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Abstract

We investigate a class of quadratic-exponential growth BSDEs with jumps. The
quadratic structure introduced by Barrieu & El Karoui (2013) yields the universal
bounds on the possible solutions. With local Lipschitz continuity and the so-called
Ar-condition for the comparison principle to hold, we prove the existence of a unique
solution under the general quadratic-exponential structure. We have also shown that
the strong convergence occurs under more general (not necessarily monotone) sequence
of drivers, which is then applied to give the sufficient conditions for the Malliavin’s
differentiability.
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1 Introduction

The backward stochastic differential equations (BSDESs) have been subjects of strong in-
terest of many researchers since they were introduced by Bismut (1973) [7] and generalized
later by Pardoux & Peng (1990) [37]. This is particularly because they provide a truly
probabilistic approach to stochastic control problems, which has been soon recognized as
a very powerful tool for both theoretical and numerical issues in many important applica-
tions.

More recently, there has appeared an acute interest in quadratic-growth BSDEs be-
cause of their various fields of applications such as, risk sensitive control problems, dynamic
risk measures and indifference pricing in an incomplete market. The first breakthrough
was made by Kobylanski (2000) [30] in a Brownian filtration with a bounded terminal con-
dition. The result was then extended by Briand & Hu (2006, 2008) [9, 10] to unbounded
solutions. Direct convergence based on a fixed-point theorem was proposed by Tevzadze
(2008) [42]. Various extensions/applications can be found in, for example, Hu, Imkeller
& Muller (2005) [23], Mania & Tevzadze (2006) [33], Morlais (2009) [34], Hu & Schweizer
(2011) [24], Delbaen, Hu & Richou (2011) [13].

In contrast to the diffusion setup, the number of researches on quadratic BSDEs with
jumps has been rather small. Morlais (2010) [35] deals with a particular BSDE appearing
in the exponential utility optimization with jumps, and Antonelli & Mancini (2016) [2]
studies the setup with local Lipschitz continuity with different assumptions. Both of them
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adopt Kobylanski’s approach making use of a weakly converging subsequence. Cohen &
Elliott (2015) [11] and also Kazi-Tani, Possamai & Zhou (2015) [29] have adopted the
fixed-point approach of Tevzadze [42]. See also Becherer (2006) [6] as an earlier attempt
for utility optimization with different restrictions on the driver.

Recently, Barrieu & El Karoui (2013) [5] have proposed a new approach based on
the stability of quadratic semimartingales by introducing a so-called quadratic structure
condition. They have shown the existence of a solution, without the uniqueness, under
the minimal assumption allowing the unbounded terminal condition in a continuous setup.
Their result has been extended to the exponential utility optimization in a market with
counterparty default risks by generalizing quadratic structure condition to a quadratic-
exponential (Qexp) structure condition in Ngoupeyou (2010) [36] (See also Jeanblanc,
Matoussi & Ngoupeyou (2013) [26] and El Karoui, Matoussi & Ngoupeyou (2016) [18].).

The current work, with local Lipschitz continuity and the so-called Ap-condition for
the comparison principle to hold, proves the existence of a unique bounded solution under
the general Qexp-structure condition. Let us emphasize that the assumptions are more
general than those used [11, 29, 35, 2] where the existence of a unique solution is proved.
[11, 29] additionally require the second-order differentiability of the driver. [35, 2] are
using a special form of the driver, in particular, it is bounded by a linear (not quadratic)
function of |z| from below, and the sign of the quadratic terms is prefixed. These features
are inherited from the utility optimization problem in [35] and is explicitly assumed in [2].
These assumptions play an important role for constructing a monotone sequence of drivers
by simply truncating the quadratic terms. In the current work, new regularization of the
driver inspired by [31, 12, 18] provides a rather streamlined proof for the convergence
under the general Qexp-structure. Moreover, the uniqueness alone is proved without using
the comparison principle by the new stability result.

The specific monotone sequence of drivers used in the proof for the existence is not
useful for other purposes. By generalizing Theorem 2.8 [30], we prove the strong conver-
gence under more general (not necessary monotone) sequence of drivers. The result is then
used to achieve the convergence of globally-Lipschitz BSDEs constructed by a sequence of
simply truncated drivers. The sufficient conditions for the Malliavin’s differentiability of
the Qexp-growth BSDEs are then obtained by exploiting the properties of locally Lipschitz
BSDEs with HQB wo-coefficients. This extends the work of Ankirchner, Imkeller & Dos Reis
(2007) [1] on the Malliavin’s differentiability in the diffusion setup. The obtained represen-
tation theorem will be useful for the optimal hedging problems in financial applications,
investigations on the path regularity necessary for numerical as well as analytical issues,
and also for the development of an asymptotic expansion for the quadratic BSDEs !.

