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1. Introduction

This paper investigates a general class of dynamical open-bid combinatorial
auction protocols termed price-demand procedures for allocating heterogeneous
commodities in the efficient manner. In the continuous time horizon, the auctioneer
(seller) continues to ask a price vector for all packages of commodities to each buyer
(participants), and this buyer reveals a set of packages as his (or her) demand set. We
permit the auctioneer to ask different price vectors across buyers. The auctioneer
eventually stop asking price vectors within a time limit, and, based on the resultant
history of asked price vectors and revealed demand sets, the auctioneer determines the
allocation of commodities and the side payments from the buyers to the auctioneer.
Hence, we define a price-demand procedure as a combination of a pricing rule and an
ending rule that are history-contingent.

The purpose of this paper is to clarify the possibility that a price-demand procedure
achieves the VCG (Vickery-Clarke-Groves') outcome (allocation and side payments),
i.e., achieve efficiency under the constraints of strategy-proofness, where each buyer is
willing to reveal all the best-response packages associated with his true valuation
function at all times as a dominant strategy.

We make the following two assumptions on price-demand procedures, i.e., the
revealed preference activity rule and the connectedness. The revealed preference
activity rule implies that each buyer is required to reveal demand sets in the manner that
there exists a single valuation function, associated with which, his revealed demand set
is always the same as the set of all the best responses through time. With this rule, we
can replace strategy-proofness with the requirement for each buyer to conform to his
true valuation function through time as a dominant strategy.

The connectedness implies that the auctioneer never makes his (or her) asked price
vector jump to any price vector that he has never asked before. With this connectedness,
from the observation of the history, the auctioneer can always calculate the difference in
valuation for any buyer between any pair of packages that this buyer revealed in this

history.

! See Vickery (1961), Clarke (1971), and Groves (1973).



With the revealed preference activity rule and the connectedness, we can
demonstrate a characterization result for the class of all price-demand procedures that
always achieves the correct VCG outcome in the following manner. At any time, we can
uniquely specify a valuation function, termed representative valuation function, for
each buyer in the history-contingent manner; it assigns to any revealed package the
minimal relative valuations, and assigns to any unrevealed package the maximal
absolute value. In this case, any revealed package must be a best response for the
representative valuation function.

Based on this specification, we show as this paper’s main theorem that a
price-demand procedure achieves the correct VCG outcome if and only if the efficient
allocation and the efficient allocations without a single buyer associated with the profile
of representative valuation functions that we specify at the ending time are all revealed
in the resultant history. Hence, all the auctioneer has to do for the achievement of the
correct VCG outcome is to continue to ask price vectors until he recognize that the
efficient allocation and the efficient allocations without a single buyer associated with
the resultant profile of representative valuation functions are all revealed in the history.

It is not a difficult task for the auctioneer to find out such a profile of representative
valuation functions. In fact, the auctioneer can do this manner just by ascending the
price for any revealed packages and descending the price for any unrevealed packages.
Importantly, we can show that the efficient allocation and the VCG payments associated
with the profile of representative valuation functions that we specify at the ending time
is just the same as the efficient allocation and the VCG payments associated with the
true profile of valuation functions. Hence, any buyer can easily detect whether the
auctioneer succeeds to achieve the correct VCG outcome just by observing the resultant
history.

Based on the above arguments, it is sufficient for the achievement of the correct
VCG outcome that the auctioneer makes the following ‘detail-free’ contractual
agreement with the buyers:

(i) The auctioneer continues to ask a price vector to each buyer under the constraint of
connectedness, and requires each buyer to reveal a demand set under the constraint of

revealed preference activity rule.



(if) This procedure continues until the history occurs that reveals the efficient
allocation and the efficient allocations without any single buyer associated with the
history-contingent profile of representative valuation functions.

(iii) The auctioneer eventually ends the procedure within a time limit, and then achieves
the VCG outcome associated with the resultant profile of representative valuation
functions.

Note that the buyers do not need to know the detail of price-demand procedure that
the auctioneer follows; provided the auctioneer is sufficiently penalized whenever he
fails to satisfy these requirements, the above-mentioned contractual agreement can
sufficiently incentivize the auctioneer to select a price-demand procedure that achieves
the correct VCG outcome.

Because of the detail-free nature, the buyers can leave the selection of
price-demand procedure the auctioneer’s discretion. In this case, the auctioneer can
make the selection of price-demand procedure even contingent on his private signal.
This signal could include non-trivial information regarding the buyers’ valuation
functions, but does not need to be verifiable to the court.

It is often that a buyer is afraid that any information about his valuation function,
which is not necessarily relevant to the allocation problem, is leaked to the public. The
auctioneer can preserve such a buyer’s privacy concern by selecting a shortcut
procedure. The extent to which the information regarding a buyer’s valuation function is
leaked to the public is well described by the resultant representative valuation function
as well as the set of all revealed packages. The auctioneer can save such an irrelevant
information leakage by utilizing his private information and stopping the procedure as
soon as he recognize that the efficient allocation and the efficient allocations without
any single buyer are all revealed in the history.

As the previous works such as Rothkopf, Teisberg, and Kahn (1990) have pointed
out?, the standard practice of the VCG mechanism, wherein buyers directly announce
the entire valuations for the enormous number of packages, has flaws in practice. In fact,
it is generally too complicated for them to assess and report the entire valuations and

then compute the VCG outcome at one time.

