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Abstract

This paper develops a new approximation formula for pricing basket options
in a local-stochastic volatility model with jumps. In particular, the model admits
local volatility functions and jump components in not only the underlying asset
price processes, but also the volatility processes. To the best of our knowledge, the
proposed formula is the first one which achieves an analytical approximation for
the basket option prices under this type of the models.

Moreover, in numerical experiments, we provide approximate prices for basket
options on the WTT futures and Brent futures based on the parameters through
calibration to the plain-vanilla option prices, and confirm the validity of our ap-
proximation formula.

1 Introduction

The basket options are one of the most popular exotic-type options in the commodity
and equity markets. However, it is a tough task to calculate a basket option price with
computational speed fast enough for practical purpose, mainly due to the difficulty
of the analytical tractability and its high dimensionality. For instance, although the
Monte Carlo method is easy to implement, it requires a substantial computational time
to obtain an accurate value. Also, the numerical methods for the partial differential
equations (PDEs) have been well developed, but it is still very difficult to solve high
dimensional PDEs with accuracy and computational speed satisfactory enough in the
financial business. To overcome the difficulties, this paper develops a new analytical
approximation formula for basket options. In particular, to the best of our knowledge,
our approximation formula is the first one which achieves a closed form approxima-
tion of basket options under stochastic volatility models with local volatility functions
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and jump components for not only the underlying asset price processes, but also the
volatility processes.

There exist a large number of preceding studies on pricing basket options. In the
Black-Scholes model, Brigo, Mercurio, Rapisarda and Scotti (2004) applied a moment
matching method to approximate basket option prices. Deelstra, Liinev and Vanmaele
(2004) derived the lower and upper bounds for basket call option prices with comono-
tonic approach.

Under a Local volatility model, Takahashi (1999) showed an approximation for
basket option prices with an asymptotic expansion technique. Bayer and Laurence
(2014) used a heat kernel expansion and the Laplace approximation method to derive
very accurate approximate prices of basket options.

In a local volatility jump-diffusion model, Xu and Zheng (2010) derived a forward
partial integral differential equation (PIDE) for basket option pricing and approximated
its solution. Also, Xu and Zheng (2013) applied the lower bound technique in Rogers
and Shi (1995) and the asymptotic expansion method in Kunitomo and Takahashi
(2001) to obtain the approximate value of the lower bound of European basket call
prices. Moreover, when the local volatility function is time independent, they suggested
to have a closed-form expression for their approximation.

Under a local stochastic volatility model, Shiraya and Takahashi (2014) has de-
veloped a general pricing method for multi-asset cross currency options which include
cross currency options, cross currency basket options and cross currency average op-
tions. They also demonstrated that the scheme is able to evaluate options with high
dimensional state variables such as 200 dimensions, which is necessary for pricing basket
options with 100 underlying assets under stochastic volatility environment. Moreover,
in practice, fast calibration is necessary in the option markets relevant for the under-
lying assets and the currency, which was also achieved in the work.

Models within the class of the so called local stochastic volatility (LSV) model
are mainly used in practice: for example, SABR (Hagan, Kumar, Lesniewskie, and
Woodward (2002)), ZABR (Andreasen and Huge (2011)), CEV Heston (e.g. Shiraya et
al. (2012)) and Quadratic Heston models (e.g. Shiraya et al. (2012)) are well known.
Nonetheless, the LSV model is not always enough to fit to a volatility smile and term
structure. Hence, some advanced researches investigated a local stochastic volatility
with jump model. Among them, Eraker (2004) found that the models with jump
components in the underlying price and volatility processes showed better performance
in fitting to option prices and the underlying price returns’ data simultaneously in stock
markets. Pagliarani and Pascucci (2013) derived an analytical approximation of plain-
vanilla option prices by applying the adjoint expansion method. However, to the best
of our knowledge no works have derived an analytical approximation formula for the
option prices under a model which admits a local volatility function and jumps both in
the underlying asset price and its volatility processes. This paper develops a formula
for pricing basket options under the setting by extending an asymptotic expansion
approach. This closed form equation has an advantage in making use of the better
calibration to the traded individual options whose underlying assets are included in a
basket option’s underlying.



In fact, our numerical experiments provide estimates of basket option prices based
on the parameters obtained by calibration to the market prices of WTTI futures options
and Brent futures options. Then, those estimated prices are compared with the prices
calculated by Monte Carlo simulations.

An asymptotic expansion approach in finance was initiated by Kunitomo and Taka-
hashi (1992), Yoshida (1992), and Takahashi (1995,1999), which provides us a unified
methodology for evaluation of prices and Greeks in general diffusion setting. Recently,
the method was further developed to be applied to the forward backward stochastic
differential equations (FBSDEs). (See Fujii and Takahashi (2012 a,b,c,d), Takahashi
and Yamada (2012, 2013) for the details.)

Although the method was extended to be applied to a jump-diffusion model by Ku-
nitomo and Takahashi (2004) and Takahashi(2007,2009), they concentrated on approx-
imation of only bond prices or/and plain-vanilla option prices under a local volatility
jump-diffusion model, and did not derive higher order expansions than the first order
for the option pricing. Subsequently, Takahashi and Takehara (2010) found a scheme
for pricing plain-vanilla options in a jump-diffusion with stochastic volatility model.
However, thanks to a linear structure of the underlying asset price process in their
model they separated the jump component with a known characteristic function and
then applied the expansion technique developed in the diffusion models. Hence, their
scheme can not be applied directly to more general models nor basket option pricing.
The current work generalizes these preceding researches in the asymptotic expansion
approach.

The organization of the paper is as follows: After the next section briefly describes
our model for basket options, Section 3 derives a new approximate pricing formula, and
Sections 4 and 5 show numerical examples. Particularly, Section 5 provide approximate
prices for basket options on the WTT futures and Brent futures based on the parameters
through calibration to the plain vanilla option prices. Section 6 concludes. Appendix
shows the derivation of the coefficients in the pricing equation and the conditional
expectation formulas necessary for obtaining the main theorem.

2 Model

This section shows the model of the underlying asset prices and their volatility pro-
cesses, which is used for pricing the European type basket options.

In particular, suppose that the filtered probability space (2, F, P, {F;}+>0) is given,
where P is an equivalent martingale measure and the filtration satisfies the usual con-
ditions. Then, (Sg)te[O,T] and (aé)te[o’T], t = 1,---,d represent the underlying asset
prices and their volatilities for ¢ € [0, T], respectively. Particularly, let us assume that

5} and 05} are given by the solutions of the following stochastic integral equations:
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where s} and o, i = 1,--- ,d are given as some constants. The notations are defined
as follows:
e o' (i=1,---,d) are constants.
A and 6° (i =1,--- ,d) are nonnegative constants.

e ¢gi(x,y) and ¢,i(x) are some functions with appropriate regularity conditions.

o W5 and W"i, (i=1,---,d) are correlated Brownian motions.
e Each Ny, (I = 1,---,n) is a Poisson process with constant 1nten51ty A, Ny,
l=1,---,n are 1ndependent and also independent of all WS and W°'.

e 7;; stands for the j-th jump time of N;.

e Foreachl—=1,--- ,nandi=1,--- ,d, both (ZN“hSZ ) _,nd (Zjﬁ{ hai,l,j)m

are compound Poisson processes. (z e 1 =0 when N, = 0).

e For each [ and z°, hyi;; (j € N) are independent and identically distributed
random variables, where 2* stands for one of S* and ¢* (i = 1,--- ,d).

— for the constant jump case, h »i for some constant H:; in all j.

xilg =
— for the log-normal jump case, h,i; ; = eYeitg — 1, where
Y,i;; is a random variable which follows a normal distribution with mean
Mg and variance 731' , that is, N(mxivl,’yii -

 hgigjand by o (L# I') are independent.
Pyiy g and by 0 (5 # j') are independent.
Ny and hyip ; are independent.

