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Abstract

For analyzing positive or bounded data, this paper suggests parametrically trans-
formed nested error regression models (TNERM), which not only include the log-transformed
model, but also adjust flexibly the transformation parameter to fit the data to a normal
linear regression. Conditions on the transformation are derived for consistency of the
maximum likelihood estimator for the transformation parameter. The conditions are sat-
isfied by the dual power transformation for positive data and the dual power logistic
transformation for bounded data. In order to calibrate uncertainty of the transformed
empirical best linear unbiased predictor (TEBLUP), the paper derives prediction inter-
vals with second-order accuracy based on the parametric bootstrap method. Conditional
prediction intervals given data in the area of interest are also constructed. The proposed
methods are investigated through simulation and empirical studies.

Key words and phrases: Box-Cox transformation, dual power transformation, linear
mixed model, nested error regression model, parametric bootstrap, prediction intervals,
small area estimation.

1 Introduction

The linear mixed models with both random and fixed effects have been extensively and actively
studied in recent years from both theoretical and applied aspects in the literature. Of these, the
nested error regression model (NERM) has been used as a unit level linear mixed model in the
framework of small-area estimation. Since direct estimates like sample means for small areas
have unacceptable estimation errors because of small sample sizes in small areas, the model-
based shrinkage methods such as the empirical best linear unbiased predictor (EBLUP) are
very useful for providing reliable estimates for small-areas with higher precisions by borrowing
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data in the surrounding areas. For a good survey on this topic, see Ghosh and Rao (1994) and
Rao (2003).

A convincing example of NERM and EBLUP was given by Battese, Harter and Fuller
(1988), who analyzed data of crop areas in m counties for m = 12. From the i-th county, n;
segments are sampled. Each segment is about 250 hectares, and the area of corn (or soybeans)
in the j-th segment, denoted by y;;, is reported as survey data by interviewing farm operators.
For the j-th segment, on the other hand, the numbers of pixels (0.45 hectares) classified as corn
and soybeans, denoted by z1,; and zy;;, are available from LANDSAT satellite data. Battese,
et al. (1988) analyzed the data successfully using the nested error regression model (NERM) in
the framework of a finite population. Without assuming the finite population model, NERM
is described as

Yij = Bo + Prx1ij + Powaij + vi + €5, (1)

and the problem is the prediction of the mean of crop areas in the i-th county, denoted by

& = Bo + BiT1; + BoaTo + v,

for T1; = Z?’:l x155/n; and Ty; = Z;”:l Tg;j/n;, where v;’s and €;;’s are mutually independently
distributed as v; ~ N(0,02) and &;; ~ N(0,02). For analyzing such unit level data, NERM
and its variants in finite population models are useful. When applying data to NERM, the
following queries are raised:

(I) We are often faced with the case that y;;’s are positive values like the crop areas data.
Fitting such positive data to the normal distributions in NERM may be inappropriate in the
case that the distribution of y;;’s is skewed. As investigated in Slud and Maiti (2006), an
alternate method is to apply the log-transformed data to NERM. However, it depends on
a feature of data whether we treat the original observations y;; or the log-transformed ones
log(y;j). Which method should we use for given data?

(IT) As explained above, the crop areas data y;;’s are bounded above from 250 hectares. For
such bounded data, how should we transform the data to fit to NERM?

A conventional method for the query (I) is the Box-Cox transformation suggested by Box
and Cox (1964), described by

(v —1/A  A#£0,
WPy, A) = { logjy" A=0
179 - M-

However, it is known that the the maximum likelihood (ML) estimator of the transformation
parameter A\ in the Box-Cox transformation is not consistent, which means that EBLUP is
not consistent with BLUP asymptotically. An alternative is the dual power transformation
suggested by Yang (2006), which is given by

b 10g Yijs A=0.



This is a transformation from positive numbers to real numbers, and the ML estimator of A
is consistent. For the query (II), we suggest the dual power logistic transformation (DPLT).
When y;; is restricted on the interval (0,1), the DPLT is given by

A A
Yij 1—yij
g, [ {6 -2 s
Yij _
1og(1,;ij>, A=0.

In this paper, we suggest a general class of parametric transformations h(y;;, A) and consider
the parametrically transformed NERM (TNERM) described as h(y;j, A) = Bo+ 12145 + Bazaij +
v; + €;5. This model has the transformation parameter A which can be used for adjustment,
so that TNERM enables us to flexibly analyze the small-area positive or bounded data. We
clarify conditions on h(-, A) under which the ML estimator A of A is consistent. It is noted that
those conditions are satisfied by both transformations hPF (y,;, \) and hPPE(y;;, \). Base on

the consistency of X, we suggests consistent estimators for the parameters 3, 03 and ag.

For the prediction of §;, the consistent estimators are substituted into BLUP to get EBLUP,
denoted by ££8 which is consistent with BLUP asymptotically. However, an interesting quan-
tity is the inversely transformed value of &;, namely,

h_l (527 A)

rather than &. Then, the predictor induced from the EBLUP £EB is h=1(£EB|X), which we
call the transformed EBLUP (TEBLUP). Since TEBLUP is expected to give reliable predicted
values for small-areas with higher precisions, it is important to assess uncertainty of TEBLUP,
and the following query is raised:

(I1I) How can we measure uncertainty of TEBLUP h~'(£EB, X) as a predictor of h~1(&, \)?
An approach to measuring the uncertainty is to provide an estimate of the mean squared error
(MSE) of TEBLUP. Sugasawa and Kubokawa (2013) gave second-order unbiased estimators of
MSE of fiEB in the parametrically transformed Fay-Herriot model. However, it is not necessarily
appropriate to measure uncertainty of TEBLUP h~!(£#B, ) with MSE as well as a second-order
unbiased estimator of MSE for TEBLUP is hard to derive.

For the query (III), in this paper, we consider to construct a prediction interval of h=1(&;, \)
based on h—l(szB , /):) Since it is harder to derive an analytical prediction interval with suitable
accuracy based on the Taylor series expansion, we here provide a prediction interval with second-
order accuracy based on the parametric bootstrap along the line given in Chatterjee, Lahiri and
Li (2008). We also provide a conditional prediction interval given data in the area of interest.
This corresponds to the results of Booth and Hobert (1998) who discussed a conditional MSE
and its estimation.

The paper is organized as follows: In Section 2, we suggest the parametric transformed
nested error regression model (TNERM) for a general class of transformations. We also pro-
vide conditions on transformations which guarantee consistency of the ML estimator for the
transformation parameter. As useful transformations, we treat the dual power transformation
(DPT) proposed by Yang (2006) and the dual power logistic transformation (DPLT'), which is
newly proposed based on motivation from DPT and logistic transformation. Some consistent



estimators of parameters in TNERM are also given. In Section 3, we introduce the transformed
EBLUP (TEBLUP) and construct unconditional and conditional prediction intervals based on
TEBLUP using the parametric bootstrap method. It is shown that these prediction intervals
have second-order accuracy for nominal confidence coefficient 1 — a. In Section 4, a finite-
sample performance of unconditional and conditional prediction intervals of TEBLUP through
simulation. As an empirical study, in Section 5, we revisit the data given in Battese, et al.
(1988) who handled the original observations y;;’s. Applying the DP transformation to the
data, we observe that the transformation parameter \ is estimated by zero, and this suggests
that the log-transformed model should be used for DPT. Since the crop areas data are bounded
above from 250 hectares, we can also apply the DP logistic transformation. Unconditional and
conditional prediction intervals are given for the log-transformed NERM and the DP logistic
transformed NERM. The concluding remarks are given in Section 6, and the technical proofs
are given in the Appendix.

2 Parametric Transformations of the Nested Error Re-
gression Model (NERM)

2.1 Transformed NERM

Consider the two-stage cluster sampling, namely, m clusters are randomly selected, and data
are randomly selected from each selected cluster. Fori = 1,... m, a random sample taken from
the i-th cluster with size n; is denoted by w1, ..., ¥in,- The most useful model for analyzing
such data is the nested error regression model (NERM) described by

yij:m;jﬂ—i—vi—ksij, izl,...,m,jzl,...,ni, (2)

where v;’s and ¢;;’s are mutually independently distributed as v; ~ N (0, 02) and €;; ~ N(0,02).
Here, a vector &’ denotes the transpose of @, N (u,0?) denotes a normal distribution with
mean  and variance o2, x;; is a p-dimensional known covariate associated with y;;, B is a p-
dimensional unknown vector of regression coefficients, and o and ¢? are unknown components
of variance, called ‘between’ and ‘within’ components, respectively.