The organization of the paper is as follows: Section 2 gives preliminaries including some
important results on the BMO martingales. Section 3 explains the setup of Qexp-growth
BSDEs with jumps and gives the uniqueness result. Section 4 proves the existence of a
solution by using the monotone sequence and the comparison principle. Sections 5 deals
with the Malliavin’s differentiability of the Qexp-growth BSDEs, which is then applied to
a forward-backward system to obtain a representation theorem on the martingale compo-
nents in Section 6. Appendix A is a simple generalization of the results by Ankirchner,
Imkeller & Dos Reis (2007) [1] and Briand & Confortola (2008) [8] on the locally Lipschitz
BSDEs with BMO coefficients to the setup with jumps. Appendix B gives some results
regarding the comparison principle. Appendix C gives a detailed proof for the Malliavin’s

"Recently, we have proposed an analytic approximation method of the Lipschitz BSDEs with jumps in
Fujii & Takahashi (2015) [19], which is based on the small-variance asymptotic expansion (See, Takahashi
(2015) [43] as a general review.). Its extension to the Qexp-growth BSDEs is now ready to be investigated
using the new results obtained here, which will be pursued in a different opportunity.



differentiability of the Lipschitz BSDEs with jumps, which generalizes the result of Delong
& Imkeller (2010) [15] and Delong (2013) [14] to local (instead of global) Lipschitz con-
tinuity for the Malliavin derivative of the driver, which becomes necessary to investigate
a forward-backward system driven by a Markovian forward process. Finally, Appendix D
gives the technical details of the proof for Theorem 5.1 omitted in the main text.

2 Preliminaries

2.1 General Setting

Let us first state the general setting to be used throughout the paper. T > 0 is some
bounded time horizon. The space (Qw, Fw,Pw) is the usual canonical space for a d-
dimensional Brownian motion equipped with the Wiener measure Py,. We also denote
(Qu, Fu,P,) as a product of canonical spaces 2, := QL X - X Q/’j, Fu = ]-"& X oo X .7-"5
and IP’}L X o X Pﬁ With some constant'k: > 1, on which each p’ is a Poisson measure
with a compensator v'(dz)dt. Here, v*(dz) is a o-finite measure on Ry = R\{0} sat-
isfying flRo |z]2vi(dz) < oo. Throughout the paper, we work on the filtered probability
space (2, F,F = (Fit)ejo,r), P), where the space (2, F,P) is the product of the canoni-
cal spaces (Qw x Qu, Fi x F, Py x P,), and that the filtration F = (F)icpo,1) is the
canonical filtration completed for P and satisfying the usual conditions. In this con-
struction, (W,p!,---,puF) are independent. We use a vector notation pu(w,dt,dz) :=
(pl(w,dt,dzb), - -, pF(w, dt,dz)) and denote the compensated Poisson measure as Ji :=
w — v. We represent the F-predictable o-field on Q x [0, 7] by P.

Remark 2.1. We have chosen the above setting mainly because that it is known to guar-
antee the weak property of predictable representation and also because there exists an estab-
lished Malliavin’s differential rule. The contents up to Section 4 can be easily extendable to
P ® E-measurable random compensator v(dz) as long as (W, u—v) is assumed to have the
weak property of predictable representation (See Chapter XIII in [22].). For the general
topics regarding stochastic calculus with random measures, see also [25].

2.2 Notation

We denote a generic constant by C, which may change line by line, is sometimes associated
with several subscripts (such as Ck 7) showing its dependence when necessary. 7;' denotes
the set of F-stopping times 7 € [0, T].

Let us introduce a sup-norm for a R"-valued function z : [0,7] — R" as

HmH[a,b] = Sup{’xt|7t € [a7 b]}

and write ||z[|¢ := [|7|[p4. We use the following spaces for stochastic processes for p > 2:
o S[s,t] is the set of R"-valued adapted cadlag processes X such that

1/p
X lgpreg = E[IXIE ] < o0

e S° is the set of R"-valued essentially bounded cadlag processes X such that

X co = X < .
|1 X |2 Ht:[g%]\ tll] o < o0



e HP[s,t] is the set of progressively measurable R%valued processes Z such that

12l = B[( [ 12uP0) ] < ox.

e JP[s,1] is the set of k-dimensional functions 1) = {4, 1 <4 <k}, ¢’ : Qx[0,T] xRy — R
which are P x B(Rg)-measurable and satisfy

¥[|5p(s,4 ZZE[(Zk:/t/R |¢Ji($)|2vi(d$)du>
i=1"% 0

e J* is the space of functions which are dP ® v(dz) essentially bounded i.e.,

D
2

1
]p<oo.