For the same [ and j, hgi; ; and h_i , . (4, i’ =1,---,d) are allowed to be depen-

dent, that is Ygi;; and Y, i ; ; (i,i/ =1,---,d) are generally correlated.

Remark . By specifying the functions ¢gi and ¢4, we can express various types of
local-stochastic volatility models. For example, the model with ¢gi(o,S) = (aS? + bS +
c)Vo and ¢yi(0) = /o corresponds to an extension of the Quadratic Heston model.
The model with ¢gi(c,S) = SPSa and ¢,:(c) = o corresponds to an extended SABR (\-
SABR) model, and the one with ¢gi(o,S) = SP50, ¢,i(0) = 0% and X = 0 corresponds
to a local volatility on volatility with jumps model.



3 New Pricing formula for Basket Option

In this section, we derive an approximation formula for the basket option price in the
following steps.

1. Introduce perturbation parameter € to the model processes, and expand the pro-
cesses with respect to € around € = 0 as in Proposition 3.1.

2. Substitute the expanded processes for the payoff function, and expand the payoff
function with respect to € around e¢ = 0.

3. Take the conditional expectation of each term in the expanded payoff functions
to calculate analytically the expectation of the expanded payoff functions.

4. Use Lemma 3.2 and Appendix B to calculate each conditional expectation. In
the conditional expectation, each formula in Lemma 3.2 or Appendix B is applied
according to the type of the functional form of the integrand, and the calculation
results are given in Appendix A.

5. Collecting these terms in Appendix A with the same order of the Hermite poly-
nomials, we obtain the coefficients in Theorem 3.3.

First, we introduce perturbations to the model (1) and (2). That is, for a known
parameter € € [0,1] we consider the following stochastic integral equations: for ¢ =
1,---.d,
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Here, hii-)l .= eH,i; for all j in the constant jump case. h(i)l = Mg 1, where
»bsJ ’ "0,
€Y,y ~ N(emyi;, €292 ) in the log-normal jump case. Note that h(ol)l = 0 in the
both cases.

We also define the following perturbed model with no jump processes, S5V (€) and

otLSV(©)  which will be used for our approximation of the basket option pricing: for
i1=1,---.,d,

. , T T . .
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;LSV _ O_O +/ )\z i O‘z’LSV(E))dt—f—E/ i (0'125 ,LSV (e )) tha ] (6)
0

We assume the asymptotic expansions of S;L(G) and 0;1(6) around € = 0 as follows:
SHO g0 4 g fsmz) . )
J;';(é) _ ()+eal (1) 2'UT(2) N (8)
h:(;),l,] = hu(v?)lj + Eh.(rll)lj + hfl)l] I 9)
where S?(L) = 8ng(6) 0 az’m = Ld:) o’ hiﬁ{l’j = 8”(;53%], o

We also suppose that (Wsl, e ,Wsd,W(’l, e ,W"d)’ = 0 Z where g is a 2d x 2d
correlation matrix, and Z is a 2d-dimensional (independent) Brownian motion.

Firstly, we consider a simple case with one asset and one jump factor, that is i =1
and [ =1 in the above model:

T
S(Tg) = so+/ aS()dt—l—E/ ¢i(0§6)75(6_))dzts

0 0
Nt T
+3 hg sl — /O ASERS) Jdt, (10)
j=1
T T
ol = ao—i—/ A(e—ag))dtﬂ/ ¢Ji( (6)) dz?
0
Nt T
+3 " hel /0 Ao VB[R dt. (11)
j=1

We derive S;O ) and Sgrl ) explicitly.

SFEFO ) is calculated as follows:
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Sg)) can be solved as Sy,

way.

Next, we calculate S(T1 .
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This equation can be solved by method of variation of constants as:

st

T Np
/ eo‘(T_t)q>5 (at(g), St(g)) ngg + Z hg;eo‘Tso
j=1

0

~AE[hg)eT soT.

S(Ti) (1 =2,3,---) can be derived in a similar manner.
We explain the multi dimensional case (3), (4), (5), (6) based on these results. For
ease of the expressions we introduce the following notations:

* Psi

(i, j)-element of o.

e“T'sy, and oy’ = 0 + (o9 — 0)e T is derived in the same

(14)

= qﬁSi(ai,Si)(g)m and @i ; 1= qﬁai(ai)(g)dHJ, where (p);; denotes the



o Ogii= (Pgig, -, Pgigg) and @i 1= (P, -+, i gq) are 2d-dimensional vec-
tors.

o Og:=(Pg1, -, Pga) and @, := (D1, ,P,a) are d x 2d matrices.

ML

e We define a operator ”x” as follows: When A and B are d x 2d matrices,

(A)11(B)r - (A)1,2d(B)1,24
AxB:= : : : (15)
(A)a1(Blax -+ (A)a2d(B)d2d

When A is a d x 2d matrix and B is a d-dimensional vector,

(A)1a(B)1 - (A)12a(Bh
AxB=DBxA:= : : (16)
(A)ai(Bla -+ (A)a2d(B)d
When A and B are d-dimensional vectors,
(A)1(B)1
Ax B := . (17)
(A)a(B)d
e We also define 0,®; (x =S or o, 2 =S or o) as
2 (®a)1n g (Pa)124
0 N 9 (d.
BEC) ((I)a:)d,l te 9z ((I)x)d,Qd

where (®;); ; denotes the (i, j)-element of the d x 2d matrix ®;.

e Let us introduce the following notations:
St = (St17 ,Sg), ot = (thv"' 70td)7

) G i A G e
Sfj) _ (Stl (3)7“, S (J))’ Ut(J) _ (Utl (])’._. o (J))’

@ _ () (4) @ _ (@) (%)
hgry = (gl o shgay s hopy = (i oo s hoay )
eot — (ealt, . ’eozdt) and e — (e)\lt’ . ’eAdt)_

Based on these preparations, we obtain the next proposition.



Proposition 3.1. 1. The coefficients, S(') (x =,5,0),i=0,1,2 and a(l)
i = 0,1 in the expansions (7), (8) and (9) are gwen as follows:

B

x7l7j

2
hs

T x s,

0+ (oo—0)xe M,
0,

T
/ eT=1) dg (aﬁ), t@) dZ;
0

n Ni,T
+3° (Z h§, ., — MTE [hg{M) % S
=1 \ j=1

T n N1
[om eyt e
0 "
T
_AIE[ ,1,1 AT /e *Ut ),
0

Hyy = (Hy g, Hyay), (for all j, constant jump case)

Yo = Yar 5 Ypay ), (log-normal jump case)

T
2/ T 4 §gd g (Uf@, St(g)) * St(i)dZt
0

T
+2/ e(T=1) 4 0y Pg (Jf@, Sg@) * Uﬁ)dZt
0

n Ni,r
+3° ({ S nS), ~ NTE [hgg’l} } x5\
=1

N1

T
1 o(T—T; 1 1 a -
+2 E hg}d s e@T=Ti) S%)l_ —2ME [hg},l} s T */0 e

=1

0 € RY, (for all j, constant jump case)

Yo% Yo (log-normal jump case)

(22)

50

T]l—

2. The coefficients, SLSV 2 (i =1,2,3) and JLSV( (i = 1,2) in the asymptotic
expansions of (5) and (6) are given as follows

T
SESV /0 T 4 g (Ugo),séo)) iz,

T

T
SLSV) / NIt 4 g (at(m) iz,
0

9

(29)

(30)



T
SESVE 2/ T 4 9 (Ut(o)’st(o)) L SEV Wy,
0
T
w2 [T s 0,0 (o0 50) + o Dz, (31)
0
T
Uéswz) _ 2/0 T 4 0 B, (01:(0)) v oSV gz,

T t

= 2/ e MT—1) Oy Py (0,@) */ e At—u) D, (0750)) dZ,dZ;,
0 0

(32)

T
SEVE = 6 /0 00w 85 (07, 5) « (515 0) w (515 D)z,

T
+6 / T 4 9gBg (a§°), St(‘”) « SEV @z,
0
T
+6/ 1) 4 2 (0§0)75§0)> £ (@ESVWY 4 (oY) iz,
0
T
+6 / T8 4 9 B (ggm,sgm) « oSV @4z, (33)
0

Next, let us define the payoff of a basket call option with strike price K as

(9(z) = K)* (:= max{g(z) - K,0}), (34)
d
g(x) =w-x = Zwixi,
i=1

where g(z) represents a weighted sum of the underlying asset prices of z!,---  x¢

with the constant (both positive and negative) weights wi,--- ,wgq. Here, we set

o= (o) and w i (wn, o wg).