The model (2) is a linear mixed model which incorporates both fixed and random effects,
and it has been used for analyzing unit level data in the framework of small-area estimation. If
y;;'s are real-valued data, the model (2) is reasonable. However, it is inappropriate when values
of y;;’s are limited to R, or R 1y, where Ry = {z € R;x > 0} and R, = {z € R;a < x < b}
for the real space R. In this paper, it is assumed that the data take values in D which is
a subset of R, namely, y;; € D. For example, D = R, if y;; is positive, and D = R if
yi; € (0,1) C R. Then, we need to consider a transformation of y;; € D to fit NERM. Let
h(-,A) be a monotone increasing transformation from D to R for given A. The parameter
A is adjusted so that transformed data h(y;;, A)’s can fit NERM. Thus, we can suggest the
parametrically transformed nested error regression model (TNERM)

h(yij,)\):w;jﬁ—i—vi—i—@ij, izl,...,m,jzl,...,ni. (3)



It may be convenient to write the model (3) in matricial forms. Let y = (yi, ..., Yin,)'s
X = (Ti, -, Tin,), € = (€41, ... ,€mm;) and J,,. = (1,...,1) € R™. Also, define h(y;, A) by

h’(yi7 )‘) = (h(yilv >‘)7 s 7h(ymi7 A)),
Then, the model (3) is expressed as
h(yz,)\):Xlﬁ‘i‘Jm'Uz—FGl, 2:1,,m, (4)

and h(y;, \) has an n;-variate normal distribution N, (X3, 0>V ;(p)) where V;(p) = I,,.+pd p,
for p = 02 /02, the n; x n; identity matrix I, and J,,, = j,, ... It is noted that the covariance of

h(y;, A) has the intra-class correlation structure, namely h(y;1, A), . .., h(Yin,, A) are not mutually
independent when p # 0. Let N = Y ™™ n;. All the data y,;’s are described as the N-
dimensional vector Y = (y.,...,y.,)". Then the joint density function Y is expressed as
F(Y) = @m) Mo [T det(Vi(p) [T T T fr (5, )
i=1 i=1 j=1
< exp{ 0. 22 (¥ ) = XB)Vilp) bl ) - XB)}. ()

where [[i2, [T5Z, he(yij, A) is the Jacobian of the transformation for h,(z,\) = dh(z, \)/dz.
This expression will be used for estimating the unknown parameters 3, o2, 0% and \.

For the parametric transformation h(x, A) given in the model (3), we need to assume con-
ditions under which existence of an estimator of A and its consistency are guaranteed. For
notational convenience, let hg,ay...a, (z, \) for ay,as,...a, € {x, A} be the partial derivative of
h(z,N), i.e. hayayea,(T,A) = 0" f(x,\)/0ay ...0a,. For example, hy,(z,\) = 0*h(x, \)/0z?,
hox(z, A) = 0?h(z,\)/0xON and others. Moreover Ay ay..q, (¢, A) OF hayay.a, (x,¢) for ¢ € R
means that fg,ay..a, (T, A)|z=c OF Rajay.a, (T, A)|a=e respectively.

Assumption 1. The function A(-, A) is a transformation from D to R which is characterized
by the parameter A € A(C R) and satisfies the following:

(A.1) h(z, ) is a monotone increasing function of x (x € D) and its range is R.

(A.2) h(z,\)and h™!(z, \) are three times continuously differentiable, where f(x,\) = h™(z, \)
is the inverse function of h(z, A) defined by x = h(f(x,\), \).

(A.3) The moments of the following exist for each fixed A € A:
(1) {ha(z, A)}? and {(9/0N) log(h(x, \)}2,
(2) {ha(z, M}, {’m(ﬂ? >\)}2 and {(0%/0A?) log(h.(z, A))}2,
(3) h=t(z, ), hyt(z, \), by (2, A), hit (2, \), hpt(x, A) and hyy (2, )),
where their expectations are taken with respect to h(z, A) which is normally distributed.

Condition (A.1) means that the transformation is a one-to-one and onto function from D
to R. Clearly, (A.1) is not satisfied by the Box-Cox transformation (Box and Cox, 1964),
but by the logarithmic transformation. Conditions (A.2) and (A.3) will be used for estab-
lishing consistency of estimators including transformation parameter A and for constructing
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prediction intervals. Especially, (A.2) and (A.3) (1) guarantees that the random variable
F(B(A),5%(\),52(\), \) given in (12) converges in probability, and (A.3)(2) guarantees that
(8/ONF(B()N),52(N),52()), A) converges in probability.

We here provide a couple of examples of the transformations which satisfy Assumption 1.
One is the dual power transformation suggested by Yang (2006) for analyzing positive data,
the other is the dual power logistic transformation which is useful for analyzing data taken in
the interval D = (0,1). The dual power logistic transformation has not been known as long as

we know.

Example 1 (Dual Power Transformations). For > 0, the dual power transformation (DPT)
is described as

(2 — 7)) /2, A >0,

6
log x, A=0. (6)

hPF (2, )\) = {
Although the Box-Cox transformation does not satisfy assumption (A.1), the dual power trans-
formation satisfies (A.1). As shown later, the maximum likelihood estimator of A for hP* (z, \)
is consistent, while the MLE of the transformation parameter in the Box-Cox transformation
is not consistent. This shows that the dual power transformation is useful for constructing pre-
diction intervals by replacing A with the MLE. It is noted that for z = hPP(x, \), the inverse
transformation is expressed as

x:(AHm)”

for A #£ 0, and x = €* for A = 0. Then, it can be easily shown that DPT satisfies Assumption
L.

When data are restricted on the space {x € R|xz > a} for a € R, DPT can be extended to
hPP(z — a, \) for analyzing data on the space. O

Example 2 (Dual Power Logistic Transformation). To analyze the data in the interval D =
(0,1), we newly propose the dual power logistic transformation (DPLT). This is naturally
induced from DPT by replacing = in hPF(x, \) with the odd (1 — z)/z. Thus, for 0 < x < 1,
the DPLT is given by

A A
el 2\, A >0,
e - 1 1(5) (%) -
log (123 ). A=0.
Using the expression of the inverse transformation of DPT, one gets the inverse transformation
of DPLT, given by

(e vaEEe) 2
s (e vaesr) "

for A # 0, and x = €*/(1 + €*) for A = 0. Then, it can be easily shown that DPLT satisfies
Assumption 1.

When data are restricted on the interval (a,b) for fixed values a and b, (a < b), DPLT can
be extended to hPPL((z—a)/(b—a), \), since (x—a)/(b—a) lies in (0,1). Thus, we can analyze
data on (a,b) using hPPE((x —a)/(b — a), \). O




2.2 Consistent estimators of the parameters

We here provide consistent estimators of the unknown parameters 3, o2, 02 and A. To this
end, we begin by estimating 3, o2 and ¢2 in the case of known A. In this case, the conventional
estimators given in the literature for NERM (2) can be inherited to the transformed model.

Concerning estimation of 3, the maximum likelihood (ML) or generalized least square (GLS)

estimator of 3 for known 02,02 and \ is
-~ i n,a‘cla_:’ -1 TLZCE'ZZZ<)\)
N (30 Ly § () :
Al A) Z,Zl]._’_nip ; 1+mnp ®)

where p = o7 /07, @; = 31", xi;/n; is the mean of covariates @;;’s for the i-th area, and

1 & ,

ZZ()\):n_ZZh(yW’)\)’ Z:]-a"'?mv
7=1

is the mean of the transformed observations. Since B(p, \) ~ No(B, D00 (njoi+o?) Inz;a'} ),

it is clear that B(p, A) is consistent and B(p, A) — B = O,(m~?) under the following assump-
tion:

Assumption 2. The following are assumed for x; and n;:
(A4) m™1 3" &;&, converges to a positive definite matrix.

(A.5) There exist integers n and 7 which are positive and independent of m such that n <n; <7
fori=1,...,m.

Since 02 and o2 are unknown, we estimate them and then substitute their estimators into
B(p,\). In NERM (2) with known ), for 62 and o2, the Prasad-Rao estimator, the maximum
likelihood (ML) and the restricted maximum likelihood (REML) estimators have been used in
the literature, and it would be plausible that those estimators can be used still in TNERM (3)
by replacing A with an estimator. We here clarify conditions that estimators of 02 and o2 should
satisfy in order to derive prediction intervals given in this paper. For notational convenience,
O,(a,) means that every component in O,(a,) is of order O,(a,), and the notation O(a,,) is
defined similarly.

Assumption 3. Let &%()\) = (62()\),52(\)) be an estimator of 0> = (02,02)" in the case of

known A. Then it is assumed that the estimator &2()\) satisfies the following:
(A6) (% (A) — ®)|y; = Op(m™'7).

(A7) Bla*(\) — a®ly,] = Oy(m™).

(A.8) 95°(N)/OA|y; = O,(1).

(8.9) (08°(N)/0X — B[05°(\)/0A]y.] ) [y, = Op(m™2).