2 See also Milgrom (2004), Ausubel and Milgrom (2006), Parkes (2006), and Rothkopf (2007).



Hence, it is important to search for the possibility of replacing such a standard
practice with a dynamical price adjustment such as a price-demand procedure, because
the sequential revelation of all the best responses to asked price vectors through time
would be inherently much easier to make than the revelation of the entire valuations at
once. For example, Ausubel (2004, 2006) demonstrated an open-bid protocol termed
Ausubel mechanism or its variants as the replacement of the standard practice. Chen and
Takeuchi (2010) conducted laboratory experiments and showed the better performance
of an open-bid protocol termed IBEA auction than the standard practice. The present
paper demonstrates, not only such easier revelation practices, but also a concrete and
tractable method for deriving the VCG outcome from the resultant history.

There exist many other relevant works such as Gul and Stacchetti (2000), which
examined their respective open-bid version of the VCG mechanism®. Among them,
Parkes and Ungar (2002), Lahaie, Constantin, and Parkes (2005), Lahaie and Parkes
(2004), and Mishra and Parkes (2007) introduced an involved market equilibrium
notion termed universal competitive equilibrium for understanding such practical issues.
The universal competitive equilibrium is defined as a buyer-dependent price vector that
is not only a competitive equilibrium but also a competitive equilibrium without any
single buyer. We can derive the efficient allocation and the VCG payments from a
universal competitive equilibrium. Because of its mathematical form, we can regard a
profile of representative valuation functions as a buyer-dependent price vector. We can
show that the profile of representative valuation functions that we specify at the ending
time is a universal competitive equilibrium for the true profile of valuation functions.

Rothkopf (2007) argued about buyers’ privacy concern, and pointed out the
difficulty of hiding the revealed inputs by using cryptography. This paper assumes that
all such inputs are automatically leaked to the public. With this assumption, the
auctioneer’s careful selection of a shortcut procedure becomes quite substantial.

The remainder of this paper is organized as follows: Section 2 models the

combinatorial auction problem. Section 3 introduces price-demand procedure and the

¥ See also Kelso and Crawford (1982), Bikhchandani and Ostroy (2002), Ausubel, Cramton,
and Milgrom (2006), Parkes and Ungar (2002), Lahaie and Parkes (2004), Lahaie, Constantin,
and Parkes (2005), Mishra and Parkes (2007), and others.



assumption of revealed preference activity rule. Section 4 introduces the assumption of
connectedness. Section 5 introduces representative valuation function and shows the
characterization result. Section 6 clarifies the relationship between representative
valuation function and universal competitive equilibrium. Section 7 explains the
detail-free contractual agreement and the auctioneer’s discretion. Section 8 explains the
auctioneer’s signal-contingent selection of price-demand procedure. Section 9 argues

the issue on information leakage. Section 10 concludes.



2. The Model

Let us investigate an combinatorial auction problem wherein 1>1 multiple

heterogeneous items are traded altogether. Let L={L,...,1} denote the set of all items.
The set of all buyers is denoted by N ={1,...,n}, where n>2. An allocation is defined

as a=(a,..,a,), where a c L implies the package of items that is assigned to buyer

i,and aa;=¢ for j=i.Let A denote the set of all allocations. An allocation
without buyer ie N is defined as a' =(@;) vy Where a,cL and a;Ma,=¢ for

h=j.Let A" denote the set of all allocations without buyer ieN.

We assume quasi-linearity. A valuation function for buyer ie N is denoted by
u:2"—R_, where u(¢)=0,and
(1) u(a)>u(a) if 4=a and § ca,.
Let U, denote the set of all valuation functions for buyer i. Let U=]]U; and

ieN
u,=JJU;.
jeN\(i}

An allocation ae A is said to be efficient for a profile of valuation functions

ueU if

> u(a)=> u(a) forall daeA.

ieN ieN
Let A"(u)c A denote the set of all efficient allocations for ueU . An allocation
a' e A" without buyer i is said to be efficient for a profile of valuation functions

without buyer ie N, u_ =(U;); o €Y, if

> ui(@)= D u(a) forall a'eA'.

jeN\(i} jeN\(i}
Let A"(u,)c A" denote the set of all efficient allocations without buyer i for
u,ey;.

A direct mechanism, hereinafter a mechanism, is defined as G =(f,x), where

f:U — A denotes an allocation rule, and x:U — R" denotes a payment rule. Let



fW=>fW)yeA, x=(X)i.y » X:U>R , and x(u)=(xU)),.ycR". A
mechanism G is said to be efficient if

f(uye A'(u) forall ueU .
A mechanism G=(f,x) is said to be VCG (Vickery-Clarke-Groves) if it is efficient

and
x(u)y=max > u;(@)- > u;(f(u) forall ieN and ueU.

aeh i INViY ieNi}
Note that a VCG mechanism G =(f,x) is strategy-proof in that truth-telling is a

dominant strategy, i.e., forevery ieN, ueU  and 0, €U,,

u; (F (u)) =% (u) 2 u; (F; (G, u)) — % (@ u )



3. Price-Demand Procedures and

Revealed Preference Activity Rule

A price vector for buyer ieN is denoted by p, =(pi(ai))aicLeR2L, where

pi(#)=0, and
(2) p(a)>p(a) if 38 and & ca.

Let P denote the set of all price vectors for buyer i. Let le_[Pi and

I ieN
pP=(P)icv €P.

