax, it is not reasonable from a
Bayesian or optimization perspective because the prior distribution is taken over whole the
space of p. This suggests that the unrestricted uniform prior Bayes predictive density is
likely to be inadmissible and may be improved upon by other (necessarily minimax) predic-
tive densities. A reasonable alternative is the generalized Bayes predictive density against
the uniform prior over the restricted space A, given by ¢V (y|x) = ¢¥ (y1, |21, uy, uz)q, (u,),
where -

o D@1 — alug)q(yr — aluy,)da

faOOO p<x1 - a|u:c)da’

We will indeed establish the minimaxity of the uniform prior Bayes predictive density
¢V (y|z) under the following logconcavity or increasing monotone likelihood ratio property:

ch(y1|x1,uy,uz) = (32)

(C1) The density g(y1 — pluy) is a continuously differentiable function such that
q(y1 — p|uy)/a(ya — aoluy) is nondecreasing in y; for p > a.

Lemma 3.1 Assume that q(y, —p|u,) satisfies condition (C1). Define A(y1|x1, uy, uy, 1t)
by
2o plan +w — plug)g(yn +w — pluy)dw

fijoop(xl + wlug)q(y1 + wluy)dw

A(yllxhuxauyaﬂ) = (33)

Then, the following properties hold:

(i) ¢'(v1luy)/a(vr|uy) is nonincreasing in yy, where ¢'(y1|uy) = Vy,q(y1|uy) for V,, =
8/ayl ;
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(ii) For p >0, A(y1|z1, ug, uy, ) is nondecreasing in y;.

Proof. Property (i) follows from the fact that V,,{q(vi — p|uy)/q(y1|u,)} > 0. For
establishing (ii), we shall show that V,, A(y1|z1, ug, uy, ) > 0 under assumption (C1).
Carrying out the differentiation, we see that this inequality is equivalent to

0
J- o plzy +w — plug)q (v +w — pluy)dw

0
S Pl + w — plug)q(yr +w — pluy)dw
. IO o1+ wlue)d (g + wluy,)dw

[ plan + wlug)g(y + wluy)dw

or

“Lp(xr + wlug)q (1 + wluy)dw
2L ply + wlug)q(yr + wluy)dw

. [ plar + wlug)q (y1 + wlu,)dw

> = ) (3.4)
Jo o play + wlug)g(yy + wluy)dw
Hence from (3.4), it is sufficient to show that
9 [z +wlug)d (1 + wlu,)dw
O[22 p(ey + wluy)g(yr + wluy)dw
In fact, this derivative is proportional to
/ —p
“plos = phu)q (= ) [ bl + ol -+ wlu)de
i /
+plen =t = nhe) [ pln ) o+ wlu)du,
which is rewritten as
—K
pla = ulu)a(on = ) [ plos -+ wlua(on + wle,)
/ / —
x {1 b +wl) 70 = pl) pw. (3.6)
q(y1 +wluy)  q(yr — pluy)

From property (i), note that V,, q(v1|uy,)/q(y1|u,) is nonincreasing in y;. Hence, the
integrand in (3.6) is not negative, and the inequality (3.5) holds. This proves Lemma 3.1.
n

Using this lemma, we prove the following theorem.

Theorem 3.2 Assume condition (C1). Then, the uniform prior Bayes predictive density
GV (y|z) is minimaz under the restriction u > ag. The risks of ¢ () and GPL(-) coincide
if and only if u = ag.
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Proof. Let ap = 0 without any loss generality. Since ¢%!(y|x) is a minimax estimator
with a constant risk, we shall show that ¢Y(y|x) improves on ¢%!(y|x). From (2.1), it
is sufficient to show the improvement in terms of the conditional risk (2.2). The IERD
method developed by Kubokawa (1994a,b) is useful for the purpose. The conditional risk
difference of the two predictive densities ¢%/(y|x) and ¢V (y|x) is written by

A(p) RKL(IM |ua:7uy) RKL(M(?UWx;Uy)
= [ [ e = uluaton ) {105 8" (v]2) 108 ! (yi2) pdard.