Condition (A.6) implies that the estimators o2()\) and 2(\) are consistent. Conditions
(A.7) and (A.8) will be used for investigating asymptotic properties of &*(\).

Substituting p(\) = 52()\)/3%()\) into B(p, \), one gets the estimator ,@(x\) defined by

o~

BO) = B(AN), A).

It is noted from (A.8) that p(A\) — p = O,(m~1/2). Some asymptotic properties on ,/3\()\) are
given in the following lemma which will be proved in the Appendix. Lemma 1 will be used in
Theorem 1 for showing the second-order accuracy of the parametric bootstrap procedure.

Lemma 1 (Asymptotlc properties of ﬁ( )). Under Assumptions 1, 2 and 3, it holds that

(BO) = B)|y; = Op(m™"2), E[BO\) - Bly,] = Oy(m™") and
(9B)/0x — BIOB() /0N ]y] ) [y, = Oy(m™12).
We here provide some conventional estimators of o and o2 and show whether those esti-

mators satisfy Assumption 3.

[1] Prasad-Rao estimator. Let X = (X,...,X ) and E = blockdiag(E,..., E,,)
for E; = I,,, — n;*J;. Defined h(Y,\) by

h(Y,\) = (h(y,,\), ..., h(y,,,\))".

Then define S; and Sy by S; = h(Y ,\)'(Iy — X(X'X) ' X )h(Y,\) and Sy = h(Y ,\)(E —
EX(X'EX)'X'E)h(Y,)\). Then, Prasad and Rao (1990) suggested unbiased estimators of
02 and o2 given by

/\2 SQ

~2
——  and O
OePR= N _ P PR

- N_p)ae‘PR}7 (9)

where N = Z;”lnz and N, = N — tr {(X'X)"' 3" n?Z}@;}. The Prasad-Rao estimator

estimator of o is denoted by 65, = (62 pg, 02 pg). It is noted that N = O(m), N —m —p =
O(m) and N* = O(m) under Assumption 2.

[2] ML. The maximum likelihood (ML) estimator &5,; = (62 ,.,024) of 62 = (62, 02)
are given as the solutions of the equations

Li@3) =0 and  Ly(G3,) =0, (10)
where
m R nip o~ " n; 1%
Lao®) = 5 3 Il ) = XiBlo ) = 71— (a0 = @Bl Al =3 (1 - 1
[ 1 =1 € !
L 2\ = nz )\ 7//\ )\ 2 S nz
2(0)_2(02+n02)2{ i) = ZiBp,A) } _202—1-7102
i=1 e ? i=1 ¢ T



[3] REML. The restricted maximum likelihood (REML) estimator 65,7 = (62 pasrs 02 pars)
of o? is given as the solutions of the equations

0=Li(a?) +tr[(X' X)) ' X'22X], 1)
0= Ly(a?) +tr[(X'T'X) ' X'2'Z2 71 X],

where ¥ = blockdiag(a?V 1(p),...,02V .(p)), the covariance matrix of h(Y, \).

The following lemma guarantees that the above three estimators satisfy Assumption 3,
where the proof will be given in the Appendix.

Lemma 2. Under Assumption 1 and 2, the above three estimators G py, Gy and &y Satisfy
Assumption 3.

Lemma 2 means that Assumption 3 is not so restrictive, because it is satisfied by the three
typical estimators.

__ Finally, we provide an estimator of the transformation parameter A based on the estimators
B(N), 72(\) and 52()\). Using the likelihood (5), we suggest the estimator as a solution of the
equation

F(B(),52(V),52(\),\) =0, (12)
where

m

F(8.0%.02.0) = 023 (h(w, ) ~ X8) Vi) (o h(w, ) + 107,

=1

for

x/\ yljv
- S8

yzg7

Lemma 3. Under Assumptions 1, 2 and 3, the equation (12) includes a solution which is
consistent to \. This solution is denoted by \. Then, (A\—\)|y; = O,(m~'?) and E(A—\|y,) =
Op(m™1) under .

It is easy to see that E(/)\\ — ) = O(m™") from Lemma 3 since E(X —A) = E[E(X — Ay,
Based on the results given in the above lemmas, we can get the following asymptotic properties
of estimators of the unknown parameters in TNERM (3). The proof is given in the Appendix.
Lemma 4. Let = (3',02,02,)\) and 6= (B(/)\\)' 02(:\\) 02(/):),/):)’. Under Assumptions 1, 2

) v e’ ) v ) e

and 3, we have (8 — 6)|y, = O,(m~'?) and E0 -6y, = O,(m™) fori=1,...,m

The latter property that E(a — 0ly,) = O,(m™") is technical but crucial for the proof of
theorem 1 in Section 3, which gives validity of bootstrap method for constructing prediction
intervals of TEBLUP.



3 TEBLUP and Prediction Intervals

We now provide the transformed empirical best linear unbiased predictor (TEBLUP) for small
area estimation and construct the prediction intervals based on TEBLUP as a measure of
uncertainty of the predictor. Since TEBLUP includes the estimators of the parameters 3, o2,
o2 and ), it is difficult to construct an exact prediction interval. Thus, in this section, we try
to construct a prediction interval with the second-order accuracy. To this end, the asymptotic
results given in the lemmas in the previous section are heavily used.

3.1 TEBLUP
We here consider the problem of predicting the quantity
h_l(&;, )\) for fz = i;ﬁ + v;.

When 0 = (3,02,02,\) is known, it is well known that the conditional distribution of & given

) v

y, is N'(&(8),0?), where

& =6(0) = Blely) = 28+ 1 — (2(0) — 2/P), (13)
and 2
2 _ 2 2y _ 9y

ot =0i(0") = (14)

The estimator 51(0) is the Bayes estimator of &; in the Bayesian context. Substituting the GLS

~

B(p, \) given in (8) into (13) yields the predictor
— 17 nip —1 7

: A (\) — A)).
#B(0N) + o ((N) — #B(p, )

It is known that this estimator is the best linear unbiased predictor (BLUP) of &. For o2,
o2 and ), we substitute the estimators given in Section 2 into the BLUP, and the resulting
predictor is given by

&7 =6(0) = B+ L= (= () - ), (15)

where, for simplicity, we use the notations 3, 02,52 and p as abbreviation of B (/)\\), Er\g(/):), 83(/):)

~,

p(\) = 52(\)/52(X) without any confusion. The predictor (15) is called the empirical best linear
unbiased predictor (EBLUP). In the Bayesian context, it corresponds to the empirical Bayes
estimator of &;.

Since our interest is in the prediction of h=1(&, \), we need to make the inverse transforma-
tion of £FB. Tt should be remarked that the inverse transformation depends on the unknown
transformation parameter . Hence, the transformed predictor of h=1(&;, \) is given by

hHEPR ),

which is called the transformed empirical best linear unbiased predictor (TEBLUP). For the
purpose of measuring uncertainty of TEBLUP h=1(£EB ), we construct the prediction interval
via parametric bootstrap methods, which will be derived in the following subsections.
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3.2 Unconditional prediction interval based on TEBLUP

We construct a prediction interval of A=1(&;, \) with a second-order accuracy for & = @3 + v;.
Recall that conditionally &y, ~ N (£(8),02), where &(8) and o2 are given in (13) and (14),
respectively. This conditional distribution given y, implies that

_l{h 5@7 )a)‘)_§<0>}
is a standard normal pivot since h(h™1(&, \), \) = &.

Let 62 = 52/(1 + n;p). For £FB given in (15), we want to obtain a distribution of

T, = Ty, M\, 0,y;) = 5, H{h(h 1 (&, \), \) — EPP Y. (16)

This distribution is denoted by L,,. If there were constants a, and b, such that Pla, <
o AR (& N), ) — EFB} < b,] =1— @, one would get a 100(1 — @)% prediction interval

&, N) € [WHEPE + andi, N), hH(EPE + 0,53, N)].

However, h(h™1(&, ), ) is directly affected by the randomness of \, and the distribution £, of
(16) depends on unknown parameters. Thus, a, and b, are not free from unknown parameters.
A feasible approach is an asymptotic approximation of £,,. Since the estimator 0 is consistent
from Lemma 4, it can be seen that £,, converges to the standard normal distribution as m tends
to infinity. By approximating a, and b, with quantiles of the standard normal distribution,
we can construct a prediction interval of h='(&;, \). However, the accuracy of this prediction
interval is of order O(m™'), so that such an approximation does not guarantee enough accuracy.

To obtain a prediction interval with accuracy up to O(m ~3/2) | we consider to estimate the
distribution £,, based on the parametric bootstrap method. Let y;;’s be a bootstrap sample
which is generated as

yi; =h Y] B+v +5U,)\), i=1,....m, 7=1,...,n;,

where v}’s and &};’s are mutually independently distributed as v;' ~ N'(0,57) and }; ~ N'(0,57).