In the continuous time horizon [0,%), we consider an open-bid protocol termed a
price-demand procedure as follows*. At the beginning of the initial time 0, the
auctioneer observes a private signal @ . The set of possible private signals is denoted
by Q. Contingent on the observed signal @, the auctioneer selects a price-demand
procedure denoted by

(. T°)=(.T),
wherein y =(y;),.y denotes a pricing rule and T :U —[0,0) denotes an ending rule,
which will be defined later on.

Until Section 8, we will not explicitly take into account the signal-contingence of

price-demand procedure. Hence, from this section to Section 7, we will simply denote

by (»,T) aprice-demand procedure, instead of (»“,T“), -
At any time te[0,), the auctioneer asks a price vector p, =p,(t) P, to each

buyer ie N and requires this buyer to reveal a set of packages m. =m,(t) c 2" as his

* This paper depends on the assumption of continuous time horizon. We may expect to replace
this assumption with the discrete time horizon, without violating the substance of this paper. In
this case, however, we need to assume the presence of a positive price grid, weaken the
incentive requirements, and even abandon the exact achievement of the VCG outcome to a

certain extent.
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demand set>. We permit m. to include the null package ¢, while we do not permit m,

to be empty, i.e., m 22 \{g}.

The auctioneer is permitted to ask different price vectors across buyers. A

combination of the asked price vector and the revealed demand set
(p;,m) e Pix22L \{¢} is said to be consistent with a valuation function u, eU, for

buyer i if m, isthe set of all best response packagesto p, for u, ,i.e.,

m; = arg max{u; (a;,) - p;(a)}-

ae2

A history for buyer ie N uptotime te(0,00) isdenoted by
ht:[0,t) > P x 22 \{4},
where h'(z) =(p,(z),m(z)). A history h' is said to be consistent with u eU. if
h'(z) is consistent with u, for all r<[0,t). Let h’ denote the null history. Let
H (u) denote the set of all histories for buyer i up totime t that is consistent with
u,. Let

HfEUigJiHi‘(ui), H'=]]H/, H= U H', h'=(h)_, eH' and

icn tef0.0)

H’ ={h'}.
For every h'eH/, let us define the set of all valuation functions for buyer i with
which h{ is consistent, by

U,;(h) ={u, €U, | h e H;(u)}.
For every h'eH!/, we define the set of all packages that buyer i reveals in the history
h by

A(h)={a €2"|a em (r) for somer e[0,t)}.

Let Uh)=]Tu,(n), AM)=TTAM), and A'(h)= T A(h).

ieN ieN jeN\{i}

Avpricing rule y=(y,),, Isdefined by

® We will denote p.(a) = p;(t)(a), where p. = p;(t).
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7 :UH'>P forall ieN.
t=0

At any time t e[0,), where the history h' e H' has occurred, the auctioneer asks the
price vector y,(h')eP to each buyer ieN. Let h'=h'(u,y) denote the history up
to time t that occurs when the buyers continue to reveal their demand sets in the
consistent manner with u:
h'(u,7) e H'(u),
and
p,(r)=y,(h") forall ieN and ze€[0,t),
where we denote h'(u, ) = (h{ (U, 7)), , and
hi (u,)(z) =hi(z) =(p,(z),m,(z)) forall ieN and re[0,t).
Importantly, this paper will assume the revealed preference activity rule, which
requires each buyer to reveal the demand sets in the consistent manner with a single
valuation function; for any buyer i, at any time t, the occurred history h' must
satisfy that U, (h) is non-empty, i.e.,
U(h)=g.
With this rule, we can describe any observation of a buyer’s behavior as the
consequence of his selection of a valuation function as a proxy, associated with which,
he continues to reveal the set of all best response packages for this selected valuation
function through time.

Provided the buyers confirm to a profile of valuation functions ueU in the

above-mentioned manner, the auctioneer stops asking price vectors at the ending time
given by t=T(u) [0,0). Importantly, we will assume that for every ueU(h') and
u'eu(ht),

[TW)=Tu)] [ueU ™ )]
This is a necessary assumption, because the auctioneer cannot directly make the
selection of ending time contingent on the true profile of valuation functions; whenever

u'eU( ™ (u,»)), the resultant history must be the same between u and u’:

h™™(u,»)=h"(’,») and T(u")=T(u).We define the set of all possible histories as
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H(y,T)={h" e H |h' =h"™(u,») for someu eU}.
A mechanism G =(f,x) is said to be consistent with a price-demand procedure
(y,T) ifforevery h'eH(y,T), ueU(h'),and u'eU(h"),
(f (u), x(u)) = (F(u’), x(u)).
Whenever the mechanism G is consistent with the price-demand procedure (y,T),

then the auctioneer can gather the sufficient information regarding the profile of
valuation functions for achieving the outcome, i.e., the allocation and the payment
vector, induced by G.

The following lemma shows that whenever a mechanism is efficient and consistent
with a price-demand procedure, the allocation induced by this mechanism must be

revealed in the resultant history.

Lemma 1: If a mechanism G =(f,x) is efficient and consistent with a price-demand
procedure (y,T), then, for every ueU , f(u) is revealed in the resultant history,
i.e.,

f(u) e A" (u, 7).

Proof: See Appendix A.

In order to understand this lemma, suppose that f,(u) =¢, and it was not revealed.