Observe that
logciU(y!w) —log ¢! (y|z)

fo a|uy)p($1 — alug)da 1o ffooo q(y1 — a‘uy)p<xl — alu,)da
fo — alug)da & I p(zy — aluy)da

:/0 d <1ngt Q(yl—afuy)p(ﬂfl—@\ux)da> Gt

~ dt [ p(z1 — aluy)da

_/0 { pz1 — tluy) _ q(y1 — tluy)p(e1 — tuy) }dt
—00 ftoop(xl - CL|U:L«)dCL LOO Q(yl - al“y)])(xl - a|uw)da ’
which permits us to write

// r1 — plug)q(yr — pluy) dzs dys
/ { P(xl — tus) Q(yl — tuy)p(r — tfus) }
X oS dt.
[ p(xy — aluy)da ft q(y1 — aluy)p(z1 — aluy)da
Making the transformation w = —a + ¢ with dw = —da gives that [~ p(z; — alu,)da =

ff p(x1 — t + wlug)dw and [ q(y1 — aluy)p(z1 — alu,)da = fﬁ)oo q(y1 —t +wluy)p(zy —
t + w|u,)dw. Then, making the transformations x = x; — t and y = y; — ¢ yields

=[] [ st wldaty o -

{ p(z|us) B q(yluy)p(z|uz)
ff)oop(x+w|um)dw ffoo q(y + wluy)p(r + wlu,)dw
Replacing ¢ with w, we can get the expression

// x+w pluz)q(y +w — pluy)dw
:E|u$

Pz + wlug)q(y + wluy,)dw

} dx dy.

T+ w|uy)q wlu, dw
% {f p(j’0+ (L _:zjfu:_)dut ) - Q(yluy)}dxdy
// zlua) / (Y], ws, wy, 1)
J2 o p(a + wlug)a(y + wlu,)dw B ) )
et
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From Lemma 3.1, it follows that A(y|z,u,, uy, pt) is nondecreasing in y for x> 0. Since
q(y + wluy)/q(y|u,) is nondecreasing in y, it is seen that for p > 0

J° p(a + wlug)g(y + wluy)dw
A T, Ugy Uy, 0 —1 Uy d
/ (y] u){ 1% oo+ wle)dwalylu) }q(y! )dy
>/A(y\x,ux,uy,u)qwluy)dy (3.7)
J° pa + wlug)g(y + w]uy)dw
X — uy)d
/{ ffoop(x+w|ux)dwq(y|uy) 1}q(y! Jdy

=/A(y\%uz,uy,u)qwluy)dy

I p(x +wluy) [ qly + wluy,)dydw
’ { I p(a + wluy,)dw - /Q(yluy)dy}.

Since [ q(y + w|u,)dy = [ q(y|u,)dy, it follows that

S oo Pl + wlua) [ aly + wlu)dydw
fi)oo p(x + wl|uy)dw

ffoop(x + wu, )dw
== /q(y!uy)dy -1,
f_oop(x + wu, )dw

which is zero. Finally, observe that A(y|z, uy, u,, 0) is constant(= 1) in y, so that A(0) =0
as seen with the above expansion with an equality replacing the inequality in (3.7). There-
fore, the proof of Theorem 3.2 is complete. ]

Other improvements on ¢%!

Theorem 3.2 establishes a general comparison between the generalized Bayes estimator
GV and the best equivariant estimator ¢?!, with the former dominating the latter under
the simple condition that ¢ be logconcave. It is of interest to seek classes of other domi-
nating procedures. Although we will not explore this issue in depth here, it is nevertheless
pertinent to make the following observation which generates many other dominating pro-
cedures. The next result follows from the strict concavity of the log function on (0, 00),
or alternatively from the strict convexity with respect to ¢ of the loss L (qs, ).

Lemma 3.2 Let o € (0,1). Let ¢, i = 0,1,2 be estimators such that ¢ # Go. If
Rkr(0,4) < Rkr(0,4o) fori = 1,2 and for all 8 € ©, then Rk (0,adq + (1 — a)gz) <

Ri1(0,qo), with equality at a given 0y if and only if Ry (0o, ¢;) = Rir(0o,qo) fori=1,2.