For an approximation of a basket option price, we firstly note that g (ng)) is
expanded around ¢ = 0 as:

g (Séf)) =g (ng))) +eg (S(Tl)> + 6229 (Sg)) + ig (S(Ts)> + o(€?). (35)

Then, for a strike price K = g(S%) — ey for an arbitrary y € R, the payoff of the call
option with maturity T is expanded as follows:

(s () - )" = 6(9(5¥))—g(5¥)))+y)+

€

2

— . <g (s9) + 59 (2) + So (88) +y+ 0(62)>+
= (o +y) 4 6221{g<S(T”>>—y}9 (s2)

10



3 (1 @) , 1 2))2
e <61{g(S(TI))>—y}g (ST )+ gé{g(S(Tl)F—y}g (ST ) )

+o(€)
2

~ (1) e (2)
e (g(ST )+y> T3 1{9(5(Tl>)>—y}g (ST )
1 1 2
3(+ LSV(3) 1 LSV (2)
te <61{9(S(T1>)>—y}g (ST ) + 86{9(S<T1)):—y}g (ST ) > '
(36)
2 2
We apply ¢ (SﬁSV(3)> and g (S%SV@)) instead of g (Sg?) and g (Sé?)) , which
provides reasonable accuracies with less computational burden in the approximations.

We next note that when the number of jumps is k; (I = 1,---,n), that is on
{Ni =k} ={Nir =k, - ,Noyr=kn}, Sc([,l) in the equation (22) becomes
&y + ST, (37)
where
f{kl} = Z(k}l — AlT)mS,l * 6aT * S0, (38)
=1

(constant jump)

T
Sr = / =0 5 B g (Jt(o), St(o)) dZ, (39)
0
(log-normal jump)
5 T 0) o0 Gy
St = / T x Pg (Ug ), St( )> dZy + Z Z’YS,Z * (g 51 * T x50 .(40)
0 =1 \j=1

Here, we use the following notations:

[ ’YSJ = (/}/Sl,ly N v'VSd,l) and Sp = (56, e 758)

® (51 = (Csl,j,l, c ,CSdJ,z) and (, 1 = (4.0.17]-7[7 o ,Cad,j,l) are vectors of random
variables, where (g: ;; and (i ;; follow N (0,1), that is the standard normal dis-
tribution.

(¥ is defined to be the 2d x 2d correlation matrix among (gi ;; and (i j;, i =
1,---,d, though it does not explicitly appear here.)

We remark that the distribution of g(gT) is N (0, E{Tkl}> , that is the normal distribution

1}

with mean zero and variance E; whose density function is expressed as

n(x;0, Er}k’}) = ! p{ - } . (41)

ex
k
\/ 2%2;@} 22{T g

11



Here, E{Tkl} is defined as follows: (constant jump)

E;’W} = /OT (w % e(T=1) Pg (U)EO), St(o))>T (w x e (T=1) 4 dg (Uf@, SISO))) dt,

(42)

(log-normal jump)

T T
Z;kl} . / <w % e(T=1) 4 dg (at(o), St(o))) (w x e(T=1) dg (Ugo)’ Sgo))) dt
0
+ > ku(w x ys+ €T % 50) Ty, (wx vs €T % s0), (43)
=1
where ¢, stands for the correlation matrix of (sj; = ({11, ,Cga ), and x!

denotes the transpose of x.
Next, we define

ma(e, (k) = E[g (S57) |9(Sr) = 2. AN = k)] (44)
m(. (k) = B g (57" ) [a(Sr) = 2. (N =k} (45)
(e ) = |9 (S7° )" [o(50) = o, (= k) (46)

With those preparations, we approximate the expectation of the basket call payoff
under an equivalent martingale measure in the following way:

JOCRON

an o (o)1) i) = = |

Crlrli (5(2))‘ (87) = ., {N, = k)
5 _ _{9(5;1))>_y}9 T g\orTr) =7, 1 = K]
e[ LSV(3) A
#5881 (50 oS = 2. 00 =
31 7 2 N
+5E B |00, ,)9 (S7°V) |o(Sr) = o, {0 = m}” . (47)

We also note that the probability of {N; = k;} := {N17 =Fki, -+, Np1 = kp} is
expressed as

° NT kig—MT
poy = [ (48)
=1 ’

which is the product of the k; times of the jump probabilities of N7 (I =1,--- ,n),
that is [[;"; P({Ni,r = k;}), thanks to the independence of Nyz (I =1,--- ,n).

12



Then, we calculate the coefficients of e, %, % and % on the right hand of (47) as

follows:
The coefficient of € is given by:

E [E [(g (59) +4) " |o(50) =, (N = kl}”
= Z > P{kz}/ (& + 9(Eqy) +y) nlz; 0,25 ), (49)

k=030 b=k (9(& k1) +y)

where the formula 1 in Lemma 3.2 is used to calculate the conditional expectation of
the second term on the right-hand side of the equation (22) for the constant jump case,
and the formula 2 in Lemma 3.2 is used to calculate the conditional expectation of the
second term of the equation (22) for the log-normal jump case.

The following calculations for conditional expectations also use the formulas in
Lemma 3.2 or/and Appendix B.

The coefficient of % is given by:

E [E [1{ (s >_y}9 (Sé?)) ’g(ST) =z, {N, = kl}”
= Z > p{kz}/ z, {ki})n(e; 0, S5 ) dz, (50)

k=031 ki=k (9w +y

the coefficient of % is given by:
E [E {1{ (50>} (SLSV(3)) ‘g (S7) =z, {N; = k‘l}”

_Z > p{kz}/ z, {ki}n(a; 0,28 d, (51)

k=01 ki=k (93 +y

and the coefficient of % is given by:

el 657 - 05

=Z 3" ppme(—(9(Emy) +u) In(—(9(Epy) +v); 0, S8, (52)

k=01 ki=k

Then, the initial value, C'(K,T) of the basket call option with maturity 7" and strike
K is expanded around € = 0 as follows:

C(K,T) = E [(g (5§5>> _K)+]
Z Z p{kz}e_rT{e/ (x+ y{kl}) n(x;0, E;kl})dx
“Y{k}

k=01 ki=k

Q

13



+62/ na(z, {ki})n(z;0, Z{Tk’})dx
YLk}

+63/ ns(x, {ki})n(z;0, Z;k’})dm
“Y{k}

+ 2 (~Yays (kD (—ypry: 0, SHD) }7 (53)

where yi1 = g(§qr,3) + v, and 7 is a constant risk-free rate.

In order to evaluate n2(x,{k;}), the conditional expectations defined in (44), we
prepare the following lemma. To evaluate ns(w,{ki}) and m22(—yx,y, {ki}) defined
in (45) and (46), respectively, we apply the conditional expectation formulas for the
Wiener-Ito integrals listed in Appendix B.

