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Abstract

This paper addresses the problem of estimating the mean vector of a singular
multivariate normal distribution with an unknown singular covariance matrix. The
maximum likelihood estimator is shown to be minimax relative to a quadratic loss
weighted by the Moore-Penrose inverse of the covariance matrix. An unbiased risk
estimator relative to the weighted quadratic loss is provided for a Baranchik type
class of shrinkage estimators. Based on the unbiased risk estimator, a sufficient con-
dition for the minimaxity is expressed not only as a differential inequality, but also as
an integral inequality. Also, generalized Bayes minimax estimators are established
by using an interesting structure of singular multivariate normal distribution.
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inadmissibility, minimaxity, Moore-Penrose inverse, pseudo-Wishart distribution,
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1 Introduction

Statistical inference with the determinant and the inverse of sample covariance matrix
requires nonsingularity of the sample covariance matrix. However in practical cases of
data analysis, the nonsingularity is not always satisfied. The singularity occurs for many
reasons, but in general such singularity is very hard to handle. This paper treats a singular
multivariate normal model, which yields a singular sample covariance matrix, and aims
to provide a series of decision-theoretic results in estimation of the mean vector.
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The singular multivariate normal distribution model and the related topics have been
studied for a long time in the literature. For the density function, see Khatri (1968),
Rao (1973) and Srivastava and Khatri (1979). Khatri (1968) and Rao (1973) derived
the maximum likelihood estimators for the mean vector and the singular covariance ma-
trix. Srivastava (2003) and Diaz-Garcia, et al. (1997) studied central and noncentral
pseudo-Wishart distributions which have been used for developing distribution theories
in the problems of testing hypotheses. However, little is known about a decision-theoretic
approach to estimation in the singular model.

To specify the singular model addressed in this paper, let X and Y; (i =1,...,n) be
p-dimensional random vectors having the stochastic representations

X =0+ BZ,,

1.1
YZ:BZZ, izl,...,n, ( )

where Zy, Z1, . .., Z,, are mutually and independently distributed as N;.(0,, I,.), and 6 and
B are, respectively, a p-dimensional vector and a p X r matrix of unknown parameters.
Then we write X ~ N,(0,%) and Y; ~ N,(0,,%) (i = 1,...,n), where ¥ = BB".
Assume that

r < min(n, p),

and B is of full column rank, namely 3 is a positive semi-definite matrix of rank r. In
the case when r < p, technically speaking, N,(0,X) is called the singular multivariate
normal distribution with mean vector 8 and singular covariance 3. For the definition of
the singular multivariate normal distribution, see Khatri (1968), Rao (1973, Chapter 8)
and Srivastava and Khatri (1979, page 43).

Denote by 1 the Moore-Penrose inverse of ¥. Consider the problem of estimating
the mean vector @ relative to quadratic loss weighted by X7,

L(8,0|%) = (6 — 0)'S*(5 — 6), (1.2)

where § is an estimator of 8 based on X and Y = (Y',...,Y,)". The accuracy of esti-
mators is compared by the risk function R(d,0|X) = E[L(4, 8|X)], where the expectation
is taken with respect to (1.1).

A natural estimator of 0 is the unbiased estimator Y” = X, which is also the maxi-
mum likelihood estimator as pointed out by Khatri (1968, page 276) and Rao (1973, page
532). This paper considers improvement on 6”” via the Baranchik (1970) type class of
shrinkage estimators

o — (1~ @)X F=X'S'X
F ) )
where ¢(F) is a bounded and differentiable function of F.

6SH

It is worth noting that, instead of F in . we may use '~ = X'S~ X, where

S~ is a generalized inverse of S. Since the generalized inverse is not unique, it may be
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troublesome to consider which we employ as the generalized inverse. On the other hand,
the Moore-Penrose inverse is unique and it is easy to discuss its distributional property.
See Srivastava (2007) for interesting discussion on the Hotelling type T-square tests with
the Moore Penrose and the generalized inverses in high dimension.

The rest of this paper is organized as follows. In Section 2, we introduce the definition
of the Moore-Penrose inverse and its useful properties. We then set up a decision-theoretic
framework for estimating @ and derive some properties of estimators and their risk func-
tions which are specific to the singular model. The key tool for their derivations is the
equality

S8t =33%t,
which holds with probability one, where § = Y'Y and S is the Moore-Penrose inverse
of §. In Section 2, we also prove the minimaxity of §Y?. In Section 3, we obtain
sufficient conditions for the minimaxity of §°. These conditions are given not only by a
differential inequality, but also by an integral inequality. In Section 4, an empirical Bayes
motivation is given for the James-Stein (1961) type shrinkage estimator and its positive
part estimator. Also, Section 4 suggests a hierarchical prior in the singular model and
shows that the resulting generalized Bayes estimators are minimax. Section 5 provides

some remarks on related topics.

2 Estimation in the Singular Normal Model

2.1 The Moore-Penrose inverse and its useful properties

We begin by introducing the following notations which will be used through the paper.
Let O(r) be the group of orthogonal matrices of order r. For p > r, the Stiefel manifold is
denoted by V,, = {A € RP": A’A = I,}. It is noted that V,, = O(r). Let D, be a set
of r x r diagonal matrices whose diagonal elements d, ..., d, satisfy d; > --- > d, > 0.