]300 = || sup [[e¢llLeewy ||, < oo
t€[0,T]

where L.>°(v) is the space of RF-valued measurable functions v(dz)-a.e. bounded endowed
with the usual essential sup-norm.

e KP[s,t] is the set of functions (Y, Z, 1) in the space SP[s,t] x HP[s, t] x JP[s,t] with the
norm defined by

Sl

1Y Z)llertors = (1Y 1B g + 120y + 11900 ) -

For notational simplicity, we use (E,&) = (R, B(Rg)¥) and denote the maps {¢%,1 <
i < k} defined above as ¢ : Q x [0,7] x E — R¥ and say v is P ® £-measurable without
referring to each component. We also use the notation such that

/:/E¢u(:c),l7(du,dx) ;:izk;/: /RO i (2 (du d)

for simplicity. The similar abbreviation is used also for the integrals with respect to p and
v. When we use E and &, one should always interpret it in this way so that the integral
with the k-dimensional Poisson measure does make sense. On the other hand, when we
use the range Ry with the integrators (i, i, v), for example,

| duawd) = (| vi@rian),
we interpret it as a k-dimensional vector.

We frequently omit the subscripts specifying the dimension r and the time interval
[s,t] when they are unnecessary or obvious in the context. We use (O ,s € [0,T]) as
a collective argument O = (YS, Zs,ws) to lighten the notation. We use the notation of
partial derivatives such that for z € R?

0 8)

ax:(azp"'aazd): (%5787%

and for ©, g = (8y, 0., &p). We use the similar notations for every higher order derivative
without a detailed indexing. We suppress the obvious summation of indexes throughout
the paper for notational simplicity.



2.3 BMO-martingale and its properties

The properties of the BMO-martingales play a crucial role throughout this work. This
section summarizes the necessary facts used in the following discussions.

Definition 2.1. Let M be a square integrable martingale. When it satisfies

1M1fbar0 = sup ||B[(Mr = My-1r20)%|F |
7676

| <o
oo

then M 1is called a BMO-martingale and denoted by M € BMO.

Lemma 2.1. Suppose M is a square integrable martingale with initial value My = 0. If
M is a BMO-martingale, then its jump component is essentially bounded AM € S*°. On

the other hand, if AM € S* and SuPre??)THE[<M>T — <M>T|.7:T} ‘ < 00, then M is a
BMO-martingale. =

Proof. From Lemma 10.7 in [22], we have

IMIbao = sup |[E[(Mlr - [M,17] + Mi1r—o + (A0
7’67_6T o]
= sup |[E[(M)r — (M), 17| + (an)?|
TET&T e
Thus,
sup ||E[(M)r — (M) 177 || v IAMIE~ < 1Mo
T€76T o0
< sup |[E[(M)r — (M) |F ||+ 1AM B
TET&T o0
and hence the claim is proved. O

Let us introduce the following spaces. HQB mo 1s the set of progressively measurable
R?-valued functions Z satisfying 2

1218y, = || zaw,, = sw|[E][ 12.Pasl7]
BMO 0 BMO reTd T

J% 0 and J% are the sets of P ® E-measurable functions ¢ : @ x [0, T] xE — R* satisfying

< 0.

‘ o

= / | /E palwyitds, o) = sup [[B[ / ' /E [al)u(ds, )| 7] + (AMY|| < oo,

19113 A
Ty

BMO

where AM; is a jump of M = [ [ s(x)fi(ds,dz) at time 7.

61, = s |[E[ [ [ vz

TE%T

| <o
o0

respectively. Note that (|\1/}||§28 V[Y][3e) < H1/1||?HQBMO < HM@QB + |[¢]3« from the proof
of Lemma 2.1.

2We sometimes include a scalar function satisfying the rightmost inequality also in H%,;0. By multi-
plying a d-dimensional unit vector, one can always connect to it the BMO norm if necessary.



Lemma 2.2 (energy inequality). Let Z € HQBMO and i € J2BM0- Then, for any n € N,

E:(/(]leslzds)n] <nl(I1Z1E, )",
IE:(/OT/E|¢s(x)|2u(ds,dx)>n] < n!(HwH?HQBMO)n’
E:(/OT/Ews(xﬂ?y(dx)ds)"} < (IIE,)" <

BMO

)"

Proof. See proof of Lemma 9.6.5 in [12]. O

Let £(M) be a Doléan-Dade exponential of M.

Lemma 2.3 (reverse Holder inequality). Let § > 0 be a positive constant and M be a
BMO-martingale satisfying AM; > =1+ 6 P-a.s. for all t € [0,T]. Then, (&(M),t €
[O,T]) is a uniformly integrable martingale, and for every stopping time T € 767, there
exists some p > 1 such that E [Ep(M)P|F;] < Cpp&E-(M)P with some positive constant
Cp.m depending only on p and || M||Bymo-

Proof. See Kazamaki (1979) [27], and also Remark 3.1 of Kazamaki (1994) [28]. O

Note here that the condition AM; > —1 4 § is the very reason why one needs a
stronger assumption than the Lipschitz continuity for the comparison principle to hold for
the BSDEs with jumps (See Proposition 2.6 in Barles et.al. (1997) [4].). The following
properties of the continuous BMO martingales by Kazamaki [28] are very useful.