The above result implies directly that convex linear combinations of ¢g; and ¢y dom-
inate §p; in the context of Theorem 3.2 by taking gy = ¢ = ¢! and ¢ = ¢V. Fi-
nally, since Theorem 3.2 applies for the conditional risks, the weights can be made
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to depend on the maximal invariants u, and w, and it thus follows that estimators
a(“ma Uy)CjU(y|{L‘1, Uy, um)Qy(uy) + (1 - a(uxa uy))QABI(mxly uya um)qy(uy> with a('a ) S (Oa 1)
are also minimax estimators.

Examples

We proceed with instructive examples and illustrations.
Example 3.1 (normal models) The results above apply to the particular setup:
X|MNN(M7VX)7Y|MNN<MaVY)7 (38)

with the restriction p > ag. Namely, Theorem 3.1 tells us that ¢2/(:|X) ~ N(X,vx +
vy ) remains minimax under the restriction g > ag, while Theorem 3.2 implies that the
generalized Bayes estimator ¢V is also minimax, and dominates ¢%! under the restriction
1 > ag. Figure 1 compares the risks of these two estimators for ag = 0,vx = 1,1y = 1.
The curve measures the relative difference in risks (i.e., Bralp }g:();ﬁﬁl)(“ %) ). Observe that
the risks coincide indeed at the lower boundary of the parametér space and at u = oo
and that the gains are appreciable, particularly around one standard deviation from the

boundary where they fluctuate around 40%.

04 //”*\\

0.3 /

0.2/

0.1r

0.0/ —

Relative improvement in risks

~01} |

7

Figure 1: Relative difference in risks between ¢?! and ¢¥ (normal model with u > 0,vx =
Vy = 1)

For the specific normal case illustrated here, the above dominance and minimax results
are not new and were previously obtained through a different route by Fourdrinier et al.
(2011) by methods which are also applicable for the multivariate case. Interestingly, yet
another proof of the dominance result can be derived by a more direct and instructive
approach. We now expand on this, considering the more general problem p € [ag, ag+m),
with m = “o0” corresponding to the lower bounded case and setting hereafter ag = 0
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without loss of generality. Making use of (1.5), the uniform Bayes estimator ¢V with
respect to the flat prior on [0,m) is given by

my(W;vw)

my(X;vy)

{<I>(%> — p(Hm)

¢’ (Y|X) ¢ (Y]X)

() — (5"

ox

} ¢*(Y]X),

with W =4 % ~ N(p, o8 = JA5). Consequently, the difference in risks may be

expressed as

~U
) X , q"(Y|X)
A(,LL) = RKL(IJH qBI) - RKL(M?QU) - EXYlog <qB](Y|X)

= 55 flog (20) - o) ) —iog (02 - 0 (C 2 ) .

ow ow Ox ox

Here, set W' = % ~ N((—T%,l), X' = % ~ N(;";,l) and observe that W’ =4 X' + ¢,
with 6 = pu(=~ — =) > 0 for g > 0 with equality iff g = 0, given that oy < ox. Hence,

1
ow ox

Alp) = BX {log (<I>(X’ 1 O) (X 6 1)) ~log ((I)(X’) — (X — ﬂ))} >0,

ow 0x

for all p € [0, m], since ®(-) is strictly increasing on R and 2’ + ¢ > 2" and 2’ + 6 — - <
x — % for all ' € R, and with equality occurring only if 4 = 0 and m = oco. We
have thus shown directly that the uniform Bayes procedure ¢V dominates ¢®! for the
normal model in (3.8) with the restriction u € [ag,ap + m). This offers an alternative
to Fourdrinier et al.’s proof. Notwithstanding this development (as well as the next
Remark), the search for efficient Bayesian procedures under a compact interval constraint
which merits further study will not be pursued here. Recent advances for point estimation
versions of this problem were obtained by Kubokawa (2005B), as well as Marchand and

Payandeh (2011).