As an inverse matrix of a singular covariance matrix, we use the Moore-Penrose inverse
matrix, which is defined as follows:

Definition 2.1 For a matriz A, there exists a matriz A" such that (i) AATA = A, (ii)
ATAAT = A7) (iii) (AAT) = AAT and (iv) (AT A) = AT A. Then A" is called the
Moore-Penrose inverse of A.

The following basic properties and results on the Moore-Penrose inverse matrix are

useful for investigating properties of shrinkage estimators. Lemmas 2.1 and 2.2 are due
to Harville (1997, Chapter 20).

Lemma 2.1 The Moore-Penrose inverse A" has the following properties:
(1) A" uniquely exists;



(2) (A7) = (AD*;

(3) AT = A~ for a nonsingular matriz A.

Lemma 2.2 Let B be a p X r matrix of full column rank. We then have

(1) B*B=1,.

(2) BB™ is idempotent,

(3) Bt = (B'B)"'B', in particular H" = H' for H € V,,,

(4) (BCH* = (CH*B" = C(C'C)"Y(B'B)"'B" for a ¢ x r matriz C of full column
rank.

Lemma 2.3 Let A be an r X r nonsingular matrix and B a p X r matriz of full col-
umn rank. Then we have (BAB"" = (B")*A™'B*. In particular, it follows that
(HLH")Y* = HL 'H' for H € V,, and L € D,.

Proof. It is noted that AB' is of full column rank. From (3) of Lemma 2.1 and (4)
of Lemma 2.2, it follows that (AB")* = (B")*A" = (B")*A™! and

(BAB")* = {B(AB"}" = (AB")"B" = (B"Y"A'B".
The second part immediately follows from (3) of Lemma 2.2. O

The Moore-Penrose inverse enables us to provide a general form of a solution of a
homogeneous linear system. The following lemma is given in Harville (1997, Theorem
11.2.1).

Lemma 2.4 Let x be a p-dimensional vector of unknown variables and A an r X p co-
efficient matriz. Then a solution of a homogeneous linear system Ax = 0, is given by
xo = (I, — ATA)b for some p-dimensional vector b.

The following lemma is due to Zhang (1985). See also Olkin (1998).

Lemma 2.5 Let B be a p x r random matrix of full column rank. Denote the density of
B by f(B) and the Moore-Penrose inverse of B by C = BT = (B'B)"'B". Then the
density of C is given by |CC'|7Pf(CT).

Next, we provide some remarks on the probability density function of singular multi-
variate normal distribution (1.1). An explicit expression of the density function is given as
follows: Define By € V,,_, such that Bf B = BB = 0(p—r)xr, namely XBg = 0,y (p—)-
Denote A € D,, where the diagonal elements of A consist of nonzero ordered eigenvalues
of ¥. Then the density of X ~ N,(0,X) with a singular 3 of rank r is expressed as

F(X16,%) = (27) 2| A2 exp{—%(X —oyst (X - 0)}, (2.1)

where
B{(X —0)=0,_, with probability one.
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This density is interpreted as the density on the hyperplane Bj (X — 6) = 0,_,. The
above expression is given by Khatri (1968), Rao (1973) and Srivastava and Khatri (1979),

where their expression uses a generalized inverse of 3 instead of the Moore-Penrose inverse
>t

From Lemma 2.2 (4), it follows that £ = (B*)*B*. It is also noted that |I, — \X| =
I, — ABB'| = |I, — AB'B]| for a scalar ), so that the nonzero eigenvalues of ¥ = BB"
are equivalent to those of a positive definite matrix B'B. Hence (2.1) is alternatively
expressed as

7(X10, B) = (2n) | B'B| " exp{ - 1| B*(X - 0)|}.
Similarly, the joint density of Y; = BZ; (i = 1,...,n) with Z; ~ N,(0,, I,.) is given by
f(Y1,... YiB) = (2) "2 B'B| " exp{—% 3 1By |7}
=1
— (2x)"/2|B' B| "2 exp{—%tr (B')'B*s}.

where § = Y'Y with Y = (Y,...,Y,)! and

BlY;=0,, (i=1,...,n) with probability one.

2.2 Risk properties under a quadratic loss with a singular weighted
matrix

In this paper, we consider the estimation of the unknown mean vector @ in the canonical

model given by X ~ N,(0,%) and Y; ~ N,(0,,%) (i =1,...,n), where X and Y,’s are

mutually independent and ¥ is an unknown positive semi-definite matrix of rank r. It is

assumed that
r < min(n, p).

An estimator § of 0 is evaluated by the risk function relative to the quadratic loss function
with a singular weighted matrix given in (1.2), namely, L(d,0|2) = (6§ — 0)'X1(5 — 9).