Lemma 3.2. We suppose the following:

e W is a d-dimensional Brownian motion.

e Fach Ny, (1 = 1,---,n) is a Poisson process with intensity A; and they are
independent. 7;; stands for the time of the j-th jump in Nj.
e W and N are independent.
d)

o X = (X;ll),"- ,XJ(J ), (G=1,---,1=1,---,n) follows a d-dimensional nor-

mal distribution with mean 0 and variance-covariance matriz © x; whose diagonal
elements are 1, that is each variance is 1.

o X, and Xj/ ¢ are independent for j # jorl#£ 1.
o X, are independent of W and Nj.
e Fach f1,; is a d-dimensional vector in R4,

o fo(t), gru(t), g2(t) and goy(t) (1 =1,--- ,n) are Ry — RY deterministic functions
and are integrable with respect to t in the formulas below.

e For the notational convenience, fa(t), g1,(t), g2(t) and g2,(t) are expressed as
Jots G11ts 92,0 and g2+, respectively.

o We define Yr and Egﬂ} as follows:
T

n Nir

T
YT = / f27t . th + Z Z fl,l ’ Xj,la (54)
0 I=1 j=1
k T -
ZéTl} ::/0 | foe|?dt + Zkz flTl Ox, fiu, (55)
=1

where = -y stands for the inner product of x and y in RY, and ' denotes the
transpose of .
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o We definel as I =(1,---,1).

Then, we have the following formulas 1. - 13. The proof will be given upon request.

1.
n Nt k
I
E Z G~ I‘Y—y {Nry = ki} Z / g1 - 1dt,
l 1 j=1
2.
[ n Nrg
E Z nglvlﬂ'j,l_ 'XJ‘Y =Y, {NT,Z = kl}
=1 j=1
n T Hy (y, s
ki T ! (y’ Yr )
= Z T /0 Ql,l,t@X,lfl,ldtT,
=1 v
3.
T n Ny
B[ gt XN a1 | WY =y (Nry = ki)
0 =1 j=1
{ki}
kl Hy (y,E )
; 92t thZ/ g1, - Ldsdt————=——+ Z{kl} ;
4.
n Niy
/ 00 | N i X5 | WY =y, (N = k)
0 =1 j=1
— k[T . Ha (y,Egj})
= Z T/ 92t * f2,t/ 911,s9Ox 1 f1pdsdt————F5+,
=1~ 70 0 (E{A’”}>
Y
5.
T n Nt,l
Bl [ g 1305 g1imy 17 =y (N = )
0 =1 j=1
n kl T t
= Z T / g2t I/ 91,5 - Idsdt,
= 1 Jo 0
6.
T n Nig
B[ oo 1305 g1imm Xod] ¥ =y (Nra = k)
0 =1 j=1
— k[T . H (y,Egj})
= Z = g1 [ g1, s@XJfl,ldet—k,
= T Jo o sy}
- T
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10.

n Nty

G0 .
E|D D g, 1/ g2t th}Y =y, {Nr; = ki}
=1 5=1
k
Zn: ki (T Idt/T f dtHl (y’zi?;})
= ™ g1t - g2t ol — 7~
2T J, t | 92t Ta E{Akl}
ky H, <y7 E{ z})
—Z / / G11s - Idsgay - fordt———Fp~—= )
T
b7 " H, (y, =)
Z T </ giit- I/ 92,5 fQ,Sdet> B T
0 0 »iv
=1 v
n NTl =
E Z Zgl,z,fj - (/ 92t th> 'Xj‘Y =y, {Nry = ki}
=1 j=1
n {ki}
ke [T+ g Ha (y’zile )
= Z = | 914Oxuf1adt | go - fordt——7F+
TJo ™ 0 {ki}
=)
Yr
{ki}
b s (3. 27)
—Z glzs@leungzt fadt
(2{kl})
Yr
{ki}
Fa t Hy (5,20
=) = g1,l,t@X,zf1,l 92,5 fasdsdt | ————5"%,
o y (E{A’”}>
Yr
n Nty
E ZZ 91y Xj) (9207, - X5) ‘Y—y,{NTz = ki}
=1 j=1

n

{1}
ki T Hsy (y, EY ) T
=27 / 91140x,0 1 '92,l,t@x,lf1,ldt—T
=1 0

(")

N

n NTl ]l ,L
ZZQMW* IZ Z 92,L7y— " I‘Y—y {NTl—kl}
=1 j=2
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+ g1t - 92,044t |,
0
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"k ( kl —1) ZLt
Z gu,t I | gans - Idsdt, (65)
0 =170

=1
11.
n Nt Nrji—.L
ED Y guim,- IZ Z 92, Ly~ XJ‘Y—?Ja{NTl—k’l}
I=1 j=2 L=1 J=
" k(k—1) [T [t Hl( =5 l})
1k — Y,
= T2/ gl,l,t'IZ/ g;,L,s@X,Lfl,LdetT}Ty (66)
=1 0 =170 EYT
12.
n Nry n Nrji-L
)35 STENT) Sl DPRRE o
=1 j=2 L=1 J=1
d T nopt H Z{f“l}>
ki(k;—1 1 (y?
= l(}g)/ QIz,teX,lfl,lZ/ 92,L,s'IdetT}YT, (67)
=1 0 L=1"0 E?T
13.
n Nty n Nrji—.L
E|> D giim,- Y Germg-Xs 'Xj‘YZyy{NT,zzkz}
=1 j=2 L=1 J=1

{k1}
" ki(k—1) [T noot Hy (y, %
= l(%2)/ gIl,t@lellZ/ ngLs@X,Lfl,Ldsdt<YT), (68)
!

0 ) ) — 0 [t {kl} 2
1 L=1 (E?T )

where Hy, (m; 2;{?]{’}) denotes the k-th order Hermite polynomial. Particularly, Hy (x; ng}) =
T T
z, Hy (m;Eg;l}) z{ } and Hy (g; ik l}) — g 62{’”}1:2 +3 (2{’”}) .

Applying the above lemma and the conditional expectation formulas in Shiraya and
Takahashi (2014) which are listed in Appendix B, we obtain an approximate pricing
formula for a basket call option with ¢ = 1. The formula for a basket put option is
easily obtained through the put-call parity.

Theorem 3.3. An approzimation formula for the initial value C(K,T) of a basket call
option with maturity T and strike price K is given by the following equation:

sk}
o0 H Yk,s
Z Z p{kl}e_rT{(yk}l + CLk;l)N( ykl ) + <02,kl E;kl} + 037’{:[ (z]{kl})
T

k=01 kj=k E{Tkl}
) )
+C4,le Cs,le + Cs 1y |n(yry;0,55") 7, (69)
(=) (=)
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ky ,—N; T
where pgy = [, WT)%, r is a constant risk-free rate, y = g(S(TO)) - K,

Yk} = g(ﬁ{kl}) + vy, N(z) denotes the standard normal distribution function and
n(x;0,%) = —2= exp (5—;2) Here, E{Tkl} is given by (43), and &g,y is defined by (38).

V2ory
The coefficients Cy k,,--- ,Cs r, are some constants. The derivation of the coefficients
Cigys - Cer, 1s shown in Appendiz A. Moreover, Hj, (x; Z{Tk’}> denotes the k-th or-
der Hermite polynomial: particularly, Hy (x; Z;kl}> =z, Hy (a:;E{Tk’}) =z2 - E;kl}

and Hy (ac; E{Tkl}) =zt — 62;@}1‘2 +3 (E{Tkl})z.

4 Numerical Examples

This section shows concrete numerical examples based on our method developed in the
previous section.