Remark 3.1 (non-minimaxity of ¢Z! in the compact interval case)

In the previous example for the compact interval case with m < oo, observe that A(u) > 0
for all p € [ag, ap + m], which implies in turn that inf,ep qo+m A(p) > 0 and that ¢77 is
not minimax, in contrast to the unbounded lower bounded case. This provides an analog
of a familiar point estimation version of this argument (e.g., Lehmann and Casella, 1998,
page 327). Moreover, the non-minimaxity argument is more general under condition (C1)
in the context of Theorem 3.2 as seen by the following elements of proof:

e Theorem 3.4 implies that ¢V dominates g%/ for the restriction u € [ag,aq + m]
where V! is the generalized Bayes predictive density with respect to the flat prior

on [ag, o0) with equality in risks iff y = ay;

e Theorem 3.4 implies that ¢V? dominates %! for the restriction u € [ag,aq + m]
where ¢U2 is the generalized Bayes predictive density with respect to the flat prior
on [—o0, ag + m| with equality in risks iff g = ag + m;
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e Paired with the above, Lemma 3.2 implies that the predictive density estimator
1,01

2" + 14V dominates ¢5! strictly for p € [ag, ag + m];
e Consequently, as in the first paragraph of this Remark, ¢”! cannot be minimax for
W € [ag, ag + m] when ¢ satisfies condition (C1).

Example 3.2 The results of this section also apply to Exponential location models with
X1, X, Y1, .0, Y, 1dd. Exp(p, o), g > 0 and known o, with density %e_(t_m

Here the order statistics X(;) and Y{;) are sufficient statistics, and we can take o = 1 with-
out loss of generality, so that it suffices to consider the setup

1 1
s N9

Evaluating (3.1) and (3.2), we obtain with a little bit of manipulation

ning

¢ (yle) = ———

67n2|m*y|1 200 + e*”1|m*y|1 oo )
L fr00)(9) (o) (1)}

and

(nit+n2)z _ 1 1 — e~ (m+n2)y
. R e e
Pk =00 { o )

Observe that ¢P! is an asymmetric Laplace distribution (and symmetric Laplace for n; =
ny), while ¢V is a skewed version of ¢%!. Theorems 3.1 and 3.2 apply and tell us that
both ¢?! and ¢V are minimax under the restriction ;> 0, with ¢V dominating §77.

3.3 Case of a scale family

We next consider estimation of the predictive density with a restricted scale parameter.
Let X = (X3,...,X,,) be a positive random variable having a density o= f(c~'x) for
ol = (c7'zy,...,07 2,,), and let Y = (Y},...,Y,,) be a random variable having a
density o7 "2g(071y) for o'y = (67 y1,..., 07 Yy, ), where the scale parameter is lower
bounded belonging to the restricted parameter space

B={o|o>by}, forknown positive by.

Let t, = |z1], up = (@1/|21], 22/|21], ..., 20, /|21]) and ¢, and u, are defined similarly.
The joint densities 0~ f(o'x)dz and o0 "2g(c 'y)dy are expressed as, respectively,

Plo a1 pe (10} ()7 oty and. (ot 1ty ()18, )y (it ), where (do) = v(do)
do/o, and p,(u,) and ¢,(u,) are marginal densities of u, and w,.

Note that o7't, = exp{logt, — logo} and dlogt, = dt,/t,. Since the restriction B
is written as logo > logby, all the results given in the previous subsection hold for the
restricted scale problem. The results corresponding to Theorems 3.1 and 3.2 are described
below.

17
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When the parameter o is not restricted, it follows from (2.3) that the best equivariant
estimator for predicting the density q(ailty|uy)qy(uy) is g% (ylx) = ¢P(t; 1ty luy, us)gy (),
where

b~y |ug)q(b~ ey u, )b~ tdb
fo (b=t |uz )b~ 1db

which is minimax without the restriction B. Even if ¢ is restricted on B, the minimaxity
of ¢PI(y|z) still holds.

Gy, ) — D0 | (3.10)

Theorem 3.3 The best equivariant estimator ¢%L(y|x) is minimaz for estimation of the
predictive density under the restricted parameter space B relative to the Ly -loss, and the
minimaz risk is given by Ry = R(o,¢P").