The estimator 0 = ((B ), Eg*, ol >\*) is calculated from y;;’s with the same methods as used
to obtain 6. Let EEBx — [3 (nip* /(1 4+ n;p*))( z( *) — :I:Z,B ) and 63 = 52* /(1 + n;p*) for
pr=0y/52 and zf(N\*) = n; 7t X0 h(yjy, ). For & = &8+ vj, con81der the distribution of
T7 = (@) R E N, A7) = €7 (17)

7

which is denoted by £ . As shown in Theorem 1 given below, the distribution £,, in (16) can
be approximated by the bootstrap distribution £, with accuracy of order O,(m~*?2). Using
this approximation, we then proceed to obtain a prediction interval.

Theorem 1. Under Assumptions 1, 2 and 3, we have

sup | £, (q) — £7,(a)] = Op(m™*?). (18)

geR
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The proof of Theorem 1 is given in the Appendix. A direct application of Theorem 1 is the
following result on highly accurate prediction intervals.

Corollary 1. For any o € (0,1), let ¢1 = ¢1(Y) and g2 = q2(Y') be appropriate quantiles based
on the bootstrap sample such that

Lo(a2) = Lo(q) =1 —«a,

where L (-) is the distribution function of T}. Then, one gets the prediction interval of
h=1 (&, A) given by
Im = [h_l(giEB + QIaiu )‘)7 h_1<§iEB + QZazﬁ A)} (19>
Under Assumptions 1, 2 and 3, it holds that
P(h7H &, \) € 1,) =1 —a+O0(m™/?). (20)

Corollary 1 gives us a highly accurate prediction interval of h=*(&;, \) based on TEBLUP.
The prediction interval I, implies that one can figure out precision of TEBLUP with the length
of the interval I,,,. It is also noted that the coverage accuracy of the prediction interval given
in Corollary 1 can be further improved up to O(m~°/2) with one round of calibration.

3.3 Conditional prediction interval

We next construct a conditional prediction interval given data in the area of interest. When data
y, are observed from the i-th area, Booth and Hobert (1998), Datta, Kubokawa, Molina and
Rao (2011) treated the conditional MSE of the EBLUP ££2 given y;, namely, E[(££8 —&)2|y,].
This conditional MSE measures how much the EBLUP has an estimation error given this data
y,;, and this conditional approach may be appealing because it conditions on the data in the
area of interest. In this subsection, we construct a conditional prediction interval I given y,
such that

P(RHEN) € I ly;) =1 — a + O,(m™3/?). (21)

To this end, we need to approximate the conditional distribution of 7; = T;(&;, )\,5, Y;) =
o {h(h7 (&N, \) — éLEB} given y,;. Denote this conditional distribution by £& = L¢ (-|y;).
The difference between the unconditional and conditional prediction intervals is that the uncon-
ditional distribution of 7; is considered in (16), while the conditional distribution of 7; given
y, is treated. It is noted that there is a correlation between & and y, in (21), namely, the
conditional distribution of & given y; is N'(£(0), 02) for &(8) and o2 given in (13) and (14).

Since it is difficult to derive an exact conditional distribution of 7; given y,, we suggest to
approximate it via the parametric bootstrap method. A bootstrap sample is generated as

y;;j:h’l(a:;j,@—i—vZ—l—ezj,X), k#i, k=1,....m, j=1,... ,ng,

where v;’s and &f;’s are mutually independently distributed as vy ~ N(0,57) and &f; ~
N(0,62). Let yi = (Yiy,---»Yin,) for k # i. Noting that y, is fixed, we can construct

the estimator 8,y = ((B(;))', 05 Ooiays (i) from

* * * *
y17 s 7yi717yi7yi+17 s 7ym7
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with the same technique as used to obtain 6. Let éEBC* = 5:’3* (n@fo”&)/(l +1i01)) (i (Xa)) _
T;B;)) and 575" = 02r) /(1 +mnipy,)) for pjy = 5o,y /52 and Zz()\ ) =it 30 By, Gy )- Let

£ be a random variable having N (§ZEB AQ) for fEB = §,(9). Then, for fixed y,, we consider
the distribution of

which is denoted by L = L&(-|y;). Similarly to the unconditional case, we can obtain a
conditional prediction interval via the parametric bootstrap approximation.

Theorem 2. Under Assumptions 1, 2 and 3, we have

sup |7, (aly;) — L5 (aly:)| = Op(m ™). (23)

geR

The proof of Theorem 2 is given in the Appendix. From Theorem 2, we obtain a conditional
prediction interval with second-order accuracy.

Corollary 2. For any o € (0,1), let ¢f = ¢5(Y') and ¢5 = ¢5(Y') be appropriate quantiles based
on the bootstrap sample such that

ﬁf?i(qélyi) - Efi(qfly,) =1-aq,

where L3 (-|y;) is the distribution function of T¢). Then, one gets the prediction interval of
(&, \) given by
I, = [W7H (77 + 4iai, A), hHET" + 553, )] (24)
Under Assumptions 1, 2 and 3, it holds that

P(h" &, \) € IS|y;) =1 —a+ O, (m=3/2). (25)

4 Simulation Studies

In this section, we investigate finite performances of the unconditional and conditional pre-
diction intervals suggested in the previous section for the DP and DPL transformations. The
performances are examined by Monte Carlo simulation in the case of ;;3 = p without covari-
ates as treated in Chatterjee, et al. (2008).

In the simulation experiments, 1,000 observations for y;; are generated as y;; = h™'(v; +
gij, A),t=1,...,m, j=1,...,n; for m =10, n; =5 and A = 0, 0.5 and 1.0, where v;’s and
g;;’s are mutually independently generated from N'(0,1) with u =0, 02 = 1 and 62 = 1. The
frequency of the prediction interval which includes h™(&;, \) is counted for ¢ = 1,...,m, and
the coverage probability is estimated by dividing the total number of the frequency by 1,000,
where the size of the bootstrap sample is 200. The expected length of the prediction interval
can be also estimated as an average length by a similar method.

Under the above simulation, we investigate the performances of the unconditional prediction
interval and compare it with the naive prediction interval given by

[}fl(ézEB — Za/20i, X), hH(EFP + zoc/2a-\i7/>:)}7 (26)
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where 2,5 is the upper a/2 quantile point of the standard normal distribution. This is an em-
pirical Bayes confidence interval which is derived by substituting the estimators into the Bayes
confidence interval. The maximum likelihood estimators are used for the variance components
02 and o2. Table 1 reports the coverage probability (CP) and the expected length (EL) of the
two unconditional prediction intervals (19) and (26) based on the bootstrap method (BT) and
the naive method (NV). From Table 1, it is observed that the naive prediction interval is not
appropriate since it does not satisfy the nominal confidence coefficient 1 — a = 0.95, while it
gives a shorter length than BT. The prediction interval (19) based on BT has the coverage
probability close to the nominal level 0.95. This shows that the correction by the bootstrap
method works well.

Table 1: Values of Coverage Probability and Expected Length of the Unconditional Prediction
Interval with Confidence Coefficient 1 — a = 0.95

NV BT NV BT NV BT

DPT CP 91.7 96.1 90.6 94.2 90.6 96.3
EL 264 391 200 240 1.50 5.50

DPLT CP 91.0 954 91.2 95.6 90.7 954
EL 032 041 030 045 0.27 0.37

We next investigate a performance of the conditional prediction interval given in (24). The
same simulation setup as used above is treated for A = 0.5 except for fixing initial values of y,’s.
We first generate initial observations of y,’s from the model described above for i = 1,...,10
and fix them. Then, the conditional prediction intervals given y, are constructed based on
the quantiles of the parametric bootstrap samples. The coverage probability (CP) and the
expected length (EL) of the conditional prediction interval are reported in Table 2 for TNERM
with DPT and DPLT, where the values of 3, are the averages y; of the given values y, for 10
areas. From Table 2, it is revealed that the coverage probabilities of the conditional prediction
intervals are close to the nominal level 0.95 for DPT and DPLT. It is interesting to point out
that the expected length of the conditional prediction interval for DPT is larger as the value
of y; is larger, while the expected length in the case of DPLT is not affected by the value of
y,. This property of the conditional prediction interval for DPLT is quite different from the
unconditional prediction interval.

5 Application to the crop areas data
We now apply the unconditional and conditional prediction intervals to real data. The data we
handle is the crop areas data given by Battese, et al. (1988), which have been used repeatedly

in the literature. Note that the crop (corn) areas data y;;’s are positive and bounded above
from 250 hectares. Thus, we can apply the two kinds of transformed nested error regression

14



Table 2: Values of Coverage Probability and Expected Length of the Conditional Prediction
Interval with Confidence Coefficient 1 — a = 0.95

area 1 2 3 4 5) 6 7 8 9 10
y, 044 045 1.74 191 211 225 247 346 3.84 6.58

DPT CP 951 949 970 954 955 96.3 978 96.2 952 934
EL 090 0.84 333 348 3.79 395 430 533 523 6.12

y;, 026 038 044 047 049 050 0.52 0.60 0.66 0.68

DPLT CP 952 957 949 96.3 955 974 951 977 96.6 96.2
EL 033 041 042 047 041 059 043 049 0.39 0.37

models (TNERM) with the dual power transformation (DPT) and the dual power logistic
transformation (DPLT).