Then, without loss of generality, we can assume that the valuation for the null package
¢, ie., u(f(u)=u(g), is very small compared with any non-null package. This,
however, implies that any efficient allocation never assigns buyer i the null package
¢ . This is a contradiction. Next, suppose that f,(u) # ¢, and it was not revealed. Then,
without loss of generality, we can assume that there is a proper subset a. — f.(u) such
that u.(f.(u)) is greater than but very close to u,(&,). In this case, we can improve the
welfare by assigning buyer i & instead of f,(u), and assigning some buyer j =i

a, U{f;(u)\a} instead of a,. This is a contradiction. Hence, f;(u) must be revealed.
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4. Connectedness

A history h' for buyer i up to time t is said to be connected if for every
7€ (0,1),
either p.(r)= Iri,m p.(z"),or p;(z)=p,(z") forsome 7'e(0,7).
The connectedness implies that the auctioneer never makes his asked price vector jump
to any price vector that he has never asked before. Because of this connectedness, from
the observation of the history, the auctioneer can calculate the difference in valuation

for any buyer between any pair of packages whenever this buyer revealed these

packages in the history.

Lemma 2: For every connected history h' e Hf and {a,a}< A(h'), there uniquely
exists x (a,a’,h’)eR such that

X (a,a,h)=u(a)-u(a) forall u eU;(h).
Proof: See Appendix B.

A price-demand procedure (y,T) is said to be connected if for every te(0,),
ueU, and ieN, h'(u,y)eH’ is connected. The following proposition shows a

necessary and sufficient condition for the existence of a VCG mechanism that is
consistent with a connected price-demand procedure; it is necessary and sufficient that,
associated with any profile of valuation functions, the efficient allocations with and

without any single buyer are all revealed in the history.

Proposition 3: There exists a VCG mechanism G that is consistent with a connected

price-demand procedure (y,T) if and only if for every h'eH(y,T), there exist
a’(h)eA(h'),and a"(h',)e A'(h',) foreach ieN,such thatforevery ueU(h"),
3) a’'(h')e A'(u),

and
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(4) a"(h',)e A"(u,) forall ieN.

Proof: See Appendix C.

If the efficient allocations with and without any buyer are all revealed in the history,
it follows from Lemma 2 that the difference in valuation between the efficient allocation
and the efficient allocation without any single buyer is uniquely determined from the
observation of this history. This guarantees that there exists a VCG mechanism that is
consistent with the price-demand procedure, because the VCG payment for each buyer
is equivalent to the sum of the other buyers’ differences in valuation between the
efficient allocation and the efficient allocation without buyer i.

On the other hand, if either the efficient allocations or the efficient allocation
without a buyer is unrevealed, the history fails to determine the VCG payments that are

common to all the profiles of valuation functions that are consistent with this history.
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5. Representative Valuation Functions

For every ieN, te[0,0), and connected history h'eH, we define the

representative valuation function u"!eU, as follows. Assume u!(¢)=0. Fix an
arbitrary package that belongs to A(h') , denoted by & e A(h). For every
a € A(h)\{a}, let us specify

ul(@) =u(&@)-x(&.a.h),
and for every a ¢ A (h'),

Wa)= inf V@)~ p@@)+ P (@)}

ref0,t),a'em; (7)
The representative valuation function assigns the maximal absolute value to any

unrevealed non-null package in the consistent manner with the history. It is clear by
definition that the representative valuation function u™! exists uniquely. Let
ut™? = ). denote the profile of representative valuation functions associated with
the connected history hf € H'. The following proposition shows that the representative

valuation function ui[“” assigns any revealed package a € A(h') with the minimal

possible valuation in relative terms.

Proposition 4: For every te[0,), connected history h' e H', and u, €U, it holds
that u, eU; (') if and only if for every a e A(h'),

u(a)-u(a)=u"(a)-u"(@) forall a eA(h),
and

u(a)—u(a)>u"(@)-u"(@) forall a ¢A(h').
In this case, for every a e A(h),

u(a)=u(a,),

and

u.(a)=u"(a) ifandonlyif geA(h').
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Proof: See Appendix D.

The following theorem shows that the necessary and sufficient condition in
Proposition 3 can be replaced with another condition implying that associated with the
profile of representative valuation functions, the efficient allocations with and without
any single buyer are all revealed in the history. Hence, all we have to do for evaluating

the sufficiency is to examine just the representative valuation functions.

Theorem 5: There exists a VCG mechanism G that is consistent with a connected

price-demand procedure (y,T) if and only if for every h' e H(y,T),

(5) A(YNA U™ = ¢
and
(6) AR )N A" (U™ 1) = ¢ forall ieN.

Proof: See Appendix E.