Let S = Y'Y. Denote by 8 the Moore-Penrose inverse of S. From the definition of
the singular multivariate normal distribution, Y is expressed as

Y:(Y17"'7Yn)t:(BZl,...,BZn)t:ZBt

where Z = (Z,...,Z,)" with Z; ~ N,(0,,I,). Since r < min(n, p), the n x p matrix Y’
has rank 7, and so does S. Then, the following equality is useful for investigating a risk
performance under the singular weighted quadratic loss:

SSt=S§tS=¥ut =%ts. (2.2)



In fact, it is noted that S has the stochastic representation S = BZ'ZB" and hence
St = (B"*(Z'Z)"'B" from Lemma 2.3. It turns out that

SSt=BZ'ZB'(B")"(Z'Z)'B" = BB" = B(B'B)"'B'=x3%"

with probability one, since B* B = B'(B")* = I, from Lemma 2.1 (2) and Lemma 2.2
(1). Since B(B'B)'B' is symmetric, it follows that 7% = §*§.

Proposition 2.1 For any estimator § = §(X, S), the estimator SS™6& has the same risk
as & under the singular weighted quadratic loss (1.2) if r < min(n, p).

Proof. The risk of §S§*§ is given by
R(88%6,0|%) = E[(SSTd — 0)'21(SS"6 — 0)]
= E[6'STSETSSTH —20'STSST5 +6'514.
It follows from (2.2) that STSXTSST = TTLTTETF = THEET = 3T and that

$TEST = TEYt = BT, Thus, R(SS76,0|X) = E[6'ST6 — 20'S76 + 0'S10] =
R(4,0|X), which shows Proposition 2.1. O

In estimation of a normal mean vector with p = r > n, Chételat and Wells (2012)
considered a class of estimators,

8 = (I, - p(X'STX)SST)X
= {1 - (X'STX)}SSTX + (I, — SSH)X,
where 1) is a scalar-valued function of X*S*X. When r < min(n,p), it follows from
Proposition 2.1 that 6%, {1 — ¢(X'STX)}SSTX and {1 — (X'S*X)}X have the
same risk function. In general, the estimator ¢;(X,S)SS*X + ¢2(X, S)(I, — SST)X

for nonnegative scalar-valued functions ¢g; and ¢, has the same risk as the estimator
91(X, S)X in the case of r < min(n, p).

It is well known that the James-Stein (1961) type estimator can be improved on by
the positive-part James-Stein estimator (Baranchik (1970)). This dominance property
can be extended to our situation. Consider a shrinkage estimator of the form ¢(X,S)X
for an integrable and scalar-valued function g(X, S).

Proposition 2.2 Assume that the risk of g(X,S)X is finite and that
g(SSTX +(I,—SST)X,S)=9g(-SST™X +(I,—SS")X,S). (2.3)
If Pr(g(X,S) >0) <1, then 6§ = g(X,S)X is dominated by
0" =g.(X,8)X, ¢.(X,8)=max{0,9(X,S)},

relative to the loss (1.2).



For instance, the condition (2.3) is satisfied by ¢(X,S) = ¢(X'S*TX).

Proof of Proposition 2.2. Take By € V,,,_, such that Bf B = BB = 0p—r)xr-
It follows by (2.1) that BLX = BL6 with probability one. Let H = B(B'B)~'/2,
where (B'B)~Y/2 = {(B'B)"/?}~! and (B'B)"? is a symmetric square root of B'B,
namely B'B = (B'B)Y?(B'B)'/?. Note that H € V,,. Since XXt = HH' and
I, — 3" = BBy, using the identity (2.2) yields that
X=S88"X+(I,-8S"X
—SNX 4+ (I, - EET)X
— HH'X + B,B'#.
Here, we abbreviate g(X, S) and g, (X, S) by g(H'X) and g, (H'X), respectively. The

difference in risk between 7 and & can be written as R(6" ", 0|2)—R(8,0|X) = E,—2F),
where

By = El{g, (H'X) - g(H'X)} X'"0),

E,=E{¢ (H'X) - ¢(H'X)} X'S"X].
Since g2 (H'X) < ¢*(H'X) for any X and S, it follows that E» < 0. Thus the remainder
of proof will be to show that F; > 0.

Recall that
X =0+ BZ,,

YZ:BZ“ 7::1,...,71,

where Zy, Z1, ..., Z, are mutually and independently distributed as N;(0,, I,.). Making
the change of variables U = H'X yields that U ~ N, (£,€) with € = H'0 and Q =
H'SH = B'B. Noting that, from Lemma 2.2 (4),

>"=B(B'B)?B'=HQ 'H',

we can see that
X'ST0=X'HQ 'H'0 =U'Q'¢.

Hence FE is expressed as
B, = Bl{g,(U) - gU)}U'Q ),
where g(U) = g(HU + ByB;0, S).
The conditional expectation of {g, (U) — g(U)}U'Q '€ given S = Y'Y is written as

Ey=K(Q) | {g+(u) — g(u)lulQd 1 (/D@ w8 gy
Rr

= K(Q) [ {gs(u) — glu)}u'Q g ¥ e T2 2qy, - (24)
R’r‘



where K () stands for a normalizing constant. Making the transformation u — —u, we
obtain

Eo=K | {gi(u) — gu)}(—u'Q g E)mw T2y, (25)
R’l’

by the assumption that g(u) = g(—u). Hence, adding each sides of (2.4) and (2.5) yields
that