Lemma 2.4. Let M be a square integrable continuous martingale and M := (M) — M.
Then, M € BMO(P) if and only if M € BMO(Q) with dQ/dP = Ep(M). Furthermore,
[[M||garo(q) is determined by some function of ||M||garom) and vice versa.

Proof. See Theorem 3.3 and Theorem 2.4 in [28]. O

Remark 2.2. For continuous martingales, Theorem 3.1 [28] also tells that there exists
some decreasing function ®(p) with ®(14) = oo and ®(o0) = 0 such that if || M||grroe)
satisfies || M||grrory < ®(p) then E(M) satisfies the reverse Holder inequality with power
p. This implies together with Lemma 2.4, one can take a common positive constant ©
satisfying 1 < 7 < r* such that both of the E(M) and €(M) satisfy the reverse Holder
inequality with power T under the respective probability measure P and Q. Furthermore,
the upper bound r* is determined only by ||M||gyom) (or equivalently by ||M||paroq))-

3  Qexp-growth BSDEs with Jumps

3.1 Universal Bound

We now introduce, for ¢ € [0, 7], the quadratic-exponential (Qcxp) growth BSDE;

T T T
Y=t /t F(5. Yo, Zo,10s)ds — /t Z,dW, — /t /E bo(@)i(ds,dz) . (3.1)

where £ : Q =R, f:Qx[0,7] xR x R? x L2(E,v;R¥) — R and denote Z and v as row
vectors for simplicity.

Let us introduce the quadratic-exponential structure condition proposed by Barrieu &
El Karoui (2013) [5] and extended to a jump diffusion case by Ngoupeyou (2010) [36]. See
also El Karoui et.al. (2016) [18].



Assumption 3.1. (i)The map (w,t) — f(w,t,-) is F-progressively measurable. For every
(y,2,9) € Rx R x L2(E,v;R¥), there exist two constants 3 > 0 and v > 0 and a positive
F-progressively measurable process (lg,t € [0,T]) such that

1= Blyl = J1el? = [y (~ola)vtaa)
< ftzd) < Gt Byl G+ [ g (Ga)ldn)
E
dt @ dP-a.e. (w,t) € Q x [0,T], where j(u) := l(eW —1—u).

(i) &, (It, t € [0,T)) are essentially bounded, i.e., ||£||oo, ||I]]|g0e < 0.

The Assumption 3.1 yields useful universal bounds as Lemmas 3.1 and 3.2 for the
possible solutions of (3.1).

Lemma 3.1. Under Assumption 3.1, if there exists a solution (Y, Z,1)) € S® x H? x J?
2 2 00
to the BSDE (3.1), then Z € Hyy o and ¢ € Iy o (and hence ¢ € J*) and || Z][g2, .

HwHJQBMO are bounded by some constant depending only on (7, B, T, ||€||cos ||l|]see, [|Y || )-

Proof. Since |[1)||j« < 2||Y]|g, it is clear that 1) € J*°. Applying It6 formula to >7¥*
and using the equality 27yj2-(z) = (€7 — 1)% + 2vj,(x), one obtains

T T
/ 627Y5272\Z52ds+/ / e27Ys (ews(f‘) — 1)21/(d;1:)ds
T T E
T
YT Y 27/ e27Ys <f(s,Y;,Zs,"¢s) — /Iﬂjw(qps(m))u(dx))ds
T T
_/ 627Y52’}/Z‘gdW5 . / / 62'YY3— (62’Y¢s($) — 1)ﬁ(d57 dm) ,
T T E
where 7 € T;'. Taking a conditional expectation and using Assumption 3.1, one obtains
T T 2
E [/ eQVYSPy?]Zs]st +/ / e21Ys (ews(‘t) — 1) y(dx)ds’}}]
T T E

T
<E |:62’YYT + 27/ e27Ys (lS + ,3|Y;Dds‘}}}

< 1Ml 4 oMb (B[ g + [l )

Thus
T T )
E [/ V2| Zs|2ds —i—/ / (671&5(2) — 1) v(dz)ds ]:T]
T T E
< Al 4 9V 7 (BI1Y [l + [flls) - (3.2)
Similar calculation for e=27Y* yields
T T )
E [/ SVARE +/ / (e_ws(“”) —1) Z/(dx)ds‘}}]
T T E
< Il g oqe IVl (1Y s + [flls ) (3.3)