By following the connected price-demand procedure (»,T) satisfying (5) and (6),
the auctioneer can achieve a VCG mechanism (f,x), which is specified as follows; for
every ueU,

f(u)e AU NN AN (,7),
and

X (u)=max > el @y~ 3 Ul enI(f (u)) forall ieN.

jeN\{i} jeN\{i}

Since the profile of representative valuation functions u™™! minimizes the differences

in valuation between the efficient allocations and other allocations, the requirements of

efficiency for u™™! would be the severest among all the profiles of valuation functions

included in U (h'). Hence, it is sufficient to examine just the profile of representative

valuation functions u™!.
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6. Universal Competitive Equilibrium

A profile of price vectors p=(p,;),., €P is said to be a competitive equilibrium

for ueU if there exists an allocation, denoted by a“f(u) e A, that maximizes the

payoffs for the seller and the buyers, i.e.,
> pi(aF)=> pi(a) forall acA,

ieN ieN
and forevery ieN and a €A,

u (& ) - pi@") 2 u(a) - pi(a).
A profile of price vectors peP is said to be a competitive equilibrium without buyer
i for u_ eU_, ifthere exists an allocation without buyer i, denoted by a"“*(u) e A',

that maximizes the payoffs for the sellers and the buyers except for buyer i satisfying
that

> p@F)= > pi(a;) forall a'e A,

jeN\{i} jeN\{i}

and forevery jeN\{i} and a; e A,

u; (@) - p;(@%) 2 u;(a)) - p;(a)).
According to the same manner as the previous works such as Parkes and Ungar (2002),
Lahaie and Parkes (2004), Lahaie, Constantin, and Parkes (2005), and Mishra and
Parkes (2007), we define a universal competitive equilibrium for ueU as a profile of

price vectors p e P such that it is a competitive equilibrium for u, and also for every
e N, it is a competitive equilibrium without buyer i for u_.. We must note that

whenever p is a universal competitive equilibrium for u, then the allocations

i,CE
—i

a“®(u) and a"“f(u) could satisfy the efficiency in the manner that

a“®(u)e A"(u),and a"*F(u)e A”(u_) forall ieN.
Because of (1) and (2), we can express the representative valuation function by a

| A|-dimensional vector u™ = (u"!(a)),_, € RAI, which could be regarded as a price

e

vector for buyer i, i.e.,

t
W e p.
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The following proposition states that the profile of representative valuation functions

associated with the history at the ending time is a universal competitive equilibrium.

Proposition 6: For every h'eH"', if properties (5) and (6) are satisfied, then the
profile of representative valuation functions ui[““ is a universal competitive

equilibrium for all ueU(h').
Proof: See Appendix F.

Clearly, there exists a VCG mechanism that is consistent with the following
connected price-demand procedure; the auctioneer starts with declining the price vector
for each buyer to a price vector that is sufficiently close to the zero vector. The
auctioneer then adjusts the price vector for each buyer in the ascending manner that
whenever the buyer reveals any package at the current time, then the auctioneer
increases the price for this package. In this manner, any buyer eventually comes to
reveal all packages, including the null package, at one time, implying that we can
identify all relative valuations at one time, achieving the correct VCG outcome. In this
case, the profile of price vectors at the ending time corresponds to a universal
competitive equilibrium associated with the true profile of valuation functions.

The auctioneer can replace the above procedure with a shortcut procedure; the
auctioneer can stop asking price vectors as soon as he recognizes that the efficient
allocations with and without any single buyer associated with the profile of
representative valuation functions were all revealed in the resultant history. This is
relevant to the issue about the extent to which the information about the true profile of
valuation functions is leaked to the public through the procedure, the detail of which
will be discussed in Section 8.
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7. Detail-Free Contractual Agreements

Based on the arguments in the previous sections, we can consider the situation in
which the auctioneer (the seller) makes a contractual agreement with the participants
(the buyers) as the bundle of the following requirements.

(i) The auctioneer continues to ask a price vector to each buyer under the constraint of
connectedness, and require each buyer to reveal a demand set under the constraint of the
revealed preference activity rule.

(i) This procedure continues until the history h' occurs that reveals the efficient

allocations with and without any single buyer associated with the profile of
representative valuation functions u™’, i.e.,
AN A UMY = ¢,
and
AW )NA U™ =4 forall ieN,
where t denotes the ending time.

(iii) The auctioneer eventually ends the procedure within a time limit, and then achieves

the VCG outcome associated with the profile of representative valuation functions at the
ending time ul?, i.e., determines (a,s) e AxR", satisfying that

aeAh)NA UMy,
and

s=max > ul"l@)- > ul"l@l) forall ieN,

deh NN jeNYi}
where t denotes the ending time, h' denotes the resultant history, and s =(s;),_, -

With the revealed preference activity rule, we can describe any observation of a
buyer’s behavior as the consequence of his selection of a proxy valuation function,
associated with which, he continues to reveal the set of all best response packages. This
property, joint with the achievement of the VCG outcomes in the manner of (iii), can
incentivize the buyers to select their true valuation functions as dominant strategies,
revealing the set of all best response packages associated with their true valuation

functions.
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It is not a difficult task for the auctioneer to follow these entire requirements. For
example, as shown at the bottom of Section 6, the auctioneer can easily design a
connected price-demand procedure with which a VCG mechanism is consistent.

Under the above-mentioned contractual agreement, the buyers can leave the
selection of price-demand procedure the auctioneer’s discretion. In this case, note that
the buyers and the third parties such as the courts can easily detect whether the
auctioneer actually follows the entire requirements, just by observing the occurred
history of asked price vectors and revealed demand sets; the buyers do not need to know
the detail of the price-demand procedure that the auctioneer follows. Hence, we can say
that their contractual agreement could be ‘detail-free’.