2B0 = K(9) | {g:(w) = glu) '@ 1g (7' — e Tz g gy,
RT

It is noted that y(e? —e¥) > 0 for any real y, which verifies that
utﬂ—lg (eutﬂ_lﬁ . efutﬂ_lﬁ) > 0.
Since gi(u) — g(u) > 0, it is seen that Ey > 0, namely E; > 0. Thus the proof is

complete. 0

2.3 Minimax estimation
For the mean vector 8, one of natural estimators is the unbiased estimator
VP =X

As pointed out by Khatri (1968, page 276) and Rao (1973, page 532), 6”7 is the maximum
likelihood estimator of . Since X has the stochastic representation X = 60 + BZ, with
Zy ~ N,(0,,1,), we observe that Z, = B"(X — 0), so that

1Zo]I* = (X —6)'(B)*B"(X —60) = (X - 6)'S" (X - 0).
The risk of 67 is given by
R(6"%,6|%) = E[|| Zo]*] = .
Hence 67 has the constant risk 7. We here have the following theorem.

Theorem 2.1 67 is minimaz relative to the loss (1.2).

Proof. In order to prove this theorem, we consider a sequence of prior distributions
and show that the corresponding sequence of the Bayes risk functions tends to the risk of

6Y8 namely r.

Suppose that @ = B¢ with 3 = BB', where ¢ is an r-dimensional random vector.
For k = 1,2,..., define the sequence of prior distributions of ¢ as N,(0,,kI,.). Assume
that B has a proper density proportional to

1
m(B) < |B'B| ™ exp{—étr (BtB)_l}.
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The joint posterior density of ¢ and B given X and § = Y'Y is proportional to
[B'B| (D2 exp{—— IB*(X~BO)|[*+tx (B’ B S+ il +t (B'B) 7 }. (2:6)

It is noted that BY(X — B¢) = BT X — ¢, which yields that

IB*(X ~ BOI + ¢l =~ ¢ - o X{(B)BTX
k 1+ k L+k '
Since tr (B'B)~! = tr B(BtB)_QBlt =tr (B")!B™, (2.6) is rewritten as
1r1+k k 2
B'B —p—(n+1)/2 {__[ H _ B+XH BH)Bt :|}
| \ exXpy~5 | % ¢ T +tr (B")'B" G| ¢,

where G, = I, + (1+ k)7 X X'+ S.

For each k, the resulting Bayes estimator relative to the loss (1.2) is denoted by
which must satisfy

E{[Z"(6} — ) = E{(BY)'B']o} — E[(B")'¢] = 0y,
where ET indicates the posterior expectation for each k. Here ET[(B")!B™] is given by

1
EF[(B*)'BY] = K(Gy) / (B*)tB+|BtB|_p_(”+1)/2exp{—itr (B+)tB+Gk}dB,
RpXr

where K (GYy,) is a normalizing constant. From Lemma 2.5, the Jacobian of transformation
C = B = (B'B)"'B' is given by J[B — C| = |CC"|7?, so that

1
Ef(BY)'BY = K(Gy) | cCto|cct| @V exp{—atr CfCGk}dC.

RrXp
Denoting a maximum eigenvalue of G by ¢, we observe that
1
EF(BY)'BY] > K(Gy) | cC'ClCc!|r2 exp{—;ktr th}dc = I, say,
RrXp

where, for a symmetric matrices A; and Ay, A; > A, means A; — As is positive semi-
definite. For every O € O(p), making the transformation C — CO yields that Iy =
O'1,0, which implies that I, has the form cI,, with ¢ > 0. Thus ET[(B")!B™] is positive
definite for all k, so that the inverse of ET[(B")!B™] exists. Then for each k, 8} can be
written as

— {Eg B+ tBt }_ler B+)tC]

k
ET[(B*)'B™] E’r (BY)'BYX = —X.
1+k{ 4 I J'B) 1+k
The risk of 87 = {k/(1 + k)} X is given by
k*r 1 k*r
R(d7,01%) = 0'x10 = 2
OL01) = e Y wp +k? <1+/<;) s 1<

so the Bayes risk of 8y, is expressed as kr/(1+ k), which converges to r as k — oo. Hence
the proof is complete. O



3 Classes of Minimax and Shrinkage Estimators

Consider the Baranchik (1970) type class of shrinkage estimators

6% = (1 - @)X

where ¢ is a bounded and differentiable function of F = X'S*X. This includes the
James-Stein type shrinkage estimator

JS _a
- (1-5)x

Theorem 3.1 The statistic F = X'STX has the same distribution as F = |U||?/T,
where U and T are mutually and independently distributed as U ~ N,(, I,) and T ~ 2,
for ¢ = BT0 and m = n—r+1. When the risk difference of the estimators 8°% and 8P
18 denoted by

where a is a positive constant.

A= R((SSHa 0|E) - R((SUBJ 0|2)7

one gets the expression A = E[A(F)], where

This shows that K(F) is an unbiased estimator of the risk difference A.