Although the best equivariant predictive density is minimax, it is not reasonable because
the prior distribution is taken over whole the space of o. This suggests that ¢5! is likely
to be inadmissible and to be improved upon by other (minimax) predictive densities. A
reasonable choice is the generalized Bayes predictive density against the invariant prior
over the restricted space B, given by ¢V (y|x) = ¢V (t,|ts, uy, uz)q,(u,), where

szo p(b~'t, |UI)Q(b71ty|uy)bildb
szo p(b~1t,|u, )b~ 1db

qAU<ty‘t:r7uyaua:) = (311)

To establish the minimaxity of the invariant prior Bayes predictive density qV(y|x), we
assume the following condition analogous to (C1):

(C2) The density ¢(o~',|u,) is a continuously differentiable function such that the

ratio of the densities q(o = t,|u,)/q(by 't,|u,) is nondecreasing in t, for o > by.

Theorem 3.4 Assume condition (C2). Then, the Bayes predictive density ¢V (y|x) is
minimaz under the restriction o > by, and the risks of ¢V and ¢GB! coincide if and only if
o = bo.

Lemma 3.1 used for proving Theorem 3.2 is expressed in the scale case as follows:
Lemma 3.3 Assume that q(o~t,|u,) satisfies the condition (C2). Then, the following
properties hold:

(i) t, AV, a(tyluy)}/a(tyluy) is nonincreasing in t,, where V,, = 0/0t,,.

(it) Define B(ty|ty, us, uy, o) by

fol wp(o wt|ug)q(o ™ wty luy, ) dw
- :
fo wp(wt|ug)q(wt,|u,)dw

B(ty|ts, us, uy,0) = (3.12)

Then for o > by, B(ty|ts, us, wy, i) is nondecreasing in t,.

We can show Theorem 3.4 directly using Lemma 3.3, though we have here applied The-
orem 3.2 to the scale case. We conclude this section with an application to Gamma
models.
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Example 3.3 An interesting application consists of Gamma distributions for X and Y
with
X|o ~ Gamma(ay,0), Y|o ~ Gamma(az, o), (3.13)

with ay, s known, and the lower bound restriction o > by(> 0). We have assumed
without loss of generality that the samples for X and Y are of size one by completeness
and sufficiency of the sums in such Gamma models. Evaluating (3.10) and (3.11), we
obtain the elegant representations

R Il +a2) 1,y 0, Y. _
BI — (22 1 1 g (a1+a2) 1
q (yl:c) F(()q) F(Oég) T (l‘) ( + .T) (O,m)(y)7
and B ( +y)
~ N Fa +a Y
@ ylo) = 3" (o) ——
al(%)

where F,(-) is the survival function of a Gamma(y, 1) distribution. Observe that P! is
the density of a Fisher distribution with scale parameter 52z, and shape parameters 2a
(d.f. numerator) and 2c; (d.f. denominator), while ¢V is a skewed version of ¢PZ.

The findings of this section apply. First, ¢®! is minimax for the unrestricted parameter
space and remains minimax in presence of the lower bound by on the scale parameter.
Second, since Gamma densities form a family with an increasing monotone likelihood
ratio, condition (C2) is satisfied and the Bayes procedure ¢V dominates ¢®! by virtue of
Theorem 3.4. Finally, we point out that analogous results hold here for the case where
the scale parameter ¢ is upper bounded, say o € (0,cg). In such cases, we consider the
transformed problem with X/ = X and Y’ = % and consider the setup of Theorem 3.4
with by = %, pg being the density of X’ and ¢y being the density of Y’. Since inverse
Gamma distributions have logconcave densities as well, and the Kullback-Leibler loss is
intrinsic, Theorem 3.4 indeed applies.

4 Estimation in location-scale families

In this section, we treat location-scale families with location and/or scale parameters
constrained, and investigate minimaxity of the best equivariant estimators using Theorem
2.1.