We begin by applying TNERM with DPT, described as

A Y
Yis — Yi4

2)\ = BO —+ 511‘{27 + ﬁg[L‘;ij + U; —+ €ij, 1 = 1, ey 12 (27)

for ij = log(x1,;) and x;lij = log(zy;;), where x1;5, o5, v; and €;; are defined around (1). The
quantity of interest is the crop areas in the i-th county given by

m=<A€i+\/A2§§+1)1/A, i=1,...,12

where & = By + 51 2?1:1 mL]/nZ + B 271:1 xglj/n, + v;. Then the estimAates of the parameters
B = (8o, B1, 32), 02, ¢ and A via the maximum likelihood method are 8 = (0.26,0.84, —0.05),

0, = 0.05, 5. = 0.14 and A = 0.00. These estimates demonstrate a couple of important features
of data.

First, the estimate Bz = —0.05 suggests that the variable x9; does not affect the survey data
y;; of corn. This observation seems natural because x3; denotes the numbers of pixels classified
as soybeans from the satellite data.

Secondly, the estimate of \ gives )= 0.0, which recommends the logarithm transformation
in model (27). Thus, in analysis of the crop areas data in model (27), we suggest the log-
transformed NERM given by

log(yi;) = Bo + S1x1ij + Bataij + vi + €4 (28)

Since the model (28) does not contain any transformation parameters, we can obtain the pre-
diction intervals more easily based on the parametric bootstrap method given in Chatterjee,
et al. (2008). Then, based on 1,000 bootstrap samples, we can construct unconditional and
conditional prediction intervals, which are illustrated in Figure 1. From Figure 1, it is revealed
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Figure 1: Conditional (right) and Unconditional (left) Prediction Intervals in Model (28) (The
solid line denotes TEBLUP and the two dotted lines denote the upper and lower bounds of
prediction intervals of each county.)

that the lengths of both prediction intervals are shorter as the sample size is larger. It is also
seen that the length of the conditional prediction intervals is larger than that of unconditional
ones.

We next try to apply TNERM with the dual power logistic transformation. As explained
in Section 1, the crop areas data y;;’s are bounded above from 250 hectares, which means that
100 x y;;/250 indicates percentage of crop areas in 250 hectares. Then, the scaled observation
2ij = ¥;;/250 lies in the interval (0, 1), and we can apply TNERM with DPLT, described as

A -2 * *
2\ 71{ Zij . Zij }: 1 lij 1 2ij e (29
2 (1—21'3' 1 — z; fort-frlog 1 —a7 bz log 1— a3 toitey, (29)

1ij 245

where x7;; = 0.4521;;/250 and x3;; = 0.4524,;/250. Note that 0.45x1;; and 0.4579;; are bounded
above from 250. The estimates of parameters by the maximum likelihood method are given
by B = (—0.23,0.85,—-0.05)", 5, = 0.11, g, = 0.28 and A = 0.37. Since the estimate of A is
away from 0, this shows that the standard logistic transformation is not appropriate in the
framework of model (29). It is noted that the estimate Bg is close to zero, which implies that
the survey data of corn areas are not affected by xs;;, the number of pixels of soybeans. This
observation coincides with the analysis based on model (27). Based on 1,000 bootstrap samples,
we get the unconditional and conditional prediction intervals, which are illustrated in Figure
2. Similarly to Figure 1, Figure 2 shows that the length of both prediction intervals is shorter
as the sample size is larger, and that the conditional prediction intervals are longer than that
of the unconditional ones. Comparing Figures 1 and 2, we can see that the lengths of the
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prediction intervals in model (29) are longer than larger than those in model (28). This may
be caused from the prediction intervals based on model (29) involve error in estimation of A.

o

o o
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> > 4
°© °©
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2 g 2 g
2 - 2 -
o o

O_ m_
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2 4 6 8 10 12
County County

Figure 2: Conditional (right) and Unconditional (left) Prediction Intervals in Model (29) (The
solid line denotes TEBLUP and the two dotted lines denote the upper and lower bounds of
prediction intervals of each county.)

Finally, we investigate how different the predicted values of h7'(&;, \) are among TEBLUP
in (28), TEBLUP in (29) and EBLUP in the non-transformed model given in Battese, et al.
(1988) defined as

Yij = Bo + Pix1ij + Baxaij + vi + €45, (30)

Those predicted values are reported in Table 3 for twelve counties. Although the sample means
for small sample sizes seem unreliable, those sample means are much shrunken by EBLUP and
the two TEBLUPs. EBLUP and the two TEBLUPs give slightly different predicted values, but
perform similarly.

6 Concluding Remarks

In this paper, we have suggested the parametric transformed nested error regression model
(TNERM) as a new unit-level model for analysis of positive or bounded data. We have provided
the procedures for estimating unknown parameters including the transformation parameter as
well as regression coefficients and the variance components. Conditions on the parametric
transformation has been derived for consistency of the estimation procedures. The conditions
are satisfied by the dual power transformation for positive data and the dual power logistic
transformation, which we newly proposed in this paper, for bounded data. The transformed
EBLUP (TEBLUP) has been made based on the consistent estimators, and unconditional
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Table 3: Predicted Hectares of Corn via EBLUP in NERM and TEBLUP for DPT and DPLT

sample sample EBLUP TEBLUP TEBLUP

County size mean in (30)  in (28) in (29)
Cerro Gordo 1 165.8 155.0 154.3 157.2
Hamilton 1 96.3 89.2 89.2 88.2
Worth 1 76.1 99.1 99.3 98.5
Humboldt 2 150.9 157.7 153.1 161.6
Franklin 3 158.6 144 .4 140.2 144.9
Pocahontas 3 102.5 95.3 90.8 93.0
Winnebago 3 112.8 117.3 114.5 116.8
Wright 3 144.3 142.3 136.5 147.8
Webster 4 117.6 111.1 109.1 110.3
Hancock 5 109.4 112.4 111.1 112.1
Kossuth 5 110.3 119.3 117.5 119.6
Hardin 5 114.8 115.5 111.6 115.1

and conditional prediction intervals with second-order accuracy have been constructed based
on the parametric bootstrap method. It has been confirmed by simulation that the coverage
probability of the suggested prediction intervals is close to the nominal level 0.95. It has been
pointed out that the conditional prediction interval given y, gets wider as the average value ¥,
is larger.

The crop areas data treated in Battese, et al. (1988) are positive and bounded above from
250 hectares. We have analyzed the data in the two ways, TNERM with the DPT and DPLT,
and we have provided reasonable conditional and unconditional prediction intervals.

Our proposed methodology based on the parametric transformation is regarded as a new
framework to cope with small-area data, and we hope further development will be studied from
theoretical and practical aspects in statistical inferences.

Appendix

All the lemmas and theorems given in this paper will be proved here. In their proofs, the fol-
lowing fact will be heavily used: Assume that for i = 1,...,m, a function ¢(y,) is independent
of y; for j # 4, and that ¥ (y;) = Op(1) and E[i(y;)] = O(1). Then, it follows from the Law of
Large Numbers (LLN) that

%Zlﬁ(yg)

y,=0,(1), i=1,...,m. (31)
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Moreover, if E[¢?(y,)] = O(1), then from the Central Limit Theorem (CLT), one gets

T%(Z 0ly,) - B[Y - vty)lwl )|y

where (+)|y, denotes a random variable given y,.
In the proofs, for notational simplicity, we treat the case of i« = m without loss of generality.

i=0,(1), i=1,...m, (32)

A.1 Proof of Lemma 1. Recall that B(\) = B(5(\), A). It is noted that

B - B =Blp ) - g+ (220N LY () - )+ 0N — ) (33)

Here 0,@(,0, A)/Op is expressed as

o= (Emf o) > T (Bl )~ B ()

where B'(p, \) = (X0, n2; /(L+mp)?) "' S i)/ (1 4+ mip)?. Note that (B'(p, \) -
B DY = Op(m ~1/2) since (,6 (p;N) — B)|y,, = O,(m~?) from (32) and Assumption 2.
Thus, (8(p, A)/0p)|y,, = Op(m~Y/2). Also, 5 — p can be expanded as