Theorem 3.2 The risk difference A given in Theorem 3.1 is rewritten as

T 1 ~
B [2 /F tm/2+1 (£)dt . (3.2)

where A(+) is given in (3.1). Further, one gets the expression

d m;“ /F h - At = I(F), (3.3)
where I(F) is defined by
I(F) = o(F){o(F) + 2} — (m +71) /01 ZPG(F/z)dz. (3.4)
Combining (3.2) and (3.3) shows that
A=E [%I(F)]. (3.5)

10
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Theorem 3.2 implies that the estimator is minimax if the following integral in-

equality holds:
I(F)<O. (3.6)

The integral inequality was first derived by Kubokawa (2009) with a slightly different
way. Using the same technique as in Kubokawa (2009), Theorem 3.2 derives the integral
inequality directly from A(F).

The integral inequality Z(F') < 0 is expressed as
Jy 2" 20(F)2)dz
o(F) ’

so that one gets another sufficient condition for the minimaxity by evaluating the r.h.s.

O(F)< =24+ (m+r) (3.7)

of (3.7). For instance, if F°¢(F) is nondecreasing in F' for a nonnegative constant ¢, then
we have (F/2)¢p(F/z) > F¢(F) for 0 < z < 1, so that

/0 () dz = / 2 () FY{(F 2 6(F)2)}dz
> / () FY{Feg(F) e

! 2
:/ A2 (F) = o(F),
0

m—+ 2+ 2¢

Thus, the integral inequality (3.7) gives a simple condition ¢(F') < 2(r—2—2c¢)/(m+2+2c).

Proposition 3.1 Assume that F°¢(F) is nondecreasing in F for ¢ > 0. If

2(r —2—2c)
n—r+3+2c

0<o(F) <

min(n,p) >r > 3, (3.8)

then 8°" is minimaz relative to the loss (1.2).

Corollary 3.1 If

2(r — 2
0<a< Ar=2)

< iy wmin(mp)zr23

then 6”7 is minimaz relative to the loss (1.2).

A well-known condition for the minimaxity is the differential inequality
A(F) < 0. (3.9)

It is interesting to note that from Theorem 3.2, the differential inequality implies the
integral inequality, namely, condition (3.9) is more restrictive than (3.6). For instance,
we shall derive a similar condition to (3.8) from the differential inequality (3.9) under the

11



condition that F¢¢(F) is nondecreasing in F for ¢ > 0. It is noted that A(F) can be
rewritten as

(m+ 2+ 4c)p*(F) — 2(r — 2 — 2¢)¢(F) B 4(FC(Z5(F))/

A(F) = 7 e

{o(F) + 1},

which provides a sufficient condition that (1) F¢(F) is nondecreasing in F' for ¢ > 0 and
(2) ¢(F) <2(r—2—2c)/(n—r+3+4c) for m =n —r + 1. The condition (2) is more
restrictive than condition (3.8) in Proposition 3.1.

Theorems 3.1 and 3.2 show that the risk of §° relative to the loss (1.2) is represented
by expectation of a function of F. The statistic F' has a noncentral F' like distribution
depending on the parameter ||¢||?. Hence the risk of §° is a function of

<2 = 6(B")'BT0 = 6'S70.

We now give proofs of Theorems 3.1 and 3.2. The following lemmas are useful for the
purpose.

Lemma 3.1 Let U be a random vector such that U ~ N,.(&€,Q). Denote by V = (9/9U;)
the differential operator vector with respect to U = (U;). Let G = (G;) be an r-dimensional
function of U, such that E[|U;G;|] < oo and E[|0G;/0U;|] < oo fori,j=1,...,r. Then
we have

E[(U - ¢)'Q2'G] = E[tr VG"].

Lemma 3.2 Let T be a random variable such that T ~ X2 . Let g(t) be a differentiable
function such that E[|g(T)|] < oo and E[|T¢'(T)|] < oo. Then we have E[Tg(T)] =
E[mg(T) 4+ 2T¢'(T)] and

E[T?g(T)] = E[(m +2)Tg(T) + 2T%¢(T)).

Proof of Theorem 3.1. Let H = B(B'B)~'/2. Using the same arguments as
in the proof of Proposition 2.2, we observe that U = H'X ~ N,(§,Q) with & =
H'0 and Q = B'B. Also, it follows that § = BZ'ZB' = HW H', where W =
(B'B)Y2Z'Z(B'B)'Y? ~ W,(n, Q) independent of U. Since X" = HQ'H', H € V,,
and

X'STX = X' (HWH" X = X'(H)"W 'H'X =U'W'U,

(sSH 5UB

the difference in risk between and is given by

*(F)

R(657,0/%) — R(6V7,0/%) = E [TXtWX - 2¢(;“)

(X — 9)t2+X]

—E {91’2;?1) U'Q U - 2¢(£1) (U - §)tQ‘1U1 (3.10)

12



with F} = U'W™'U. Applying Lemma 3.1 to the second term in the last r.h.s. of (3.10)
gives that

2(F F

R(6°",6|%) — R(6"",0|%) = E [—¢ é;)UtQ—lU —2(r — 2)—¢( )

— 4¢’(F1)} . (3.11)
i 1

It is a well-known fact that U'Q'U/U'W 'U ~ x2_, ., independent of U'Q™'U.
Letting U = U'Q7'U and T = U'Q 'U/U'W 'U, we obtain F; = U/T and rewrite
(3.11) as

T2¢*(U/T)
U

T¢(U/T)

R(éSH,o\z)—R((sUB,e\z):E[ - 2(r—2) =25 _4¢'(%)}.