4.1 Setup

We apply the following model for numerical experiments under the risk-neutral prob-
ability measure: each underlying asset price process has a CEV (constant elasticity
of variance)-type diffusion term with compound Poisson jump component, and each
volatility process has a CEV-type diffusion term with mean reversion drift and com-
pound Poisson jump component:

T T )
Sho= Si+ / o' Sidt + / ol(SH)Psidw"

0 0

N1

n , T
+> Zhsi,l,jsgvl_—/o N Si_Elhgi 4]dt | (70)
=1 \ j=1

T T )
op = 06—1-/ /\Z(Hl—oz)dt—i—/ Vi (o)Pei Wy
0 0

n N1

T
S et - /D Aot Elhi,dt | | (71)
=1 \ j=1

where the jump size hmiJJ' is given by hx¢7l7j = Hgi for all 7 with a constant Hyi,
in the constant jump case, and by hyi; ; = eYeiii — 1 with Y,i; following a normal
distribution N (my , 731‘,1) for all j in the log-normal jump case.

Applying our approximate formula we calculate the basket call options whose num-
ber of the underlying asset is five in the basket. For illustrative purpose we only consider
a systematic jump case, that is all the jumps of the underlying asset prices and their
volatilities occur at the same time (i.e. n = 1 and (9),i ,; = 1 where ¥ denotes the
10 x 10 correlation matrix among (gi ;; and (i ;; (i = 1,---,5)), and the intensity

parameter A is fixed as 1, though we are able to treat more general cases. The base
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parameters in the asset price and their volatility processes are the same among all the
assets, which are listed in the following tables (Table 1 and Table 2).

Table 1: Common Parameters

3 7

S of « Bsi By X 60 vi wy A T n mg, vs;  Hgyi
100 2 0 0.5 0.5 1 2 1 0.2 1 1 1 -0.1 0.15 0.2

Table 2: Correlations

S1 Sa S3 S Ss o1 o2 o3 o4 o5
S1 1 0.5 0.5 0.5 051]-05 -05 -05 -0.5 -05
Sa 0.5 1 0.5 0.5 051]-05 -05 -05 -0.5 -05
Ss3 0.5 0.5 1 0.5 051]-05 -05 -05 -0.5 -05
Sa 0.5 0.5 0.5 1 051]-05 -05 -05 -0.5 -0.5
S5 0.5 0.5 0.5 0.5 1]-05 -05 -0.5 -0.5 -05
o1 | -05 -0.5 -0.5 -0.5 -0.5 1 0.5 0.5 0.5 0.5
o2 | -05 -0.5 -0.5 -0.5 -0.5 0.5 1 0.5 0.5 0.5
o3 | -0.5 -0.5 -0.5 -0.5 -0.5 0.5 0.5 1 0.5 0.5
o4 | -05 -0.5 -0.5 -0.5 -0.5 0.5 0.5 0.5 1 0.5
os | -05 -0.5 -0.5 -0.5 -0.5 0.5 0.5 0.5 0.5 1

4.2 Numerical Results

Table 3 shows the results for the numerical experiment with the benchmarks computed
by Monte Carlo simulations, where the number of the time steps is 128 and the number
of trials is 1 million with antithetic variables in computation of each benchmark.

We provide a sensitivity analysis to examine how the approximation errors by our
formula change with changes in the model parameters. In particular, we compare the
approximation errors for basket call option prices with different parameters. ”High”
or "Long” means the twice value of the base parameter given in Table 1, and ”Low”
or ”Short” means the half value of the base parameter, except for the correlation
parameter. AE means the asymptotic expansion method, and MC means the Monte
Carlo method.
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AE MC Diff

Strikes 80 90 100 110 120 80 90 100 110 120 80 90 100 110 120
Base Parameters 22.62 15.13 9.04 4.61 1.91 22.67 15.15 9.03 4.59 1.92 -0.05 -0.02 0.01 0.02 -0.01
|p| = 0.99 23.74 16.43 10.37 5.72 2.56 23.78 16.45 10.36 5.71 2.60 -0.04 -0.02 0.01 0.01 -0.03
|p| =0.75 23.19 15.81 9.75 5.21 2.25 23.23 15.83 9.74 5.19 2.28 -0.04 -0.02 0.01 0.01 -0.02
|p| = 0.25 22.09 14.43 8.25 3.93 1.53 22.15 14.45 8.25 3.91 1.54 -0.06 -0.03 0.00 0.01 -0.01
lpl =0 21.67 13.77 7.34 3.09 1.11 21.72 13.80 7.36 3.09 1.12 -0.05 -0.03 -0.02 0.00 -0.01
oo High 24.70 17.80 12.08 7.62 4.40 24.74 17.81 12.08 7.62 4.43 -0.04 -0.01 0.00 0.00 -0.03
oo Low 21.92 14.14 7.81 3.37 1.06 21.98 14.16 7.81 3.34 1.08 -0.06 -0.02 0.01 0.03 -0.02
lambda High 22.52 15.05 9.01 4.65 2.00 22.58 15.08 9.01 4.64 2.00 -0.06 -0.03 0.00 0.02 0.00
lambda Low 22.70 15.20 9.07 4.59 1.85 22.74 15.20 9.06 4.57 1.87 -0.04 -0.01 0.02 0.02 -0.02
6 High 23.75 16.62 10.76 6.32 3.29 23.79 16.62 10.74 6.30 3.29 -0.03 -0.01 0.01 0.01 0.00
6 Low 22.19 14.54 8.32 3.89 1.38 22.25 14.56 8.32 3.87 1.40 -0.06 -0.03 0.00 0.02 -0.02
v High 23.18 15.65 9.41 4.71 1.75 23.08 15.54 9.31 4.66 1.81 0.11 0.11 0.10 0.05 -0.06
v Low 22.44 14.94 8.92 4.63 2.05 22.50 14.98 8.93 4.62 2.05 -0.06 -0.03 -0.01 0.01 0.01
mg High 23.88 16.81 10.92 6.34 3.09 23.98 16.86 10.92 6.29 3.02 -0.10 -0.05 0.00 0.05 0.07
mg Low 22.23 14.60 8.50 4.25 1.84 22.25 14.61 8.50 4.26 1.90 -0.02 -0.01 0.00 -0.02 -0.06
~vs High 24.82 17.96 12.28 8.00 5.14 25.04 18.14 12.41 8.09 5.28 -0.22 -0.18 -0.12 -0.09 -0.14
~vs Low 21.92 14.10 7.83 3.48 1.07 21.92 14.08 7.81 3.47 1.09 0.00 0.02 0.03 0.01 -0.02
Hs High 22.67 15.14 9.00 4.53 1.83 22.74 15.17 9.00 4.52 1.86 -0.07 -0.03 0.00 0.01 -0.03
Hs Low 22.60 15.12 9.07 4.66 1.95 22.65 15.15 9.06 4.64 1.96 -0.05 -0.02 0.01 0.01 -0.01
A High 23.95 16.98 11.26 6.88 3.81 24.01 17.00 11.25 6.84 3.77 -0.06 -0.02 0.01 0.04 0.03
A Low 21.92 14.07 7.73 3.34 1.03 21.94 14.07 7.72 3.34 1.06 -0.02 -0.01 0.01 0.00 -0.04
Maturity Long 25.25 18.54 12.94 8.51 5.21 25.29 18.53 12.91 8.47 5.20 -0.04 0.00 0.03 0.03 0.02
Maturity Short 21.14 12.86 6.22 2.05 0.45 21.19 12.89 6.22 2.05 0.48 -0.05 -0.03 0.00 0.00 -0.03

Table 3: AE vs MC

It is observed that the approximation errors become large when the jump size
parameters such as the standard deviation of the price’s jump size vg and the volatility
jump size H,, and the volatility on the volatility parameter v are large.

However, in most of the cases, our approximation formula works quite well. While
in terms of the computational time our analytical method is obviously much faster than
the Monte Carlo simulations with 128 time steps and one million trials.