Let us mention the fact that (e* —1)2 + (e7* — 1)2 > 2%, Vo € R . Indeed, for g(z) :=
(e® —1)2 + (e7® — 1)2 — 22, we have ¢/(z) = 2(e® — 1)e* + 2(1 — e %)e™® — 2z which



is an odd function. It is easy to see that ¢’(z) > 0 for z > 0 and ¢’(0) = 0. Thus
g(x) > ¢g(0) = 0. With the help of this relation, adding (3.2) and (3.3), and then taking
sup. || ||oo separately for Z and v terms yields

MY [Igo0
1218, + el < 7—(3 + 69T (BIIY[[s== + Ill]s) ) < oo.

Since ||Y]|g < 2||Y||ge, one also sees HwHJzBMO

< {19112, + [[¥]]gee < o0. O

The following result is an adaptation of Proposition 3.2 in [5] and Proposition 16 in
[36] to our setting. Similar results can be fond in [9] for a diffusion setup and in [35, 2]
with jumps.

Lemma 3.2. Under Assumption 3.1, if there exists a solution (Y, Z,1)) € S® x H? x J?
to the BSDE (3.1), it satisfies

1 T
vy < *lnE[eXp(veﬁ(T‘“\ﬁl +7/ eﬁ(t_s)lsds)’]:t] :
Y t

and in particular,
1Y llsee < €T (J[€]loo + T[lls==) -

Proof. An application of Meyer-Ité formula (Theorem 70 in [39]) yields
d(e|Y;]) = ™ (B[Ylds + d|Ys|)
— P { BIY;lds + sign(V- )~ f(s,0,)ds + Z,dW, + / Us(@)fi(ds, dz)) +dLY |
E

where LY is a non-decreasing process including a local time of Y at the origin. Let us
define the process (Bs, s € [0,T]) with By = 0 by

4B, = —sign(Y,) f(5,0)ds + (I + BIYil + 212, + / Jo (sigm(Y:) s, ()v () ) ds
which is also a non-decreasing process by Assumption 3.1. Using this process,
d(e®|Y,]) = e#3(dB, + dLY) + ¢#*sign (Y, )(Z AW, +/ bs(2)7i(ds d:r))
(1 + 3128 + [ sen(Vun(o)w(do))ds.
which is further transformed as
d(e4|Y,) = P sign(Y, )(Z AW, +/ bs(2)fi(ds, dz) ) - %‘eﬁssign(Ys)Zs}st
- /E o (P sign (Y (@)w(dr)ds — Pluds + 1 (292,22, ) ds
+ [ (e sien () @) = 7 sign(¥i) ) Jold)ds + e (aB, +dLY)
It is easy to confirm that for £ > 1,

1
o (k) = kiy(@) = — (M — ke — 14 k) 20
Y



Thus we obtain
(1Y) = #sign(v.o) (ZadW, + [ v (oids,do))
E
_1 Bsg; 2 _ ; Bsq; _ _PBs
2|e sign(Y;) Zs|“ds /j7(€ sign(Y;)vs(x))v(dx)ds — e”°lyds + dCy,
E

where C' is a non-decreasing process.
Define the process P by P, := exp(’yeﬁtlYt\ + ’Yfg 6lesds>. Using another non-

decreasing process C’, one has

dP, = P;_ (fyeﬁtsign(Y})thWt + /

(exp ('yeﬁtsign(Yt_)z/Jt(a;)) — 1)ﬁ(dt, dx) + ’ydC{) .(3.4)
E

The boundedness of P and Lemma 3.1 imply that the first two terms of (3.4) are true
martingale and that the last term is an integrable increasing process. Therefore P is a
submartingale and it follows that

¢ T
exp(veﬂt!Yt! +7/ eﬁslsds) <E [exp@eﬂlf\ +’y/ eﬁslsds)‘}'t] :
0 0
for V¢t € [0, 7], and the claim is proved. O

3.2 Stability and Uniqueness

We now introduce local Lipschitz conditions to derive the stability and uniqueness result
for a bounded solution.