PN = p=—(Ge(N) —07) - %(33,(/\) —0,) +0p(m™), (34)

which implies that (p(A)—p)|y,, = Op(m~2) and E[p(\)—ply,,] = O,(m~!) from Assumptions
(A.6) and (A.7). Combining these observations and applying (32) to the first term in the r.h.s.

of (33), one gets (B(A) — )\ym = 0,(m™/?) under Assumptions 2 and 3.
To show E[B(A) — Bly,,] = O,(m~Y?2), from (33), it is sufficient to show that E[B(p, ) —
Bly,,) = O,(m™1). Note that B(p, \) — B is rewritten as

Nn;&; f,_C ) zm: nzwz Zz - :B//B)

+ n;p 1—|—an

'MS

Il
R

Blp,\) — B = (

(

Noting that zy(A), ..., zm—1(A) are independent of y,,, z;(X) = O,(1) and > " |, n@;&;/(1 + nip) =
O(m) under Assumption 2, one gets

~ s B\ @ (2 (V) — 2,8) .
ElB(e ) = Bluml = (X 7570) Ch = 0y,

(2

Ms

5! ) (%: i (z;(\) — &,3) N M@ (2 (N) — @;nﬁ))

- +mp 1+nzp L4 nmp

(2
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To show the third part, by straightforward calculation, one gets

where B'(X) = (X, n2@@/(1+ nd(V)2) ™ 0, n2z(0)/(1+nd(V)2,

95()) 1 Do

Since BT()\) -8B = Op(m_1/2), we hav
A)/ONy,,, = Oy(1) from Assumption

[85< )‘ym} _ <i n,TiT; )‘1 <mZ1 n @ Blzi(M)] I nmijmO‘)) 0, (m V).

o\ — 1+ nip 14+ n;p 14+ npyp

B\ — B'(\) = 0,(m™Y2). Also note that that
.8). Then, we have

—~ @
s
OO

Hence, one gets

(- e[ 250 )\ymD\ym

o)) O\
1 — LT, \ ~Lym — n;T;
(i) U v L T ) B} 0y

which is of order O,(1), since from CLT and Assumption 2,

\/% Z 1?2;} () = BlaV]} = 0p(1)

=1

Therefore, Lemma 1 is proved. n

A.2 Proof of Lemma 2. We can easily verify that Assumptions (A.6) and (A.7) are satis-
fied for the three estimators of o based on their stochastic expansions given in Prasad and
Rao (1990), Datta and Lahiri (2000) and Das, Jiang and Rao (2004). Thus, we shall check
Assumptions (A.8) and (A.9) for i = m

[1] PR estimator. Recall that 6%, is given in (9). For S,
0
1))

= % ; h(ym )‘),Mz (%h(ym )‘)> + 0P<1)

1 o L $i) = %h(Y, N (v = X(X'X) X)) 55

o h(Y, /\)>

- %f’b(ymk)'Mi(%h(ym)) + %h@m’A)IM (aaA (ym’A)) Fopll)
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where M; = I,,, — X;(X'X)"'X. Then from (31) and (32), it follows that

0
O\

lE[ S1(A ‘ym] = Op(1) and i(aaxslw 1E[8a)\ ‘ymmym_op(m_l/z)‘

For S,, we can show similar properties since

9 / !
555:(0) = 2h(Y. M) (E - BEX(X'EX)'X E)<

Thus, Assumptions (A.8) and (A.9) are satisfied.

)
STh(Y. A)).

[2] ML. The ML estimator &5, is given in (10). From the implicit function theorem,

0 -1
aUML()‘) =I(\)"J(N),

where

. Ill()\) ]12()\) . (9L1(a'2,/\)/80§ 8L1<0’2,)\)/80'3
I\ _<121(/\) IQQ(A)) = (8L2(0'2, N/002 DLa(o?\) /aag>
0,

TO) =0 B = (Grh@ | et Y 69

_O-ML

Y

2
02=0 (N

By straightforward calculation, it is shown that

0

1 m
—Li(6%\) = — h(

X:Bp.
~<xz+1fr:;p' >< ),
e = (3150 z g

which is of order O,(1) under Assumption 1 and 2. Then from the above expression, it easily
follows that

—((\) — &B(p, V)4

where

1 _741m v oa up U VAY
—I(N) =0, izl(h«ui, N = X - ()~ 246
x4 (23 -1/
(X + 7ndi) (5580 ) + Om™7)
_ IS (0 A —1/2
- (- ;Jum) (55B(p X)) + Opm™72),  (say).
Since J1;(N), i =1,...,m, are mutually independent random vectors E[J1;(\)] = 0, it is seen

that m=1 3" J1;(M)|y,, = Op(m~Y?) from (32). Thus, m~tJ;(A\)|y,, = O,(m~/?), namely,
m™ 2NNy, = O,(1).
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Also, we obtain

TR = 3 2 (50 = @Bl ) (210 — 21 (5B V) ).
which implies that

L) = =5 2 (a(A) — &8) 2ia(N) + Opm )

— (02 + nio3)?
1 _
= Z Joi(N) + Op(m™12),  (say).
=1

Since Jo;(A) = O,(1) and it depends only on y,; of Y, from (31) and (32), one gets
m LWy = 0p(1)  and - m™ (B = B[RN)[ym]) [ym = Op(m™7).

We next evaluate I(A). We here give a proof for Iy (\), and we omit proofs for the other
elements since they can be similarly proved. By a straightforward calculation,

OLy(0%)) 2n?
Jo? __121(02+n02)3( () = Zﬂp? +Z 02+n02

B ) — B0, A))wé(%>’

= (02 +n03)?

m

where

8/\ A\ 9 m i_‘_/ .om T - R
© i=1

04 < 1+np 1+n;p)

which is O,(m~Y/?) since E(,o, A) — ﬁ (p, \) = O,(m~1/2) as in the proof of Lemma 1. Then,

| 1 & o2 > I~ 20
LN =Y (N 28) Y e 4 O
- 21(A\) m;<gg+nigg)3(2( ) wﬁ) +m;(ag—l—niag)3+ L(m %),
so that, we have
m—1 m

1 1 1

_[ 2))\‘ = — — T a<a -

- 2107, A) |y, mz (02_,_7%02 2+mz 02+n102

7 =1

o2n?

5 (7 () = 20B)” + Op(m ™)

(02 + n,02)3

S 2n; 1« 2n?
T . T N —— .} (1
n s G m 2y ey T O

3|~£

since E[(z(\) — z‘clﬂ)Q] = 02 + n;o?. This demonstrates that the leading term is of order O(1).
Since the other elements of I(\) can be evaluated similarly, we have

m I(N)|y; = C(0) + Oy(m™'/?),
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where C(0) is a non-stochastic matrix with bounded entries, i.e. C(8) = O(1).Therefore, one

gets
SNy = (n TO) Ty, = O,(1),

which shows that the ML estimator satisfies Assumption (A.8). Moreover,

m(%aﬁum ~E [%%L(A)‘ym]) ‘ym

=CO) ' m (I = E[TN)|ym]) lym + Oy(1),
which is of order O,(1). Thus, (A.9) is satisfied.
[3] REML Recall that REML is given in (11). From the implicit function theorem,

0 s R/y\—1
8_/\URML()‘> =I"(\)"J(N),

where J(A) is defined in (35) and

royy (TR TRV OP(0?)/00? OPi(0?)/00)
I ()\>_(I§1(/\) I%(A)>_I(A)+<8Pg(a2)/8ag apg(o—Q)/aog)

—2 N
O-QZO-RJVIL()‘)

for Pi(0?) = tr (X'S7' X)) X'E72X] and Py(0?) = tr [(X'Z ' X) 1 X'S7'ZX ' X]. Then,
the result follows if m™' P (0?)|y; = O,(1) and m™* P»(o?)|y; = O,(1), which can be seen from
Assumptions 2 and (A.6). O

A.3 Proof of Lemma 3. We begin by demonstrating the consistency of . According the

X

Cramer method explained in Jiang (2010), we show that the equation F(B()\), 52(\), 52(\), \) =
0 includes a solution which converges to A in probability. Let

gn(X) = m™ F(BN),55(N), 52(X), X),

) rre

for scalar A'. Then, it can be seen that g,,(\") converges to g()\’) in probability, where

g(\) = lim m ' E\[F(B(N),52(N),52(N), \)].

y v ? €
m—0o0

When )\ = )\, it is noted that g(\) = 0, since g(\) = lim,,, oo m ' E\[F (8, 02,02,)\)] = 0. Since
g(X') is continuous, without loss of generality, we have g(A —¢) < 0 and g(A + ¢) for some
positive e. Then, g,,(A —¢) and g,,(A + ¢) converge to g(A —¢) < 0 and g(\ + ¢), respectively,
in probability. This implies that both probabilities P(g,,(A —¢) < 0) and P(gn(A +¢) > 0)

converge to one as m — oo. In fact, for instance, the former result follows from the fact that

Pgn(A =€) <0) =P(gn(A =€) —g(A —¢) < —g(A - ¢))
>P(lgm(A =€) =g(A =)l < —g(A =€) = 1,

as m — oo since —g(A —¢) > 0. Thus, for any 6 > 0, there exists an M such that for any
m > M, P(gm(A—¢) <0)>1—0 and P(gn(A+¢) >0)>1—0. Note that the intersection
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of the events {gm(\ — ) < 0} and {gm(X +£) > 0} implies that A is included in the interval
(A — &, A+ ¢), namely, |\ — \| < e. Hence,

P(A=)X <é&)> P(gn(A—2) <0, gn(A+¢) <0)>1-25,

which means that \ is consistent.