Provided the auctioneer is sufficiently penalized whenever he does not follow these
requirements, the contractual agreement in the above manner can sufficiently
incentivize the auctioneer to select a connected price-demand procedure, with which, a

VCG mechanism is consistent.
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8. Signal-Contingent Price-Demand Procedure

According to the success of the detail-free contractual agreement explained in
Section 7, the auctioneer can make the selection of a price-demand procedure even
contingent on his private signal. This signal could include non-trivial information
regarding the buyers’ valuation functions. Importantly, this signal does not need to be
verifiable to the buyers and the court. Even if the signal is informative, the auctioneer
(the seller) cannot utilize it for his self-interested purpose such as his revenue
maximization. The buyer can detect that the auctioneer selected an inefficient allocation
just by observing the history, and then can sufficiently penalize the auctioneer.

We define a signal-contingent price-demand procedure by

r=0"1)

we "

A mechanism G=(f,x) is said to be -consistent with a signal-contingent

price-demand procedure T if it is consistent with (y“,T“) forall weQ.

Let us consider a mapping &:U — Q; we assume that the auctioneer observes the
private signal given by o=~&Uu)eQ when u is the true profile of valuation
functions. By observing this signal, the auctioneer recognizes that the profile of

valuation functions belongs to the set £ (w) U, and then selects the corresponding

price-demand procedure (y“,T“).

As the extreme case, let us consider the situation wherein the auctioneer observes
the complete information regarding the profile of valuation functions:
Q=U,and &(u)=u forall ueU.

The auctioneer can select the following connected price-demand procedure
A(w) =(y,T) that is consistent with a VCG mechanism. At the initial time 0, the

auctioneer asks the profile of price vectors that corresponds to the universal competitive
equilibrium associated with u =& (@) . The resultant ending time T(u) could be the

initial time O; the auctioneer can immediately verify the correct efficient allocations
with and without any single buyer, achieving a VCG outcome at the initial time 0.
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9. Information Leakage

We can regard the set of all valuation functions for each buyer i e N with which
the connected history h' up to time t is consistent, i.e., U.(h'), as describing the
extent to which the information regarding buyer i's valuation function is leaked to the
public. Proposition 4 implies that U, (h), i.e., the extent of information leakage for
buyer i's valuation functions, can be uniquely identified from the representative

valuation function u™! for buyer i and the set of all packages that buyer i reveals,

A (h') ; the combination of u™ and A (h') is the sufficient statistics for the extent to

which the information about buyer i's valuation function was leaked to the public.
The auctioneer can preserve the buyers’ privacy concern by selecting a shortcut

price-demand procedure that decreases the extent of information leakage as much as

possible. For example, let us consider a case of two buyers and two items, i.e., buyer 1,

buyer 2, item A, and item B, in which, the profile of valuation functions u is given by
u,({A}) =u,({B}) =W >1,
u,({B}) =u,({A}) =1,

and
u,({A B}) =u,({A B}) =100+W .

We assume that the auctioneer knows the above-mentioned form of valuation functions,

but does not know the value of W e (1,0). Note that the sets of all efficient allocations
with and without any single buyer are as follows. If W >100, then
A'(u)={{AH{B}Y)}, A”(u)={{AB}} and A"(u,)={{AB}}.
If 1<W <100, then
A (u) ={{A B}.¢).(4{A B}},
A”(u) ={{A B}}, and A"(u,)={{AB}}.
If W =100, then
A'(u) ={({A}{B}). {A B}.¢).(4.{A B})},
A”(u) ={{A B}}, and A"(u,)={{AB}}.
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We investigate the following connected price-demand procedure. At the initial

time O, the auctioneer asks the profile of price vectors p =(p,, p,) given by

p.({A}} = p,({B}) = p,({A}} = p,({B}) =100,
and

p.({A B}} = p,({A B}) = 200.
Note that this profile p corresponds to the profile of representative valuation
functions at the initial time 0.
Case 1: W >100.

At the initial time 0, each buyer i is willing to reveal the set of all best response

packages m, given by

m, ={{A},{A B}} and m, ={{B}{A B}}.
The efficient allocation ({A},{B}), the efficient allocation without buyer 2 {A, B},
and the efficient allocation without buyer 1 {A,B}, which are associated with the
profile of representative valuation functions p at the initial time 0, were all revealed at
the initial time 0. Hence, the auctioneer can achieve the VCG outcome at the initial time
0:

f(u)=({AL{B}),

x,(u) = p,({A B}) - p,({B}) =100, and

X, (U) = p,({A B}) - p.({A}) =100.
The price-demand procedure ends at the initial time O, leaking to the public just the

following information:
1) Each buyer’s valuation for {A, B} is greater than or equals 200.

2) Buyer 1’s valuation for {A} is greater than that {B}. Buyer 2’s valuation for
{B} is greater than that {A}.
3) For buyer 1, the difference in valuation between {A,B} and {A} is equal to 100.
For buyer 2, the difference in valuation between {A B} and {B} isequal to 100.
Case 2: W >100.

At the initial time 0, each buyer i reveals the set of all best response packages m,

given by
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m, ={¢} and m, ={¢}.
The efficient allocations ({A},{B}), ({A/B},¢), and (¢,{A B}), the efficient
allocation without buyer 2 {A, B}, and the efficient allocation without buyer 1 {A, B},
which are associated with the profile of representative valuation functions p at the

initial time 0, were not revealed at the initial time 0. Hence, after the initial time 0, the

auctioneer adjusts the profile of asked price vectors p=p(t) in the following

descending manner: at each time t> 0,
p.({A} = p.({B}) = p,({A}}= p,({B}) =100—%,

and
p.({A B}}= p,({A B}) =200-t.