Assumption 3.2. For each M > 0, and for every (y,z,v),(y,2,¢') € R x R? x
L2(E, v;RF) satisfying
[yl 1Y) 1] oo @y 19 |Loo @y < M

there exists some positive constant Ky possibly depending on M such that
[F(ty,20) = F(t ' 2 )| < Kully — oL+ 119 = ¥']l2 )
HE (1 + 2]+ 2]+ [[9llee) + 19l lzw)) 12 = 2]
dt ® dP-a.e. (w,t) € Qx [0,T].
Consider the two BSDEs with ¢ € {1, 2} satisfying Assumptions 3.1 and 3.2;

Yi—git / Fi(s, Y2, 2, yds — / Zidw, - / /E Gi(@)(ds,da),  (35)

t

for t € [0,7] and let us denote

§Y :=Y'-Y? §Z:=2'-27% oy =y =
0f(s) 1= (f1 = (s, Y, Z5,00y)

Lemma 3.3. Suppose Assumptions 3.1 and 3.2 hold for the two BSDEs (3.5) with i €
{1,2}. Then, if there exists a solution (Y, Z* ") € S® xH? x J?,i € {1,2} to the BSDEs,



the following inequalities are satisfied;

T
(@) 110211, + 1901l33,,, < C (116 lls + [16€]|oe + sup || [ / |6f<s>\ds\ﬂ]
TGTOT T

BMO

P / pq2 T pq2
) 116Y:02.50) o1y < € (|15 + ([ 15505)105)™ |)
Here, C' and g, (> 1) are positive constants depending only on (Kar,7, B, T, ||€]]ccs ||]]se)

and the constant M is chosen such that ||Y||sw, |[1||jo < M for both i € {1,2}. C' is
a positive constant depending only on (p,q, Knr, v, B, T, ||&||ccs ||]]s)-

Proof. Proof for (a)
Firstly, due to the universal bounds, it is obvious that one can choose M such that
[|[Y?||se < M and ||¢?||je < M for both i € {1,2}. For V7 € T, one has

T T
|6YT|2+/ |6Zs|2ds+/ /|5¢)s(x)|2u(ds,dx)
T T E
T
—logP o+ [ 267 (35(5) + 5. 08) - £7(5.02)ds
T " T
—/ 2(5Y56ZSCZWS—/ /255@_6¢5(m)ﬁ(ds,da€).
T T E
Taking the conditional expectation, one obtains

v+ B[ [ oz asE] v8] [ [ 10t Putas, o)

T

7]

_E [155\2 n /T 25, <<5f(s) + f2(s,01) - fQ(S,G)g))ds‘]-"T] .

T

Taking SUp, 7T for each term in the left gives

15212+ 16012 < 2llse]%

;“ ,

where the process H is defined by H; := 1 + 212:1(|Z;| + ||11)§|]1L2(,,)). It is clear that
H e HZB mo Whose norm is dominated by the universal bounds given in Lemma 3.1. One

T
+4]8Ylo sup [ [ [ (1876 + Bas (81 + 1600120 + Hil6Z,)) ds
TE g T

can see
T T 3 T 3
sup ||E [/ H,|6Zs|ds ]-"T] ‘ < sup ||E [/ |H8]2ds ]-“T] H sup HE {/ |5ZS|2ds ]:T] H
re7d . 00 reTd r © re7f - oo
< [ Hllgz,,, 0Z]|g2

BMO BMO

Thus, with an arbitrary positive constant ¢ > 0,

)

T 2
16218, + 1501, < 266l + 2 sup [ [& | [ tosioas) ||
7T, T
4K2, 4K?
Yo ZM\EI, )+ e(1021 16 ).

€ €

H[6Y |2 (2 +AK T +
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Choosing € < 1 and noticing the fact that ||5¢||J2B
the desired result.

< ||5¢HJ23 + 2||6Y||g~, one obtains

MO

Proof for (b)
Define a d-dimensional F-progressively measurable process (bs, s € [0,7]) by

f2(57Y91aZ;7w;) B f2(s,Y;17Z§,z/);)

bs =
|0Z5)?

157,400 2

and also the map f : Q x [0,T] x R x L%(E,v;R¥) — R by

Fw,5,9,9) == 0f(w,s) — fA(w,5,02) + f2(w,5,7 + Y2, 22,0 +¢?) .

Then, (§Y,d0Z,61) can be interpreted as the solution to the BSDE

5Yt:6§+/tT<f(s,6Y;,5ws)+bs-5Z5>ds—/tTéstW8—/tT/Eéws(x)ﬁ(ds,dx).(Sﬁ)

Since |bs| < Knr(1+|Z3|+122]+2[[¥4][12()), the process b belongs to H ;. Furthermore,
f satisfies the linear growth property |f(s,7,%)| < [6f(s)| + K (7] + ||1ZH]L2(,,)). Thus,
the BSDE (3.6) satisfies Assumption A.1 with g = |0f|. One obtains the desired result
by applying Lemma A.1. The dependency of the constants C’,q. is obtained from the
universal bounds in Lemmas 3.2 and 3.1, as well as the properties of the reverse Holder
inequality in Lemma 2.3 and the remarks that follow. O

We now gives the uniqueness result:

Proposition 3.1. Suppose the BSDE (3.1) satisfies Assumption 3.1 and 3.2. Then,
if there exists a solution (Y,Z,v) € S® x H? x J? to (3.1), it is unique in the space
8% x Hi o * Ipuo-