We next show that (:\\ — M|y, = O,(m™1/2) in the case of i = m. To this end, we expand
the equation (12) around A to get

= m~2F(B(N),52(N), 52(M), \)
m(\A— ) = — —
v ) m-Y(&F(B(N),o

oA

(36)

[N}
—~
p
>
Q)
N
>
N
> [—
~—
i
>

*
~—

S

where \* is an intermediate value between A and A. For the numerator in (36), from Lemma 1
and Assumption 3, it is seen that

1

S FB).520,5200, V)| = T” 02,02 )|y, + Oy(1)
— =Y F(0)|y,, + 01
ﬁz (O)]y + 001
where E(O) —2log f(y,;0) for @ = (B,02,0%,\) and the density function f(y,;0) of y,.

Since Fi, ..., F,, are mutually independently distributed with E[F;(0)] = 0, from (32), it is

seen that
1 2 ~2

S FBO).BI0).520), My, = 0,(1).

For the denominator in (36), it follows from the consistency of X that

-1 0 2 ~2 ~2 —1a ~2 ~2
mH (GrF(BON). 2. 52N, V) = m 7 5L F(BV), G5, 20, A) (1 + 0,(1)).

By straightforward calculation, it can be seen from Lemma 1 and Assumption 3 that

~

%<%F(5(A),83()\),32()\>7)‘))

:{ : (aaf?@))%i(h(ymk) - XB)Vilp)" (88)\ v.:3)

1=

03 () = X (5B)) Vi) ()

02 LSl ) — X8 (VGO (S, )

i=1

oL S ) = X8 Vi) (sl ) + — (277 ) } (1 + 0,(1)

=1

= (K1 + Ko+ K3+ Ky + K5)(1 +0,(1)).  (say)
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We shall evaluate the terms K7, ..., K5 under Assumption 1. It is easy to see that K,|y,, =
O,(1) and Ks|y,, = O,(1) by (31). Similarly under Assumptions 1 and 3, we have K; = O,(1)
by (31). To evaluate K5, the expression is rewritten as

K. =a;21i( SRl ) Vilo) ! (5rh(w, V)

i=1

ot (3B (5 S XV (hiw )

where (9B8(\)/0N)]y,, = O,(1) from Lemma 1. Then from (31), Ksly,, = Op(1). For Kj, it is
observed that the each element of (OV;(p(\))~!/0N)|y,, is of order O,(1), since (p(A )/8)\) Y,, =
O,(1) under Assumption 3. Furthermore, the expression of Kj reduces to K3 = o, %tr [K3),
where

K= 53 (o) (b ) = X8) - (V00 )

From (31) and Assumption 1, we have
1~/ 0 /
2= (xh (e ) (blye ) = X.8) = O,(0),

so that K3jly,, = O,(1). Since K3 is an n; x n; matrix, it follows that K3 = O,(1). These
observations show that the denominator in (36) is of order O,(1). Hence, one gets /m(\ —
My = O0,(1), namely, (A = A)ly,, = Oy(m~"2).

Finally, we show that E[A — Ay,,] = O,(m™"). Evaluating the term in (36) more precisely
based on the fact that (A — \)|y,, = O,(m /%), we can approximate A — X stochastically as

S 9) Go(N),32(M), A)
S F(B(N),52(X),52(N), A)

Let M = E[OF(B()),52()),52()), \)/dA], which is of order O(m). From Lemma 1 and As-

) ’U )’ Ve
sumption 3, it easily follows that

O,(m™).

L (2 p @ s20.2200,) = 2 0, n1)

Then, one gets A — A = —M 2 F(B()),52(A), 52(A), A) + O,(m™), so that

? U €
~

E[N— X = —M'E[F(B()),5%(\),52(\), )] + O(m™).

r e
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o~

Note that m™ F(B(\),52()\),52(N\), \) is evaluated as

) r Ve

m F(B(V),55(N), 52 (A), V)

1} (&

'F(B,0% 02,0 + 0 sz (ot )

m

¥ af% >y 3) = X8/ (Vi) = Vi) "} (5h(m..)

i=1

(o~ )3 20w ) = X8V (St ) + 0,00

From Assumption (A.7), it is easy to see that E[,2(\)— ’2|ym] = O,(m™") and E[V;(p(\)) '
Vi(p) ] = O,(m™"), which conclude that E[m = F(B(\), 52(A),52(X), N)|ym] = Op(m™).
Therefore, the proof is complete. O

A.4 Proof of Lemma 4. From Lemma 3, we need to establish the results for B(\) and

&2@). Let i = m. From Lemmas 1 and 3, we have

~ ~

BR) ~ Bl = (BN (A= Ny, + Oy(m™)

= (5320 - B[00 o] ) 5 - o
+ B[ L B0 [g] 3~ W], + 0,m7)
= B[S B0)[y] G = Ny, + 0y,

since E[0B(N)/0Ny,,] = O,(1). Then, one gets (B(X) — B)|y,, = ,,( ~1/2) and E[B()) —
Bly,,] = O,(m™1) from Lemmas 1 and 3. Similarly, the results for & ?(\) follow from Lemma
3 and Assumption 3, since

~2 8 N _
(6 (N) = o)y = B| 575"y 3 = My + Op(m ™),
where E[0&%(\)/ OMy,,.] = O,(1). Therefore, the proof is complete. O

A.5 Proof of Theorem 1. It is first noted that in the proof, the capital C, with or without
suffix, means a generic constant. If £,,(q) is expanded as

Lin(q) = ®(q) + m (g, 0) + Oy (m™?), (37)

where v(g, 0) is a smooth function with O(1), then the corresponding expansion holds for £* (q),
namely,

L:(q) = ®(q) +m (g, 0) + Oy (m~3?).
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Thus, one gets

L:(q) = Lon(a) =m HY(q,8) — v(q,0)} + O, (m—/?)

—mL (‘%(aqe’ ‘9)>'(§ —0) + 0,(m™3/?), (38)

which establishes the result given in Theorem 1. Hence, we shall show the expansion (37)
through the following steps.

(Step 1) Expansion of L,,(¢q). Since the 1nequahty o H{h(h7 (&N, )\) - éZEB} < q for
any g € R is equivalently rewritten as h= (&, \) < (fZEB + qo;, )\), we have

L) = P57 {h(h7H (&N, ) — €77} <]
= B(Plo7 (&~ (0)) < o7 {A(h (P + 45, 3), ) — £(6)}]|Y)
= E[®(q+ R(¢,Y))],
where ®(-) is a cumulative distribution function of the standard normal distribution and

R(q,Y) = o7 "{h(h (PP + 46, 0),\) — &(8)} —

For the standard normal density function ¢(-), the first and second derivatives are written as
¢ (z) = —xd(x)and ¢"(x) = (2% — 1)¢(x) for x € R. The Taylor expansion is applied to get

Lola) = B(g) + (@) EIR(g. Y)] ~ 540(a) ELR(q, V)
q+R(q,Y)
SB| / (a+ R(g,Y) = 2)"(a* = Do(w)dz|

= ®(q) + o(q)t1(q) — —q¢< Jt2(q) + t3(q),

where t1(q) = E[R], t2(q) = E[R?] and t3(q) = 27'F] qu+R(q + R — z)*(z* — 1)¢(x)dx] for
R = R(q,Y). Note that 0 < |+ R — x| < |R| and (2% — 1)é(z) < 2¢(+/3) for = € (¢,q + R).
Then,

DO | —

q+R q+R
E[/ ' (a+ R = 2)*(® — 1)o(x)dz] gE[R?/ ' 26(V3)dz| < C\E[|RJ,
which implies that

Lala) = B(g) + 60t (0) — 5a6(a)1ala) + O(E[|RF)). (39)

(Step 2) Expansion of R = R(q,Y). We shall show that R = R(q,Y) = O,(m~/?)
based on an expansion of R. It follows from this property that sup,ep t3(q) = O(m™/2) and

sup,eg t2(q) = O(m™"). Let Q = hil(éEB + qo;, ) (SZ( ) + qoy, A). Then,
h(h ™ (EFP + 61, 0), A) = &(0) + qoi + ha(h 1 (5:(0) + qoi, A), M@

F St () + o, 1), V@

1 [ote
+ 3 / (a+ Q — 1) *hype(x, N)dz,
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where a = h™1(&(80) + qoi, A). Since 0 < ¢+ Q — z| < |Q| for z € (a,a + Q), we have

a+Q
/ ' (a+Q — 2)*hype(z, )\)dx‘ < Q% hgw(a+ Q, N) — hee(Q, N)].