Up to the time 100-W , the buyers continue to reveal the same demand sets as at the
initial time 0. At time 100-W , where the auctioneer asks the profile of price vectors

p = p(l00-W) given by

P, ({A}} = p.({B}) = p,({A}} = p,({B}) =50 + V?V ,

and

p.({A B}} = p,({A B}) =100+W,
each buyer i is willing to reveal the set of all best response packages m. given by

m, ={{A B} ¢} and m, ={{A B}.4}.
Note that the efficient allocations ({A,B},¢) and (¢,{A B}), the efficient allocation
without buyer 2 {A, B}, and the efficient allocation without buyer 1 {A, B}, which are
associated with the profile of representative valuation functions p at the initial time 0,

were all revealed at the time 100-W . Hence, the auctioneer can achieve the correct
VCG outcome:

f(u)= {AB}LY),
x,(u) = p,({A B}) - p,(¢) =100+ W , and

X, (U) = pl({A' B}) - pl({Av B}) =0.
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The price-demand procedure ends at the time 100—W , leaking to the public just the
following information:
1) Each buyer’s valuation for {A, B} isequal to 100+W .

2) Buyer 1’s valuations for {A} and {B}, and buyer 2’s valuations for {A} and

{B}, are all less than 50+V?V.

Compared with the price-demand procedure at the bottom of Section 6, the
above-mentioned price-demand procedure can dramatically save the extent of
information leakage. In particular, the auctioneer can perfectly hide the irrelevant
information about buyer 1’s valuation for item B and the buyer 2’ valuation for item A.
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10. Conclusion

This paper investigated a general class of open-bid combinatorial auction protocols
in the continuous time horizon termed price-demand procedures; the auctioneer asks
buyer-dependent price vectors and each buyer reveals demand sets as the set of all
best-response packages through time. We assumed the revealed preference activity rule
and the connectedness. We demonstrated the characterization result for the class of all
price-demand procedures that achieve the VCG outcome. That is, we showed that a
price-demand procedure achieves the VCG outcome if and only if the efficient
allocation and the efficient allocations without any single buyer, associated with the
resultant profile of representative valuation functions, are all revealed in the history.
This class has the advantage over the standard practice of the VCG mechanism, because
the revelation of best responses through time in the procedure is much easier than the
revelation of the entire valuations at one time in the standard practice.

We argued that it is possible for the auctioneer to achieve the VCG outcome in this
manner just by making the detail-free contractual agreement with the buyers. In this
case, the buyers can easily detect whether the auctioneer succeeds to achieve the correct
VCG outcome just by observing the resultant history. Hence, they can leave the
selection of price-demand procedure the auctioneer’s discretion, without violating the
auctioneer’s incentive. The auctioneer can make this selection even contingent on his
unverifiable private information. He can save irrelevant information leakage to a certain

extent by selecting a shortcut procedure.
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Appendix A: Proof of Lemma 1

Forevery &£>0 andevery ueU , wedefine u,, eU; by
u.(a)=ula)+e forall a e2"\{g}.
Assume that there exists ueU and ieN such that
f(u) e AN (u,7).
Suppose
fiu)=ge AW (7).
Then, h'®(u,») must be consistent with u,, forall £>0,i.e,
U, €U, (h"(y,T)) forall £>0,
which, along with consistency and efficiency, implies that
fu,u,)=Ffu)eA,u,) forall £>0.

i,e? ie?

This is a contradiction, because any efficient allocation ae A'(u;,u;) for (u;,u)
never satisfies a = ¢, provided ¢ is sufficiently large.
Suppose
f(u)=g¢.

Then, we can select a, 2" such that a, = f,(u) and a c f,(u), and that for every

a' e2" satisfyingthat a'¢{a, f,(u)} and a c f,(u),
U (W) -u, @) <u,(f, @) -u, @) °
From (1), we can select u’ =u, with which h'®(y,T) is consistent, i.e.,
u el (W (. T)).
Here, we can select u; and je N\{i} in a manner that u/(f.(u))—u/(a) is close
enough to zero and
(A-1) u/(f;(u)) —u/(a) <u;(f;(u)U f(u)\a) —u;(f;(u)).

® Note that if f (u) is a singleton, there exists no such a’. Hence, a =¢ automatically

satisfies the requirements.
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Letus specify &< A by & =a;, 4, ="f,(u)U f(u)\a,and
a, = f, (u) forall heN\{i,j}.

From (A-1),
w(f)+ 2 u () <u@)+ > u @),

heN\{i} heN\{i}
implying that f(u) is not efficient for (u/,u,). However, since h'“(u,1) is

consistent with u/, it must hold that f (u/,u ;) = f(u) . This is a contradiction.
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Appendix B: Proof of Lemma 2

Since h' is connected, there exists a finite sequence (z,a"’);, such that k>2,
a® =a’' a =g
tWe[ot) and a® em (") forall Ie{l,... K},
and

a'em () forall 1e{2,..,k}.