Proof. By Lemmas 3.2 and 3.1, if there exists such a solution it satisfies (Y, Z,v¢) €
S x ]HIQB Mo X ,J]QB mo- Firstly, by Lemma 3.3 (b), the solution is unique in the space
KP[0,T] for Vp > 2. Since Y € S%°, the uniqueness of Y in SP gives the uniqueness of

Y also in the space S°°. This can be easily shown from an argument of contradiction by
assuming |[Y'! — Y?|[E, = 0 but not equal in S*. O

4 Existence of solution to a Q)c,-growth BSDE

In this section, we prove the existence of the solution to the BSDE (3.1). Although one
may use the stability of quadratic semimartingales as [18], we provide a concrete, less
abstract strategy similar to that of Kobylanski [30]. We need another assumption so that
we can apply the comparison principle.

Assumption 4.1. (Ar-condition)
Forallt € [O>T]; M > 07 Yy e Rv S Rd7w7w/ € Lz(Ev VaRk) with ‘y|7 HwH]LOO(V)v H¢/||LOO(V) <
M, there exists a P ® E-measurable process TV*¥¥" satisfying dt @ dP-a.e.

flt,y,2,0) = f(t,y.2,¢') < / =Y (2) [y (x) — ¢/ (2)]v(dz) (4.1)

E

and C} (1A |z]) < F%”Z’w’w/ (z) < C3,(1A|z|) with two constants Ci;,C3,. Here, Ci; > —1
and CJQW > 0 depend on M. (Hereafter, we frequently omit the superscripts y, z to lighten

11



the notation.) 3

Let us introduce a sequence of smooth truncation functions ¢, : R - R with m € N
with the following properties:

—(m+1) for e <—-(m+2)
om(z) = for |z| <m (4.2)
m+1 for >m+2

and |9y¢m ()| < 1 uniformly in z € R.* We denote f:= f V0, f:= f A0 and introduce
the following regularization of the driver:

?n(t7y7 2, ¢) = wléléd{?(t’ Y, w, ¢) + n\z - U}’}
im(tvy,za¢) ‘= Ssup {i(t?yawaw) - m|Z - ’LU|}

wER4

Tty 2,0) = Tt ok W), 2 00 (1))
im’k(t7 Y, =, ¢) = im(tv @k(y% 2, Sﬁk(T/)))

—n,k

and fom .= Tn +im’ fn,m,k = f
component-wise.

+ f"k For ¢, the mollifier ¢ should be applied

Lemma 4.1. For a driver f satisfying Assumptions 3.1, 3.2 and 4.1, we have

(i) 7" I nk,fm’k,fnvm,f"’mk satisfy the structure condition of Assumption 3.1 uni-
formly in n,m,k € N.
(ii) fn,f" and f™™ satisfy Ap-condition (4.1) uniformly in n,m € N.

(i) ?n’k,im’k, frmk are globally Lipschitz continuous for each n,m,k € N.

Proof. (i) One can easily confirm the assertion from the fact that 0 < f < fn+1 < f,

f < f™ < f™ <0 and that j () is convex. (ii) Firstly, let us check the condition for
—-n
f . Since

7n<t7y7zaw> - jn(ta y;zﬂﬁ/)
= wiélﬂgd{?@’y,w,w) + n’z - w’} - wiélﬂgd{?(t’ Yy, w, 77//) + n\z - w‘}

< sup {?(tv Y, w, W - ?(tv Yy, w, wl)}

weRE

One sees the desired result by considering the four cases of signs (f (¢, y, w, ), f (¢, y, w, ")) =
(+,4), (+,=), (=, +),(—,—). The first two cases are bounded by f(-,%) — f(-,4'). The
last two cases are bounded by 0 and hence the condition is trivially satisfied. Similar
analysis yields the same conclusion for f. Finally, let us consider f™™. Based on the
same categorization of signs (f(-,v), f(-,¢)), we have

) =Gy i ()
n,m/ _ofmemy Y f (7¢) im( w) if (_’_)
L TS BT ST
Few) = ey i (+,-)

3 Ap-condition implies M-dependent local Lipschitz continuity with respect to ¢, which is known to be
satisfied in the case of the exponential utility optimization [35].