5 WTI - Brent basket options

This section presents numerical examples for pricing WTT - Brent basket options based
on our approximation scheme with the parameters obtained by calibration to the actual
futures option prices. In particular, we use the following model under the risk-neutral
probability measure, where each underlying asset price process has a CEV (constant
elasticity of variance)-type diffusion term with compound Poisson jump component and
each volatility process follows a log-normal model: for : = 1,2,

T _ n N1 ‘ T A
Si = Si+ /0 ol (SOPAW + > D hgiySh - /0 AySt_Elhgiyqldt |
=1 \ j=1

T )

. : . ;

op = 06+/ vio dWy,
0

where the jump size in the futures price process is log-normally distributed, that is
hgi ;= e¥siti — 1 with Ygi, ; following a normal distribution N(mgi, 7@-71) for all j.

Applying our approximate formula to this model, we calculate the basket options
on WTI futures and Brent futures. For simplicity, we only consider a systematic jump
case, that is all the jumps of the underlying asset prices (i.e. n =1 and (¥)gi g; =1
where ¢ denotes the 2 x 2 correlation matrix among (g: ;; (i = 1,2)).

20



We set the calculation date for basket option prices on March 31, 2015. In Table
4, we report the target basket prices with their underlying futures prices on the date,
the terms to maturities and the relevant (risk-free) interest rates.

Asset Price  Maturity Risk Free Rate

JUN15  WTI 49.34 0.121 0.3%
Brent 56.21 0.112 0.3%

basket 52.78 0.112 0.3%

DEC15 WTI 54.87 0.633 0.4%
Brent 60.84 0.614 0.4%

basket 57.86 0.614 0.4%

Table 4: Asset Price, Maturity and Risk Free Rate

We firstly need to obtain the model parameters through calibration to the relevant
option prices of WTI futures and those of Brent futures. In the jump component, the
intensity parameter A is fixed as 1. The other jump parameters are assumed to take
common values for the two relevant futures price processes used for the calculation of
a basket option price.

For computational efficiency, the settlement prices of American options are trans-
formed to those of the European options before calibration: More precisely, after an
implied volatility of each American option price is estimated under a binomial version of
the Black-Scholes model, the corresponding European option price is computed. Here-
after, this European option price is called the “transformed CME” or “transformed
ICE” option price. Then, calibration is implemented against the “transformed CME”
or “transformed ICE” option prices with different strikes simultaneously, where out-of-
the-money (OTM) prices are used for the calibration; for JUN15 futures options, the
strikes of the options range usd 35 to usd 75 with every five dollars, and for DEC15
futures options, those of the options range usd 40 to usd 80 with every five dollars.

Moreover, the correlations between the futures prices and their volatilities are as-
sumed to take common values for the two relevant futures, which are used to calculate
a basket option. These correlations are obtained by calibration to the market futures
option prices, which are shown in the p-column of Tables 5 and 6.

The correlations between the two futures price processes are estimated by the past
three-month’s historical data of the futures prices. The correlations between the cor-
responding volatility processes of the two futures prices are assumed to be the same
as the correlations of the futures prices. Then, we obtain the following estimates: the
correlation between the WTI and Brent futures prices for JUN15 is 0.955, and the
correlation for DEC15 is 0.975.

Given the above assumptions in the calibration, we compare the following two
specifications of the model:

(i) SABR type Local stochastic volatility model without jump (LSV model)
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(ii) SABR type Local stochastic volatility with log-normal jumps in the futures prices
model (LSV jump diffusion model)

The parameters obtained by calibration to the JUN 15 option prices of WTI and
Brent futures are shown in Table 5.

| o(0) B v p ms ¥s
LSV WTI 24.83 0.001 121.1% -0.224 - -
Brent 7.62 0.308 152.2% -0.224 - -
LSV jump WTI 17.47 0.064 62.6% -0.541 -0.123 0.285
Brent 2.02 0.609 84.2% -0.541 -0.123 0.285

Table 5: Parameters on JUN15

The parameters obtained by calibration to the DEC 15 option prices of WTI and
Brent futures are shown in Table 6.

‘ o(0) B v p ms vs
LSV WTI 3.31 0.448 62.8% -0.275 - -
Brent 2.52  0.521 59.6% -0.275 - -
LSV jump WTI | 10.01 0.123 42.6% -0.631 -0.036 0.231
Brent 098 0.699 70.7% -0.631 -0.036 0.231

Table 6: Parameters on DEC15

The results for the calibration to the JUN 15 option prices of WTI and Brent futures
are shown in Tables 7 and 8.

Strike 35 40 45 50 55 60 65 70 75
Transformed CME | 14.63 10.15 6.21 3.17 1.30 0.45 0.16 0.08 0.05
LSV 14.66 10.14 6.18 3.17 1.32 0.45 0.14 0.04 0.01
LSV jump 14.65 10.14 6.20 3.17 1.30 0.45 0.17 0.08 0.05
Diff (LSV) 0.04 -0.00 -0.03 0.00 0.02 0.00 -0.02 -0.04 -0.04
Diff (LSV jump) 0.02 -0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01

Table 7: JUN15 WTI

Strike 35 40 45 50 55 60 65 70 75
Transformed ICE | 21.28 16.45 11.82 7.64 425 196 078 030 0.14
LSV 21.29 1646 1183 7.63 424 198 0.79 0.29 0.10
LSV jump 21.27 1644 11.82 7.64 425 197 077 030 0.14
Diff (LSV) 0.01 0.01 0.01 -0.01 -0.02 0.02 0.01 -0.01 -0.04
Diff (LSV jump) -0.01  -0.00 0.01 -0.00 -0.00 0.01 -0.01 -0.00 -0.00

Table 8: JUN15 Brent

The results for the calibration to the DEC 15 option prices of WTI and Brent
futures are shown in Tables 9 and 10.
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Strike ‘ 40 45 50 55 60 65 70 75 80
Transformed CME | 16.45 12.57 9.15 6.34 4.15 2.55 1.57 0.93 0.59
LSV 16.49 12.55 9.12 6.31 4.15 2.61 1.58 0.93 0.53
LSV jump 16.45 12.56 9.15 6.33 4.14 2.57 1.55 0.94 0.59
Diff (LSV) 0.04 -0.02 -0.02 -0.03 0.00 0.06 0.01 -0.00 -0.06
Diff (LSV jump) ‘ 0.01 -0.01 0.01 -0.01 -0.01 0.02 -0.02 0.01 -0.00

Table 9: DEC15 WTI

Strike 40 45 50 55 60 65 70 75 80
Transformed ICE | 21.75 17.47 13.55 10.10 7.18 4.87 3.16 2.02 130
LSV 21.79 1747 1352 10.06 7.17 489 3.21 203 124
LSV jump 21.74 1747 1356 10.09 717 486 3.17 202 1.29
Diff (LSV) 0.04 0.00 -0.02 -0.04 -0.01 0.03 0.05 0.01 -0.06
Diff (LSV jump) -0.01 0.00 0.01 -0.00 -0.00 -0.00 0.01 -0.00 -0.01

Table 10: DEC15 Brent
We can observe that the LSV jump diffusion model gives much better fitting to the

futures options than the LSV model.
Figures 1 and 2 show the implied volatilities of DEC 15 WTI and Brent futures.

Figure 1: Implied volatilities of DEC 15 WTI futures
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Figure 2: Implied volatilities of DEC 15 Brent futures

46%

44%

42%

40%

Vo W . 1
UT1g1114dl

- =-=LSV

38%

36%

34%

32% I I I I I I I I 1
40 45 50 55 60 65 70 75 80

Especially in OTM, LSV model is not able to duplicate the implied volatilities.

Using the parameters obtained through the calibration, Tables 11 and 12 show the
comparison of the basket option prices given by our approximation (AE), and Monte
Carlo simulations (MC) in the LSV Jump diffusion model.