Applying Lemma 3.2 to the first term of the r.h.s. yields that

o[ = o [EE - e TR (7)o (7))

so that
R(6°",0|2) — R(6V7,0|%)
= |{n-r+30(5) 20 -2} T i (D) {o(7) +1]
= E{(n —r+3)¢(F) — 2(r — 2)}o(F)/F — 4¢'(F){¢(F) + 1}].

Making the transformation QV2U — U gives that the resulting U is distributed as
N, (¢, I,) with ¢ = Q12 = (B'B)"'B'0 = B*0. Hence the proof is complete. O

Proof of Theorem 3.2. Let U = |U||?. For F = U/T, let

G(F):F " /FOO ! A(t)dt.

2 tm/2+1
Then from Lemma 3.2, it follows that

ETWITG(F)] = ETW[mG(F) — QT%G/(F)],

where ETIV [] denotes the conditional expectation with respect to 7' given U. Since
mG(F) — 2FG'(F) = A(F), it is easy to see that

E[TG(F)] = E[A(F)),
which shows (3.2). To show the equality (3.3), it is noted that

< A) [T mE2)¢* () — 200 —2(t) ' (O{o(t) +1}
/ dt /{ 4 }dt. (3.12)

/241 tm/2+2 $m/2+1

F
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By integration by parts, it is observed that

T o) m42 [ ()
dt = — dt,
P $m/2+1 Fm/2+1 2 P $+m/2+2
<o), 1AF)  m+2 (Y S
P tm/2+1 T 9 Fm/241 4 P gm/2+2 77

Then from (3.12), we have

/Oo ﬁ(t) dt =—=2(m+r) © o) dt + 2 °(F) +4 oF)

P $m/2+1 P $m/2+2 Fm/2+1 Fm/2+1

:%{QMF){(MF) +2}—(m+ 7“)/ zm/2¢(F/z)dz}, (3.13)

0

where the second equality is derived by making the transformation z = F/t with dz =
—(F/t*)dt. The expression given in (3.13) shows (3.3) and (3.4). Finally, the equality
(3.5) follows since A = E[TG(F)| = E[(T/F)Z(F)]. O

4 A Bayesian Motivation and Generalized Bayes and
Minimax Estimators

4.1 Empirical Bayes approach

We begin by giving a Bayesian motivation for the James-Stein type shrinkage estimator.
Under the singular case of the covariance matrix, we here demonstrate that the James-
Stein (1961) type shrinkage estimator can be provided as an empirical Bayes estimator
using an argument similar to that in Efron and Morris (1972).

The empirical Bayesian approach considered here consists of the following steps: (1)
Reduce the estimation problem to that on the r-dimensional subspace in RP spanned by
column vectors of B; (2) Derive an empirical Bayes estimator on the subspace; (3) Return
the Bayes estimator to the original whole space.

Step (1). Let
H = B(B'B)™'/2,

where (B'B)~'/2 is a symmetric square root of (B'B)~!. Note that H € V,, and
HH' =xx" = 88",
Since X = 0 + BZ, with Zy ~ N,(0,,I,), it follows that
H'X =H'9+ H'BZ,= H'60 + (B'B)"*Z,,
so that H' X ~ N,(&,Q), where Q = B'B and

¢E=H'O. (4.1)
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For the stochastic representation § = BZ'Z B", S can be expressed by
S=HWH'

where W = (B'B)Y2Z'Z(B'B)'? ~ W,(n, B'B). Also, it is seen that H'SH = W
and
>t =B(B'B)’B'=HQ 'H". (4.2)

Then we assume that H is fixed and rewrite the likelihood of X and S as
LU, W[E Q)

|
= K|Q[" D2y | (=2 exp{ (U - €)' (U - ¢) - 5ursrlvv}, (4.3)

1

2
where U = H'X and K is a positive constant. It is noted that U and W are random
and &£ and €2 are unknown parameters.

Step (2). We here consider the following prior distribution for & = H'0:

£~ N0, {(1—=n)/n}2), 0<n<l1, (4.4)

where 7 is a hyperparameter. Multiplying (4.3) by the density of (4.4), we observe that
the posterior distribution of § given U and W is

~B

where /!;;B(U, W.n) = (1 —n)U. Also, the marginal density is proportional to

1
2 QD2 W | (=2 o [—gUtQ‘lU . 5trQ—lw} . (4.5)

~B
Since & (U, W 1) is the Bayes estimator relative to the squared errors loss, the Bayes
estimator of @ is given by

6B<U7 an) = HEB(Uv Wﬂ?) = (1 - TI)HU

The parameter 1 in 67 (U, W, n) requires to be estimated from the marginal density
(4.5), which is equivalent to the model that U ~ N.(0,,Q/n) and W ~ W,(n,Q). A
reasonable estimator of 7 is of the form, for a positive constant a,

. a
T Uuw U
which includes the unbiased estimator

E S [V a7
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The estimator 7 is substituted into the Bayes estimator 6”7 (U, W, n) to get the empirical
Bayes estimator