4.1 Non-bounded case

We begin with the univariate case. Let X = (Xj,...,X,,) be a random variable having
a density o™ f((x — p) /o) for (x —p)/o = ((x1 — p)/o, ..., (xn, —p)/0), and let Y =
(Y1,...,Y,,) be a random variable having a density o~ "2¢g((y — u)/o) for (y — u)/o =
((y1 —p)/o, ..., (Yn, — p)/o), where the location and scale parameters are restricted to
the space

C={(p,0)|p > coo +ag, o> by}, (4.1)

where ag, by and ¢ are constants such that by > 0 and —oo < ag, ¢y < co. The unrestricted
case is described by by = ¢y = 0 and ay = —o0. Let t, = (|Jzo — x1],21), up = ((x2 —
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x1)/|ry — 21, ..., (Tn, — 21)/|72 — 21]) and let ¢, and w, be defined similarly. Let G =
R" x R and define the product by (a, b)(c, 1) = (ac, ajp+b). This implies that (o, )"t =
(1/0,—p/0) and (0, p) (|23 — m1), 1) = (J2 — w1)/0, (21 — p)/0). Then, o= f(( —
w)/o)dx and o "2g((y — u)/o)dy are expressed as p((o, p) "tz |ug)pe(uz)y(dts)ye (duy)
and q((o, p) "ty luy) gy (u,)v(dt, )y, (duy), respectively, where v(d(o, p)) = (dudo) /.

When the parameters are not restricted, it follows from (2.3) that the best equivariant

predictive density estimator of q((o, p) . |uy)q,(u,) is given by %7 (¢t 't,, u,|u,) =

GBl (1, [uy, us) g, (u,), where

J (b, @) alua)q((b, @)~y |uy )v(d(b, a))
J (b, a) o lug)v(d(b, a) ’

and where v(d(b,a)) = (dadb)/b*. Using Theorem 2.1, we analyze the question of mini-
maxity of the best equivariant estimator under the restriction C'.

7P (t;lty |“y7 Uy) =

(4.2)

[1] Case of ay > —oo and by > 0. This case implies that both p and o are restricted
from one side.

Theorem 4.1 Assume that ag and by satisfy that ag > —oo and by > 0. Then, the
best equivariant estimator g% (t;'t,, u,|u,) is minimaz in the estimation of the predictive
density under the restricted parameter space C' relative to the Ly -loss, and the minimaz
risk is given by Ry = R((o, ), ¢51).

Proof. For ¢y = 0, we define the sequence d, = k, while for ¢y # 0 we take d; = logk.
Such a sequence admits the following behaviour when k£ — oo,

(a) (k/dy)d, d"* — oo for any € > 0 when ¢y = 0,

(b )dk/k—>0anddk—>oowhencg7é0.

We proceed by verifying conditions (A6)-(A6-3) in Theorem 2.1. In this case, P =
{(o,)|ag + coo < p,by < o}, G = R" x R, we set P, = {(o,u)lag + coo0 < p <
ap + coo + k, by < 0 < bodi} and V(Py,) = klogdy, where dj is defined above. Take & =
(2/log dy) log(o /by) —1 and & = (2/k)(p—ao —coo) — 1. Letting £ = (51,52) = hi((0, p)),
we see that hy(B) = [—1,1]%, v.(d€) = {(klog dy)/4}d€ and fh Py) f(&)vk(dE)/V (Py) =
(1/4) »/1[—171]2 f(€)dg, which satisfies condltlon (A6-2). For any € € [-1+¢,1 — %, let

(b,a) = k' (€). Then, b = byd"""? and a = (k/2)(1 + &) + ao + cobod! *? so that

{[h ()] (o, p); (o, M) € B} ={(a/b,(t —a)/b); (o, ) € Pr} and o /b, (u— a)/b satisfy
the inequalities

dl:(lJrEl)/ < ; < d (1-¢61)/2 :
d}:(1+51)/2 (11e)/2
- 1 bod,, !
‘g, b {2( + &) + cobo }
_ d—(1+£1)/2 k
BT T T 10— g) — eobd T2
b b bo 2

Note that 1 — @ > cand 14+ ¢ > ¢ for ¢« = 1,2. The first inequality is satisfied by
d,”* < o/b < d/*, which can be expanded to (O o0) as k — oo if dy — oo as k — oo.
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Also, the second inequality is satisfied by

k o dUTE)/2 € o —a k o dITE)/2 € o
{c—k ————}< < {c—k +———}
QU2 bk 2by Kk b 72 bk o%b kI
Here, it is noted that
1461)/2 14€1)/2
od " aepd ™ dy
bk b k k’
ko ke koep