Strike | 40 45 50 55 60 65
AE | 041 1.02 230 241 093 0.33
MC | 044 1.04 231 241 094 0.34
Diff |[-0.03 -0.02 -0.01 0.00 -0.01 -0.01

Table 11: JUN15 basket option price

Strike | 40 45 50 55 60 65
AE | 207 336 518 546 3.53 220
MC | 208 336 517 545 354 224
Diff |-0.01 0.00 001 001 -0.01 -0.04

Table 12: DEC15 basket option price

These results show our approximation formula works well.

24



6 Conclusion

We have derived a new approximation formula for basket option pricing in a model with
local-stochastic volatility and jumps. In particular, our model admits a local volatility
function and jumps in both the underlying asset price and its volatility processes.
Thanks to the closed form formula the computational speed of the method is much
faster than the other numerical schemes.

Moreover, in numerical experiments, we firstly calibrate the model to the options
on the WTI and Brent futures by applying our approximation formula for the plain-
vanilla option. Then, by using the calibrated parameters, we approximate the prices
of the basket options on the WTI and the Brent futures and compare those with the
benchmark prices obtained by the Monte Carlo method, which has demonstrated the
effectiveness of our approximation scheme.

We also note that the higher order expansions can be derived in the similar manner,
which is expected to provide more precise approximations as in the diffusion cases in
Shiraya, Takahashi and Toda (2012) and Takahashi, Takehara and Toda (2012).

References

[1] Andreasen, J. and Huge, B., ZABR - Expansions for the Mass -, Preprint, 2011.

[2] Bayer,C., and Laurence, P., Asymptotics beats Monte Carlo: The case of cor-
related local vol baskets, Comm. Pure Appl. Math., 2014, 67: 1618-1657. DOI:
10.1002/CPA. 21488.

[3] Brigo, D., Mercurio, F., Rapisarda, F. and Scotti, R., Approximated Moment-
Matching for Basket-options Pricing. Quantitative Finance, 4, 2004, 1-16.

[4] G. Deelstra, J. Liinev and M. Vanmaele, Pricing of arithmetic basket options by
conditioning, Insurance Mathematics and Economics, 2004, vol. 34, issue 1, pages
55-77 .

[5] Eraker, B., Do Stock Prices and Volatility Jump? Reconciling Evidence from Spot
and Option Prices, The Journal of Finance, Vol.LIX, No.3, 2004, 1367-1404.

[6] Fujii, M., Takahashi, A., Analytical Approzimation for Non-linear FBSDEs with
Perturbation Scheme, International Journal of Theoretical and Applied Finance
Vol.15-5, 2012.

[7] Fujii, M., Takahashi, A., Perturbative Ezpansion of FBSDE in an Incomplete Mar-
ket with Stochastic Volatility, Quarterly Journal of Finance Vol.2, No.3, 2012.

[8] Fujii, M., Takahashi, A., Perturbative Expansion Technique for Non-linear FBSDEs
with Interacting Particle Method, CARF-F-278, 2012.

[9] Fujii, M., Takahashi, A., An FBSDE Approach to American Option Pricing with
an Interacting Particle Method, CARF-F-302, 2012.

25



[10] Hagan, P.S., Kumar, D., Lesniewskie, A.S., and Woodward, D.E., Managing Smile
Risk, Willmott Magazine, 2002, 84-108.

[11] Kunitomo, N. and Takahashi, A., Pricing Average Options, Japan Financial Re-
view, Vol.14, 1992, 1-20(in Japanese).

[12] Kunitomo, N. and Takahashi, A., The Asymptotic Expansion Approach to the
Valuation of Interest Rate Contingent Claims, Mathematical Finance, 11, 117-151,
2001.

[13] Kunitomo, N. and Takahashi, A., Applications of the Asymptotic Expansion Ap-
proach based on Malliavin- Watanabe Calculus in Financial Problems, Subsequently
published in S. Watanabe eds., Stochastic Processes and Applications to Mathe-
matical Finance, World Scientific, 195-232, 2004.

[14] Pagliarani S., Pascucci A., Local stochastic volatility with jumps, International
Journal of Theoretical and Applied Finance, 17 (1), 2014.

[15] Rogers, L.C.G., and Shi, Z., The value of an Asian option, Journal of Applied
Probability, 32, 1077-1088, 1995.

[16] Shiraya, K. and Takahashi, A., Pricing Multi-Asset Cross Currency Options, Jour-
nal of Futures Markets, 34, 1, 2014, 1-19.

[17] Shiraya, K. and Takahashi, A. and Toda,M., Pricing Barrier and Average Options
under Stochastic Volatility Environment, Journal of Computational Finance vol.15-
2,2011/12, 111-148.

[18] Shiraya, K,, Takahashi, A., Yamazaki, A., Pricing Swaptions under the LIBOR
Market Model of Interest Rates with Local-Stochastic Volatility Models , Willmott
Magazine,volume 2012, issue 61, pp.48-63, September, 2012.

[19] Takahashi, A., Essays on the Valuation Problems of Contingent Claims, Unpub-
lished Ph.D. Dissertation, Haas School of Business, University of California, Berke-
ley, 1995.

[20] Takahashi, A., An Asymptotic Expansion Approach to Pricing Contingent Claims,
Asia-Pacific Financial Markets, Vol. 6, 1999, 115-151.

[21] Takahashi, A., On an Asymptotic Expansion Approach to Numerical Problems in
Finance, Selected Papers on Probability and Statistics, pp. 199-217, 2009, American
Mathematical Society.

[22] Takahashi, A., An Asymptotic Ezpansion Approach in Finance, CARF-F-
102(CIRJE-F-509), 2007.8(revised in 2008.11).

[23] Takahashi, A., Takehara, K., A Hybrid Asymptotic Expansion Scheme: an Ap-
plication to Long-term Currency Options, International Journal of Theoretical and
Applied Finance, Vol.13-8, 2010, 1179-1221.

26



[24] Takahashi, A., Takehara, K., Toda, M., Computation in an Asymptotic Expansion
Method, CARF-F-149 (CIRJE-F-621), 2009.5.

[25] Takahashi, A., Takehara, K., Toda, M., A General Computation Scheme for a
High-Order Asymptotic Expansion Method, International Journal of Theoretical and
Applied Finance Vol.15-6, 2012.

[26] Takahashi, A., Yamada, T., An Asymptotic Ezpansion for Forward-Backward
SDEs: A Malliavin Calculus Approach, CARF-F-296, 2012.

[27] Takahashi, A., Yamada, T., On an Asymptotic Expansion of Forward-Backward
SDFEs with a Perturbed Driver, CARF-F-326, 2013.

[28] Xu, G., Zheng, H., Basket Options Valuation for a Local Volatility Jump-Diffusion
Model with the Asymptotic Expansion Method, Insurance Mathematics and Eco-
nomics, 47(3), 2010, 415-422.

[29] Xu, G., Zheng, H., Lower Bound Approximation to Basket Option Values for Lo-
cal Volatility Jump-Diffusion Models, International Journal of Theoretical Applied
Finance, 16 (8), 2013.

[30] Yoshida, N., Asymptotic Expansions for Statistics Related to Small Diffusions,
Journal of Japan Statistical Society, Vol.22, 1992, 139-159.

A Derivation of Coefficients

This section derives the coefficients, C;j,, (i = 1,--- ,6) in the expansion formula (69)
in Theorem 3.3 under a log-normal jump case. A constant jump case is obtained in a
similar way. In the following we omit some notations for simplicity.

Firstly, let us show the expressions of g(Sgpl)) and ¢ (%5’;2)):

T
9(Sy)) = g(/o 0 <I>stt> (72)
n Nir
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0 =1 0
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Next, we define the expression F(X) as
F(X):=E |X|g(57) = o, {N = ki}| =g (B[X|Sr =z (M = R}]),  (93)

where X stands for the expression in the equation number (X). We also define E;[Fkl}
as

sk} ::./ E:wz T’toEZwm "T0g", dt
I=1

d

i ; I
+ E K E wiygi 1e* Tsh E wrdgi g1ysr e Tsl, (94)
=1 =1 I=1

Then, we obtain the following calculations by using Lemma 3.2 and Appendix B.