5 (1 ) (1 )5
because HU = HH'X = §S7X and
UW'U=X'"HW 'H'X = X'(HWH""X = X'STX.
Since 7 is restricted to 0 < n < 1, we should find an optimal estimator subject to
0 <n < 1. For instance, such optimal estimator is given by

~ . a . a
77TR — mm{l, W} = Hlln{l, m—+X},
which is used to obtain

a

TR = <1 — min{l, —})SS+X = max{(), 1—

J’_
X'stXx }SS X

a
XistX
Step (3). From Proposition 2.1, 8% has the same risk as the James-Stein type shrink-

5 = (1~ xrerx)X

Similarly, 7% has the same risk as

a
J?R = max{(), 1-— m—+X}X’

which is a positive-part James-Stein type shrinkage estimator. Thus the James-Stein

age estimator

type and the positive part James-Stein type shrinkage estimators can be characterized by
empirical Bayes approach.

4.2 Generalized Bayes and minimax estimators

In this subsection we derive generalized Bayes estimators for a hierarchical prior and
discuss the minimaxity. The hierarchical prior is analogous to that of Lin and Tsai (1973)
in a nonsingular multivariate normal model.

A generalized Bayes estimator 857 relative to the loss (1.2) needs to satisfy
ET[EH(55” - 0) = 0, (4.6)

where E™ denotes the posterior expectation given X and Y. Now, using (4.1) and (4.2)
with the assumption that H is fixed, we rewrite the expression (4.6) as
E" (857 — 6)] = ET[21]65" — ET[S1 0]
= HE"[Q '|H'65 - HE"[Q 'H'6]
= HE"[Q '|H'6(" — HE™[Q'¢] =0,

16



so that
H'$SE = {E"Q )} ET Q). (4.7)

Here, we define a prior distribution of (£, €2). Assume that (&, Q) has a hierarchical
prior distribution and the joint density is given by

r(€.Q) x / (€, Qn)r(n)dn, (48)

where

1— -1/2
w(e. 0l o[22 Ha| Cen{-geeneh w() oo

with constants a and b. Multiplying (4.3) by (4.8) yields the joint posterior density of &
and € given X and Y, which is proportional to

1
1
1—n)Q 2 exp|— ~(1-nU¥Q{E-1-nU
[ 10— ep [ s te — (1 - muyR e - (- U]
1
x | Qo+ 1/2 exp[—ﬁtmfl(nUUt + W) x plen2qy

for a4+r > —2 and n+b— 2r > 0. Therefore, integrating out (4.7) with respect to & and
(2 gives that

H'6¢" = {Ej[(UU" + W)} E[(1 = ) (nUU" + W)U,

where B stands for expectation with respect to the posterior density of 7 given U and
W, which is proportional to
m(n|U, W) o< g2 quu* + W=t/
o n(a+r)/2(1 + nF)—(n—l-b—r)/?

with F = U'W'U. A simple manipulation leads to
e {1 Bl +nF>1]}
’ EF[(L+nF)~]

fol n - n(a+r)/2(1 + nF)f(n+bfr+2)/2d,'7
=J1- U,
{ f01 n(a-l—r)/?(l 4 nF)—(n+b—7"+2)/2dn }

which yields that
GB
t <GB __ - ¢ (F) t
H'665 = (1 — )H X, (4.9)
where F' = X'S™ X and

F a-TrTr —(n —Tr
~Jo P ) DRy

GB
F p— .
o7(F) fOF n(@tr)/2(1 4 p)—(ntb—r+2)/2dp
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The expression (4.9) indicates a system of linear equations in 857. Since H € V,,,
using Lemma 2.4 yields the reasonable solution of the system (4.9),

¢“P(F)
F

5GP — (1 - )X + (I, - S5%)a,

where S8* = HH' and a is an arbitrary p-dimensional vector. From Proposition 2.1,
the vector (I, — SS*)a has no effect on the risk of 857, so that we define the resulting
generalized Bayes estimator as

5~ (1- 2y x,

It is easy to verify that ¢“P(F) is nondecreasing in F' and

+r+2
lim ¢CB(F) = —° .
Fl—rgogb (F) n—a+b—2r—2

Using Proposition 3.1, we obtain the following proposition.

Proposition 4.1 Assume that a+r > -2, n+b—2r >0 and

a+r+2 < 2(r —2)

0< .
n—a+b—2r—2 " n—r+3

Then 6P is minimax relative to the loss (1.2).

In the case such that ¥ = oI, for an unknown positive parameter 2, several priors
have been proposed for constructing minimax estimators. For instance, see Maruyama
and Strawderman (2005), Wells and Zhou (2008) and Kubokawa (2009). Their priors
can be applied to our singular case and we can derive some classes of generalized Bayes
minimax estimators improving on the James-Stein type shrinkage estimator. However,
the detailed discussion is omitted here.

5 Extensions and Remarks

In the previous sections, under the assumption min(n,p) > r, we have derived classes of
minimax and shrinkage estimators. Out of the classes, we have singled out the generalized
Bayes and minimax estimators with hierarchical prior. In this section, we mention some
extensions and remarks.