It is here noted that @ = O,(m~1/2), which will be shown in (Step 3) below. Then it follows
from Assumption 1 that h,(a + Q, \), h,(Q, A) and h,,(a, A) are O,(1). Thus,

W(h™H(EF7 + 433, 0), \) = &(6) + 4o + 9(y;, 0)Q + Op(m ™),

for g(y;,0) = ho(h~"(&(8) + qoi, \),\). Since g(y,,8) = O,(1), it can be observed that
9(y;,0)Q = O,(m~Y?), which results in

R(q,Y) = 07 '9(y;, 0)Q + Op(m™"). (40)
Also, the expectation of R(q,Y) is evaluated as

E[R(q,Y)] = 0; 'E[g(y;, 0)E(Qly;)] + O(m™). (41)

(Step 3) Evaluation of Q and E|[Q|y;]. To get the expansion (37), it is sufficient to
show that @ = O,(m~'/%) and E[Q|y,] = O,(m™') from (41). To this end, decompose @ as
Q@ = Q1+ @2, where

Q1 =h Y (EFP + 451, \) — h™H(E:(8) + qo, N), (42)
Qo =h Y (EFP + 46, N) — B (EPP + g6y, \). (43)

From (42), @) is expanded as
Q1 = h; ' (6(6) + qoi, VU + b (§(0) + qoi, U

b+U
+ 5 / b+@Q — a:)2h;$1x(x, Adzx,
b

where U = €88 — £,(0) + q(6;, — 0;) and b = &(0) + qo;. Tt is here noted that
Uly, = Oy(m™"?) and E[Uly;] = O,(m™"), (44)

which will be shown in (Step 4) below. Then, it follows that the last two terms of the expansion
of Q1 are O,(m™") given y,, and Q:|y, = O,(m~Y/?) by the similar argument. Thus,

E[Q:ly;] = h;' (£(6) + 400, N E(Uly;) + Op(m™") = Op(m™").

Also, )5 is expanded as

1,2 PO L 4,2 PO
Q2 = "' (€77 +q5i, V(A = \) + 5%;(5{% +40, \)(A = N7,
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where \* is intermediate value between A and A. It can be observed that A" (£28 +¢5;, \)|y, =
0,(1), hiy (EEB + ¢oi, \*)|y; = O,(1) under Assumption 1 and (A — \)|y; = O,(m~?) from
Lemma 4. Thus, Q|y; = O,(m~*/?) and

E[Qsly,] = E[hy 1 (EFP + qoi, ) (X — X \yz] +O0p(m™)

- E[{h (677 + 401, 0) = b3 (E(8) + a00, M} = V)]
1y (:(8) + qo, )\)E()\ — Aly;) + Op(m™)
= Op(m_l),
since hy (PP 4 ¢6;,\) — (fl( ) + qoy, A) given y, is O,(m~Y2), which can be verified by

hiHE(0) + qoi, \) = 0,(1 ) and Lemma 4.

(Step 4) Evaluation of Uly, and E[U|y,;]. It remains to show that Uly, = O,(m~"/?)
and E(Uly;) = O,(m™1), for which it is sufficient to show that both (££% — &(8))|y, and
(Gi — 0i)|y, are O,(m~'/?) and the conditional expectation given y, is O,(m™'). Recall that
U =EEB_£,(0) + (6, — 0;). First, EFB — £,(0) is rewritten as

P~ 6(0) = @i(B— )+ o ()~ 5(N) ~ (B~ B)

PNy p1y .y
_ ) —23).
+<1+ﬁni 1+pni>(zz( ) —=B)

Note that given y,, zZ(X) —zi(\) = zz,\()\)(/): —A) + Op(m™) and

pn; R 4L 1 n;
L+pn;  1+pn; (14 pn;)?

(P = p) +Op(m™").

Further, from Lemma 4 and a similar expansion as in (34), it follows that (p—p)|y; = O,(m~Y/?)
and E(5— ply;) = Oy(m1). Hence, one gest (€57 — &(6))]y, = Op(m~Y2) and

E[éiEB - 51(9”3/@]

pP1y N n;
=F iAAA =)+ ——

P ~ ni
= iAANEN =Ny, |+ ———
Hpmz,m B~ My + o

(5= )N — 28) ;] + Op(m™)

(z:(\) = ZB)E[D — plys] + Op(m ™),

which is of order Op(mfl) from Lemma 4. A similar evaluation for o; — o; shows that given y;,

1 i ~ _
5~ 0= 5, (L4 mip) V25— )~ (5 - )+ O ).
Then, from Lemma 4, it follows that (7; — 0;)|y; = O,(m~Y?) and E[5; — oy]y,;] = O,(m™1),
which completes the proof. O

~

A.6 Proof of Theorem 2. Asin the proof of Theorem 1, we obtain an asymptotic expansion
of £¢ (qly,;) in the same settings of the proof of Theorem 1. Then for any ¢ € R, we have

L. (qly;) = E[®(q + R(q,Y))l|y,].
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Since E[R(q,Y)|y;] = O,(m™"), we have an asymptotic expansion of £¢,(¢ly;) as

L (qly;) = ®(q) + m 'n(q,0,y;) + Op(m_3/2)

for an O(1) smooth quantity n(q, 8,y;), which leads to the result by Lemma 4. O
References
[1] Basu, R., Ghosh, J. K., and Mukerjee, R. (2003). Empirical Bayes prediction intervals in

[11]

[12]

a normal regression model: Higher order asymptotics. Statistics and Probability Letters,
63, 197-203.

Battese, G.E., Harter, R.M. and Fuller, W.A. (1988). An error-components model for
prediction of county crop areas using survey and satellite data. J. Amer. Statist. Assoc.,
83, 28-36.

Booth, J. G. and Hobert, J. P. (1998). Standard errors of prediction in generalized linear
mixed models. Journal of the American Statistical Association, 93, 262-272.

Box, G.E.P. and Cox, D.R. (1964). An analysis of transformation (with discussion). Jour-
nal of Royal Statistical Society B, 26, 211-252.

Chatterjee, S., Lahiri, P. and Li, H. (2008). Parametric bootstrap approximation to the
distribution of EBLUP and related predictions intervals in linear mixed models. The
Annals of Statistics, 36, 1221-1245.

Das, K., Jiang, J. and Rao, J.N.K. (2004). Mean squared error of empirical predictor.
The Annals of Statistics, 32, 818-840.

Datta, G.S., Kubokawa, T., Molina, I., and Rao, J.N.K. (2011). Estimation of mean
squared error of model-based small area estimators. Test, 20, 367-388.

Datta, G. S. and Lahiri, P. (2000). A unified measure of uncertainty of estimated best
linear unbiased predictors in small area estimation problems. Statistica Sinica, 10, 613-
627.

Datta, G.S., Rao, J.N.K. and Smith, D.D. (2005). On measuring the variability of small
area estimators under a basic area level model. Biometrika, 92, 183-196.

Fay, R. and Herriot, R. (1979). Estimators of income for small area places: an application
of James—Stein procedures to census. Journal of American Statistical Association, 74,
341-353.

Ghosh, M. and Rao, J.N.K. (1994). Small area estimation: An appraisal. Statist. Science,
9, 55-93.

Hall, P. and Maiti, T. (2006a). Nonparametric estimation of mean-squared prediction
error in nested-error regression models. The Annals of Statistics, 34, 1733-1750.

30



[13] Hall, P. and Maiti, T. (2006b). On parametric bootstrap methods for small area predic-
tion. Journal of Royal Statistical Society, 68, 221-238.

[14] Jiang, J. (2010). Large Sample Techniques for Statistics. Springer.

[15] Prasad, N. and Rao, J. N. K. (1990). The estimation of mean-squared errors of small-area
estimators. Journal of American Statistical Association, 90, 758-766.

[16] Rao, J.N.K. (2003). Small Area Estimation. Wiley.

[17] Slud, E.V. and Maiti, T. (2006). Mean-squared error estimation in transformed Fay-
Herriot models. Journal of Royal Statistical Society B, 68, 239-257.

[18] Sugasawa, S. and Kubokawa, T. (2013). Parametric transformed Fay-Herriot model for
small area estimation. Discussion Paper Series, CIRJE-F-911.

[19] Yang, Z. L. (2006). A modified family of power transformations. Economics Letters, 92,
14-19.

31