Since dy, satisfies the condition (a) or (b), it can be seen that the lower end point of
(1 — a)/b goes to —oo, and the upper point goes to co. This verifies condition (A6-3),
and the minimaxity of ¢?! is established. n

[2] Case of qp = —o0 and by > 0. Although we can show the minimaxity directly
by the same arguments as in the proof of Theorem 4.1, we here give a simple proof based
on Theorem 3.3. Since p is not restricted and the problem is invariant under a location
transformation, we can consider location equivariant estimators, which depend on x; and
y1 through y; — x1. Thus, the risk function of the location equivariant estimator does not
depend on p. Then, the problem can be reduced to the estimation in the scale family
with the restriction o > by. Hence from Theorem 3.3, it follows that best equivariant
estimator is minimax. This is summarized as follows.

Theorem 4.2 Assume that p is not restricted, but o is restricted to o > by. Then, the
best equivariant estimator ¢P'(t;'t,, u,|u,) is minimaz in the estimation of the predictive
density under the restricted parameter space.

[3] Case of ap > —oo and by = 0. This case implies that p is restricted as u > ag
and o is not restricted. By considering ©’ = x — ag, we can set ag = 0 without loss
of generality and the problem becomes invariant (as in the previous case) under a scale
transformation. We are thus led to the following.

Theorem 4.3 Assume that o is not restricted, but u is such that u > ag. Then, the
best equivariant estimator ¢P'(t;'t,, u,|u,) is minimaz in the estimation of the predictive
density under the restricted parameter space.

4.2 Bounded case

Concerning the estimation of the predictive density, we have already seen that the best
location equivariant estimator ¢%! (Example 3.1 and Remark 3.1) is generally not minimax
for estimating a location parameter bounded to a compact interval. However, the result of
Kubokawa (2005) suggests minimaxity in the case of an unknown scale, and the following
theorem shows that this suggestion is correct.
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Let us consider the following restriction under the same location-scale families as
treated in the previous subsection:

D ={(o,pu)|ar <p<az, 0<o<b},
where a; and ay are bounded constants and by is a positive constant.

Theorem 4.4 Assume that (u,0) is restricted to D. Then, the best equivariant esti-
mator ¢BL(t; 1, u,|u,) is minimazx for the estimation of the predictive density under the
restricted parameter space.

Proof. We shall check conditions (A6)-(A6-3) in Theorem 2.1. In this case, P =
{(o,p)|ar < p < a2,0 < 0 < by}, Pr = {(o,p)]ar < p < ag,by/k < o < by} for
kby > 1, and V(Fy) = (ag —ay) log k. Take & = (2/logk)log(c/by) + 1 and & = {2/(as —
ar) Hp — (a1 + az)/2}. Letting & = (&, &) = hi((o, ), we see that hy,(Py) = [—1,1]%,
() = ({0 — 00) o k)/A}E and ) F(E)W(EVV(R) = (1/4) f., o FE)E,
which satisfies condition (A7-2). For any € € [-1 +¢,1 —¢]%, let (b,a) = h;'(£). Then,
b= bok©=/2 and a = {(as — a1)/2}&s + (a1 + a2)/2 so that {[h; ' (&)] (o, p); (o, 1) €
P} ={(a/b,(u—a)/b); (o,n) € P} and o /b, (1 — a)/b satisfy the inequalities

ez 27 pa-6)/2
b )

1 k_(fl_l)/Q <’u —a < a2 — I
(14 &) b 2,

a9 — a1
2by

(1 - Gk @D

both of which are satisfied by k=%/2 < ¢ /b < k*/ and

as — a1 , _ —a Gz — a1
——— =<k 5/2</~L <

2bo b 2by

ek—e/?,

Hence, condition (A6-3) is satisfied and the minimaxity of g5/ is established. ]

Note that minimaxity still holds under the restriction Dy = {(o, p)|a; < p < ag, 0 < o}.
However, we could not show minimaxity for the restriction Dy = {(o, u)|a; < p < ag, by <
o}, since we cannot take a sequence so that the lower and upper bounds of (1 —a)/b can
be expanded to the whole real line in the proof of Theorem 4.4. We conjecture that
the best equivariant estimator is not minimax under the restriction D;. From Kubokawa
(2005), we also guess that the best equivariant estimator is not minimax for the restriction
{(o,pw)|ay < £ < az,0 > 0}.