F(g(SY)) = F(72) + F(73) + F(74)
= (102) + (103) + (104), (95)
F(g(S¥)) = F(75) + F(76) + F(77) + F(78) + F(79) + F(80) + F(81)
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+F(135) + F(136) + F(88)
= (105) + (108) + (109) + (110) + (111) + (112) + (113)
F(117) + (118) + (119) + (120) + (123) + (124)
+(129) + (130) + (131) + (132) + (133) + (134)
H(137) + (138) + (139),

+
+
(96)

where (102)-(139) stand for the equation numbers listed below. Moreover, F(75) =
( (12

77) = (110), F(78) = (111), F(79) = (112), F(80) = (113), F(82) = (120),
F(85) = (133), F(86) = (134), F(88) = (139), and

F(76) = F(106) + F(107) = (108) + (109), (97)
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126) + F(127) + F(128)
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F(87) = F(135) + F(136) = (137) + (

H;p, (:n; Zl}kl}> stands for the k-th order Hermite polynomial.
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Next, let us show the expression of g ( 5,51 by applying Appendix B.
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+/ Cﬁw,sr,ﬂM,lr,I/ fﬁw,guﬂMAuJ/ QM,zs,iQM,ls,ideudT} —
0 0 0

()2
d d

T ot
+ Z w; Z wy / / U 20,6 UM 4, 10U g 30 G0 52,10, (144)
I=1 0 /0

i=1

d
=1

= e s Dy, (146)
= T4 9qdg, (147)
= ey Dy, (148)
= T4 9qdg, (149)

d
= Zwicbsi, (150)
=1

—att

= e * Dgi, (151)
= T4 9q D, (152)
= Ny, (153)
= TNy g D, (154)

d
=Y wos. (155)
i=1

= N D, (156)
= TNty g D, (157)
= MU, (158)
= TNty D, (159)

1 SLSV(3)

Then, we show the expressions of ¢ (§ T ) by applying Appendix B.

T t 2
g ( 1 Sst<3)) _ g<;/ T 4 52 (/ p(t—u) *<I>stu) dZt> (160)
0 0

QT

T
+g (/ TN 4 95 ®s
)

t u
*/ ea“—“uas%*/ ea<“_”)*<1>5dZvdZudZt> (161)
0 0
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T
+g (/ EQ(T_t) * 85@5
0

t u
*/ ea(tfm*ag(bs*/ 6A<uv>*q>c,dzvdzudzt> (162)
0 0

T t 2
+g<;/ T 4 920 « (/ e_’\(t_")*@UdZu> dZt) (163)
0 0
T
+g / TN 4 9, dg
0

t u
*/ e M 4 9,0, */ e M=) *égdZvdZudZt) (164)
0 0

= %F(lGO) + F(161) + F(162) + %F(163) + F(164). (165)

We obtain the expressions of F(M) for M = 161,162, 164:

d T t s {k;}
/ / ’ H 3 E
F(M) = sz (/ (IM,4t,iQM,1t,i/ QM,3s,¢qM,15,i/ QM,zu,iQM,lu,z‘dUdet> %7
i=1 0 0 0 (ETZ )3
(166)
where

d

Ge11ei = Z w;Pgi, (167)
i=1

Goron; = ¢ ' x Py, (168)

q361,3t,i = 0siPgi, (169)

Gorari = €7 %05, (170)
d

q362,1t,i = Z w; P, (171)
i=1
)\i

Q162,2t,z' = D, (172)

Qe23ts = € A % 0, P, (173)

Geoari = €' x 05, (174)
d

q364,1t,i = Z w; P, (175)
i=1
)\i

Q164,2t,z' = D, (176)

q164,3t,i = 8o'i (pai7 (177)

z'T_ _/\i
%64,4@@' = X (T=O=N, 0yiPgi. (178)

We also have the expressions of F(M) for M = 160, 163 as follows:

T t t {ki}
Ha(a:; %
F(M) = > w {/ (/ q;VI,2u,iqM,1u,idu) (/ wa,ss,iQM,ls,idS) q?w,u,iqwz,lt,idt} Hslzi By ) e )
0 0 0 (2517)3

i=1
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T pt ik}
Hy(z:%
+(/ /(Jﬁmu,iQM,3u,z‘dU(I§u,4t,i(JM,lt,idt> Al X 7) ), (179)
0 0

E{Tkl}
where

d

qi60,1t,i = Zwi‘bsia (180)
i=1

(1160,2@1' = 4160,3t; = e % Dgi, (181)

qg60,4t,z' = T 8§i<1>si, (182)
d

Gezaei = > widsi, (183)
i=1

q£63,2t7i = 4163,3t; = N x D, (184)

Gz i = eV TN 4 92 P (185)

Collecting these terms with integrating them with respect to x from —y;, to oo and
collecting the terms with the same order of x in Helmite polynomials Hj <a:; E;kl}>
(k=1,2,3,4), we obtain the coefficients C;,, (i =1,---,6) in (69).

B Conditional Expectation Formulas for the Wiener-It6
Integrals

This appendix summarizes conditional expectation formulas for explicit computation
of the asymptotic expansions up to the third order.

In the following, W is a d-dimensional Brownian motion and ¢; = (g1, - ,Cfid)/
where ¢; € L?[0,T], i = 1,2,...,5 and 2 denotes the transpose of z. H,(z;%) denotes
the Hermite polynomial of degree n and ¥ = fOT |q1¢|?dt. For the derivation and more
general results, see Section 3 in Takahashi, Takehara and Toda (2009).

1.
- T ) T , T , H x;E
E / q2tth]/ q1,dW, = x] = </ q2tq1tdt> 1(2) (186)
L/ O 0 0
2.
[ T t ! I T !
E / / q2uquq3tth|/ q1,dAW5 :x] =
LJo Jo 0
T t
’ ’ H CL’,E
</ / QQuQ1udUQ3tQ1tdt) 2(22) (187)
0 0
3.

T , T , T )
E |:(/ qQUqu) </ qudW8> ’/ qlvde = CC:| =
0 0 0
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T T, Ho(z; %
(] snte) (] ) 25
0 0

T
+/ G2 q3tdt. (158)
0
T t s, , , T ,
E [/ / / q2udWUQSdeSQ4tth’/ qlvde = x:| =
0 0 JO 0
T t s
' ! ’ Hs(x; %
(/ q4tQ1t/ Q3SQ1s/ q2uqmdudsdt> 3(23) (189)
0 0 0

T t, t / T
</0 qQUdWU) (/(; qSSdWS> qzltth‘ A Q1vde = JI:| =
t t / Hy(w: S
([ ) ([ ) 552
0 0

=
0
T
U
T st
! / Hy(x; 2
+ </ / QQUQ3udUQ4tQ1tdt> y (190)
o Jo DM
[(/ / q?sdws%tdwt) ( / / q4udwuq57«dw) | / dhdW, :x] _
0
Hy(x; X
(/ qgtqlt/ QQSq“det) </ q5rqlr/0 C]4uQ1udud7"> 4(24)
{/ qgtqu/ qSTq”/ q2“q‘1“dUdrd’t+/ Q5tCJ1t/ Q3rCJ1r/ Qo Qaududrdt
/ Q3tQIt/ QQTQ5T/ Q4UQ1udud?”dt—|—/ q3tQ5t </ qzsq1sd3> (/ q4uq1udu) di
0 0 0

T r
/ / ’ H2 1',2
+/ Q5rqlr/ QSuq4u/ QQSQLgdeUdT} (22)
0 0 0

T rt
+ / / 920 94udugs gsedt. (191)
0 0

38