Concerning the class of minimax estimators, we can treat the case p > r > n as well
as the case min(n,p) > r. In the case p > r > n, consider the Chételat and Wells (2012)
type class of shrinkage estimators given by

¢(F)
F
where ¢(F) is a bounded and differentiable function of F' = X'S*X.

6V = X — SStX,
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Proposition 5.1 In the case p > r > n, the risk difference of the estimators 6" and
0B is written as R(6°Y,0|X) — R(6Y7,0|X) = E[A(F)], where A(F) is given in (3.1)
form=r—-n+1and F=X'StX.

Proof. In the case such that p > r > n, the rank of 3 is r, while that of S is n.
Write S as

S=BZ'ZB'= B(B'B)"'*W(B'B)"'/*B',

where W = (B'B)'2Z'Z(B"'B)'/? is the r x r singular Wishart matrix with n degrees
of freedom and mean nB'B. Since W is of rank n, it can be decomposed as W = RLR!,

where R € V,,, and L € D,.. Noting that B(B'B)"'?R ¢ Vp.n, We observe from Lemma

2.3 that

ST {B(B’fB)—WRLRt(BtB)—WBt}+
B( ) 1/2RL—1Rt(BtB>—1/2Bt
B( ) 1/2w+(BtB)71/2Bt’

which leads to
SS* = B(B'B)"\/*WWwW*(B'B)"'/?B".

Let U = (B'B)"'/?B'X, ¢ = (B'B)"'/2B'0 and Q = B'B. It follows that U ~
N, (&,€2). Note that € is positive definite and
X'StX = X'B(B'B)"Y*WH(B'B)"'’B'X =U'W'U.
Similarly, we obtain
(X —0)2TSSTX = (U - ¢)'Q'WWTU
and
X'SSTRTSSTX = U'WWQ 'WWHU.
Thus the difference in risk of 8" and 82 can be written as
R(6°Y 01%) — R(6Y%,0|%)
,O(F)
F

0*(F)
[ - X'SSTRISS X —

— (X — 0)t2+SS’+X]
_p|% (];1>UtWW+Q‘1WW+U R )
F; F
where Fy = U'W'U. Note that W ~ W,(n, Q) and tr WW ™ =n < r. Using the same
arguments as in the proof of Theorem 1 in Chételat and Wells (2012), we can see that

R(6°Y,0|%) — R(6Y,0|%)

(U - €)' IWW+U1

n+r— 2tr * r " -
= o) RIS gy RS2 g rtetr) + 1)
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where FF = X'STX. O

In the case p > r > n, the minimaxity of the unbiased estimator can be established
by the same Bayesian method as in Section 2.3. Also, a positive-part rule is applicable
to 6%, which is verified by the same lines as in Tsukuma and Kubokawa (2014). It is,

however, hard to construct a generalized Bayes minimax estimator in the case p > r > n.

Since p > r, as possible ordering among p, n and r, we can consider the three cases:
n > p=r, min(n,p) >r and p > r > n. The first case is a standard nonsingular model,
and the risk expression was given in the literature. The rest of the cases have been treated
in Theorem 3.1 and Proposition 5.1 of this paper. Combining these results yields a unified
expression of the risk difference.

Proposition 5.2 For the three cases n > p = r, min(n,p) > r and p > r > n, consider
the class of the shrinkage estimators of the form 6V = X — {¢(F)/F}8S*X for F =
X'STX. Then the unified expression of the risk difference between 8V and 8YP is given
by R(6°V,0|%) — R(6Y%,0|%) = E[A(F)] where

{(m +2)0(F) — 2(min(n, r) — 2) }¢(F)
F

A(F) = —4¢/(F){6(F) + 1},

form=|n—r|+1.

We conclude this section with some remarks on the related topics. It is noted that
the loss function given in (1.2) measures the accuracy of estimators on the r-dimensional
subspace in R spanned by column vectors of B. We should possibly measure the accuracy
on the whole space RP and employ a quadratic loss with nonsingular weight matrix. Such
quadratic loss is, for instance,

Lo(8,01B, By) = (5 — 0)'(Z* + ByB})(5 - 6),

where By € V,,—, such that B(J{B = BBB = O(p—r)xr. It is easy to handle the risk of
shrinkage type estimators

8% = {1 — @}X Fy=X'ST™X + X'(I,- SSH)X.
0

Some dominance results can be provided for the above shrinkage estimators and their
positive part estimators.

Finally, we give a note on invariance of models. In the nonsingular case r = p, namely,
n > p, the covariance matrix 3 is nonsingular and the estimation problem considered in
this paper is invariant under the group of transformations

X —-PX, 06— PO S— PSP, ¥ - PP

for a p X p nonsingular matrix P. The invariance is very important and verifies intuitively
reasonable estimators of the mean vector . Using the invariance shows that the risk of
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6SH

the Baranchik type shrinkage estimator is a function of 837'0. In the singular case

r < p, on the other hand, the estimation problem with the loss (1.2) does not preserve
invariance since (PXP')* # (P")"'S"P~! except when P is an orthogonal matrix.
However the risk of §° is expressed as a function of 8'X78.
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