Forevery u €U, (h") andevery 1e{2,..,k},since {a,a' }cm ("), it follows
u@”)-p (") @") =u @) - p (") @"™"), e,
u @) -u @) = p")@") - p(")(@"™)

Hence,

B1)  ula)-u@) = > E" -y @)

= Z{pi )@") - p ()@}
Let us specify x(a,a,h’)eR as
X (8, ), hit) = Zk:{pi (T(I))(ai(l)) - b (T(I))(ai(l_l))}-

Since this specification does not depend on the selection of u, eU, (h'), it follows from
(B-1) that for every u, eU,(h) andevery {a,a}c A(h),

U; (ai) -4 (ai’) =X (ai ) ail’ hit) .
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Appendix C: Proof of Proposition 3

We prove the “if” part as follows. Suppose that for every h' e H(y,T), there exist
a'(h)e A(h'), and a"(h',)e A'(h',) for each ieN, that satisfy (3) and (4) for all
ueU(h'). Then, we can specify f:U — A in a manner that for every h' e H(y,T)
and every ueU(h'),

f(uy=a'(h).
We can also specify x:U —>R for each ieN in a manner that for every
h'eH(y,T) andevery ueU(h'),

x(u)= > x,@a;(hy), f;(u),h).

jeN\i}
From Lemma 2 and (4), it follows that

X(uy=max > u(a)- > u(fiu),

aeh i jeNi}
which along with (3) implies that the specified mechanism G =(f,x) is VCG.
We prove the “only if” part as follows. Assume that G=(f,x) is VCG and

consistent with (,T). Note from (1) and (2) that for every ie N, every h' e H;, and
every {a,a}z A(h), there exists {u.,0.}cU,(h’) such that
u(a)—-u (@) =0 (a) -0 (a).
Hence, for every ueU ,ifeither f(u)& A(h™™(u, 1)) or
Al(h™(u,2))NA"(u_;)=¢ forsome jeN,
then there exist je N and U; eU; such that
(G, u_;)eUh’™(u,2)),
and for every ie N\{j},
K@U ) =mad @)+ Y u (@3- )+ Y u(f,@)}

heNVi, j} heN\i, j}

# max z Uy (@) - Z u, (f,(u)) :Xi(u)'

aeA | AN heN\{i}
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This contradicts the supposition that G is consistent with (»,T). Hence, we have
proved that for every ueU ,

f(u)e A(h"™(u, 1)),

and
A(hT (W, 2)NAT(u_)#¢ forall jeN.
Suppose that there exist {u,0}cU, jeN,and a'e Al such that
GeU(™(u,4), al e Ai(hM(u,2), aleAl(u ),
and

alg AV(0)).

Without loss of generality, we can select G satisfying that

Xj(a):gg)f Z 0 (&) - Z 4 (f;(u)) > Z 0 (a)- Z a; (f;(u)) -

ieN\{j} ieN\{j} ieN\{j} ieN\{j}
Since
f(u)e AW (u,2)) and a’e Al(hT(u,1)),
it follows that

Z Ui(ai)_ Z l]i(fi(u)): Z ui(ai)_ Z ui(fi(u))zxi(u)’

ieN\{j} ieN\{j} ieN\{j} ieN\{j}

which implies that x, () = x;(u) . This contradicts the supposition that G is consistent

with (7,T). Hence, we have proved that for every ueU andevery jeN,

AN uNNC N A7) = ¢,

_jeU_; (6 (u,2))
which implies that there exists a”(h',) e A'(h",) that satisfies (4). Moreover, Lemma 1

implies that there exists a”(h') e A(h') foreach i< N satisfying (3).

From the above observations, we have proved the “only if” part.
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Appendix D: Proof of Proposition 4

The proof of the “if” part is straightforward from the definition of ui[“”. From the
definition of u™! and a e A(h'), it follows that if u eU,(h'), then for every
a eA,

u @) -u @) 2u"(@)-u" (@),
and a'e A(h') if and only if
U, (@) -u, (@) =u" (@) -u" (&) = x (a3}, h)
where we have used the assumption of revealed preference activity rule and Lemma 2.
By letting &' =¢, from u,(¢)=u™(#)=0 and u.(a,)>u1(a,), it follows that

u,(a)=ul(a) ifandonlyif geA(h').
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Appendix E: Proof of Theorem 5

From Proposition 4 and the specification of u™?, it follows that for every ieN,
every a e A(h'),andevery & e A,
u™(a)-u"(@) <u(a)-u (&) forall u eU,(h).
Hence, for every ae A(h'),
acA'(u) forall ueU(ht) if aeA u").
From the specification of u™, it follows that for every ae A(h'),
aecA'(U") if aeA'(u) forall ueU(h).
Hence, we have proved that for every ae A(h'),
ae A'(U™) ifandonlyif acA'(u) forall ueU(h').
This implies that (5) is equivalent to (3). In the same manner, for every je N and
every a' e Al(h')),
al e Aj*(ufh;]) ifandonly if a’e A"(u_;) forall u_ eU_(h')).

This implies that (6) is equivalent to (4).



36

Appendix F: Proof of Theorem 6

From (5) and (6), we can select a"(h') e A(h'), and a"(h';) e A'(h',) for each
ie N, suchthat a’(h')e A(h)NA u"), and
a”(h',)e Al(h' )N A" ™) forall ieN.
Hence,

S ulfi(a’(h)=>u(a) forall acA,

ieN ieN
and forevery ieN,

S uf@ ()= Y (@) forall aie A

jeN\(i} jeN\{i}

From Proposition 4, a"(h')e A(h'), and a"(h',)e A'(h",), it follows that for every
ueU(h') andevery ieN,

u,(a; () —u(a (h')) > u, () -ull(a,) forall acA,
and for every je N \{i},

u @ () -u" @ (') >u,(a,) -u"(a,) forall a eA,.

These observations imply that u'™ e P is a universal competitive equilibrium.