4.3 Multidimensional case

As an extension to a multidimensional model, we consider density functions of the forms
ploe™ t, —p), 0 s, Juy)p.(u,) and q(o 1 (t, — ), o 's,|u,)q, (u,) where u, and u, are
location-scale invariant statistics,

tac - t:v - — Sz Sg
J_l(tx—p,):<—’l Ml,...,—’p ,up) and o leZ( ’1,...,—’p),
g1 Op g1 Op



and o~ '(t, — p) and o~ 's, are defined similarly.
[1] Ordered restriction of locations. We first treat the constraint given by
Ml = {(O',IJ/>|BH/ S Q,01 =" =0p :O-})

where B = (by,...,b,) is a ¢ x p known matrix for ¢ < p, ¢ = (avq,..., )" is a known
vector, and the inequality By < o means that bju < a; for i = 1,...,q. This restriction
means that the location parameters are restricted to the polyhedral convex cone and
includes the positive orthant restriction p; > 0, 2 = 1,...,p, the simple order restriction
< pg <o <y, and the tree order restriction py < py, 1 =2,... k.

Combining the arguments as in the proof of theorem 2.1 in Tsukuma and Kubokawa
(2008) and the proof of Theorem 4.3, we can show the minimaxity of the best equivariant
estimator.

Theorem 4.5 Assume that (o, ) is restricted to the polyhedral convex cone My with
unrestricted unknown scale o. Then, the best equivariant estimator is minimax in the
estimation of the predictive density under the restricted parameter space.

[2] Ordered restriction of scales. We next consider the constraint given by
My ={(o,u)|n € R”, Bn < a},

where nn = (m1,...,m,) for n; =logo, and B and « are the same as defined in M;. This
restriction means that n is restricted on the polyhedral convex cone and includes the
positive orthant restriction o; > 1, ¢ = 1,...,p, the simple order restriction o; < gy <
--- < 0, and the tree order restriction oy < oy, 1 =2,... k.

Since p is not restricted and the problem is invariant under location transformations, we
can consider location equivariant estimators, which depend on ¢, and ¢, through ¢, —¢,.
Thus, the risk function of the location equivariant estimator does not depend on . Then,
the problem can be reduced to estimation in the scale family with the restriction Bn < a.
Hence from the arguments as in the proof of Tsukuma and Kubokawa (2008), it follows
that the best equivariant estimator is minimax.

Theorem 4.6 Assume that (o, p) is restricted into the polyhedral convex cone My with
unrestricted location parameters p. Then, the best equivariant estimator is minimax in
the estimation of the predictive density under the restricted parameter space.

5 Concluding remarks

We have demonstrated that, for many restricted parameter space problems, the best
equivariant predictive density ¢”/ under Kullback-Leibler loss remains minimax, with
constant risk matching the minimax risk. We point out that versions of Theorem 2.1, 3.1,
3.3, and 4.1 also follow from the results of Marchand and Strawderman (2011).
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For lower (or upper) bounded location or scale parameter problems, we have introduced
a novel adaptation of Kubokawa’s IERD technique to show that the generalized Bayes
procedure ¢V with respect to the truncation of the right Haar invariant measure onto
the restricted parameter space dominates ¢%! and is thus minimax. These findings are
analogous to various point estimation results previously established. It seems plausible,
but more research is required, that similar minimax results and ¢”/-gY comparisons hold
for other choices of loss, such as for a-divergence losses (e.g., Csiszar, 1967; Corcuera and
Guummole, 1999). Finally, further analysis of the efficiency of Bayes estimators for other
restricted parameter spaces, such as for univariate compact interval restrictions, represent

challenging and interesting problems for further research.
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