4The smoothness is introduced just for convenience so that one can use the same function later when
proving Malliavin differentiability.
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The first two cases satisfies Ap-condition by the previous discussion. The third case is
trivial since it is bounded by 0. As for the last case, one sees 7"(, V)= () < fl ) —
fG ")y = f(-,¢)— f(-,4') and hence the conclusion follows. (iii) Lipschitz continuity with
respect to y, ¢ arguments can be shown similarly as (ii) above. Consider now the following
obvious inequality f(tv @k(y)a w, (pk(¢))+n|2_w| < f(ta ka(y)v w, Sok(w))+n‘zl_w| +n|z—
2'|. By taking inf,, in the both hands, we get ?n’k(t,y, z,) < ?’k(t, y, 2/ ) +nlz — 2.
The desired result follows by flipping the role of z, 2’. The same conclusion follows similarly
for f™* and hence also f™"k. O

The above regularization is inspired by [31, 18, 12] as an application to quadratic
BSDEs. However, notice the differences from the one used in [18] regarding the arguments
of y,1. The following result is an extension of Lemma 9.6.6 in [12] for our setting.

Proposition 4.1. Suppose £ € Fr is bounded and the sequence {f",n > 1} and f of the
drivers are such that that (i) They are continuous mappings and satisfy Assumptions 3.1
and 4.1 uniformly. (i) f* | f (resp. f* 1 f). (i) If y* — y in R, 2" — z in R? and
Y™ — o in L2(v), then f7(-,y™, 2" Y") — f(-,y,2,%) in R. (iv) There exists a solution
(Y™, Zn ™) € S x H2 x J? to the BSDE for each n

T T T
Yi =6+ / (5, Y, 20,47 ds — / Zraw, - / /E (@) i(ds, dz), t € [0,T,

t

for which the comparison principle holds i.e. Y™ < Y™ (resp. Y;* < Y["™Y) forVt € [0,T]
a.s. Then, there exists (Y, Z, 1) € S® XHQBMO XJQBMO such that Y™ — Y inS®, Z" — Z
in H? and ™ — 1 in J? and solves the BSDE

T T T
YtZ{—i-[ f(s,YS,ZS,ws)ds—/t stWs—/t /Ews(m),u(ds,dx), te0,T]. (4.3)

Proof. 1t suffices to consider the case f™ | f with monotonically decreasing sequence of
Y"™. By condition (i), the solution (Y™, Z" ¢™) satisfies the universal bounds given in
Lemmas 3.1 and 3.2 uniformly in n. By monotonicity, (Y™) converges, for all t € [0,T],
Y"1 Y; P-a.s. toits limit process Y := lim,,Y". Furthermore, there exists (Z, 1) satisfying
the universal bounds, such that Z" — Z weakly in H? as well as ¢ — 1) weakly in J? under
an appropriate subsequence (still denoted by the same n). By condition (i), each driver

f™ satisfies, dt @ dP-a.e., f™(t, Y, Z1", 1) < fM(t, Y], Z",0) + / "0 () () v(da) <
E

L 81V 21204 Ol 62y similarly — (1, Y7, 27, 07) < Lt BIY? 1+ 3120+
Cum ¥ |lL2(v), where Cpy is a constant depending only on the universal bounds.

Let ¢ : R — R is a smooth conver function such that ¢(0) = 0, ¢’'(0) = 0, which will
be specified later. We put Y™™ := Y™ — Y™ §Z™" = Z" — Z™ §Y"™" = " — ™,
and assume m > n. Note that 5Y:;L’m =0 and §Y"™™ > 0 for m > n. It6 formula gives

n,m Tl " n,m n,m|2 r n,m n,m n,m
ooy + [ gerevemszmEas+ [ [ oGv2 + sunm @) - oy
T
OO @) (s, o) = [ GV (5, 08) — (s, 0] ds

T T
_ / & (FY )5 Zmm W, — / / & (SY™i(ds, dx) .
t t E

Using the previous driver’s bound and noticing that ¢'(y) > 0 for y > 0, there exist
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constants Cpy, Cy independent of n, m satisfying
T 1 T
e [, g @z [ ] [V 4 60 - o8
0 0 E
T
n,m n,m n,m 1 n m
~G V)50 @) n(ds, da) S B [ Curdf 5V (¢ Y7+ 1Y
0
P2 1202 + el B + 9o ) ds
r / n,m 1 n,m|2 n 2 2
<E [ G/ 8V, (2 + 10207 4120 = 2o + |Z)
0

el 69 B2, + ellVD = YlRag) +ellnl oy Jds (44)

for any constant ¢ > 0. We now choose ¢ as

[e1€v —4Coy — 1], ¢'(y) = el 1], ¢ (y) = 2¢1C0Y.

P(y) = !

=50 200 |

By the mean-value theorem and the universal bound of Lemma 3.2 for §Y3""™, 6Y;ﬁm,

exrl0yy ™ (@) [P < GOV + 0y (x)) — G(0Y1) — ¢ BV ()
holds uniformly in (n,m) by choosing cjs := eXp(_ScoeﬁT(Hfﬂoo + TWHSOO))- Similarly,

one can choose the constant € such that Co¢/'(2e°7 (||| + T'||l||s=))e = car/4 . Then
(4.4) implies (note that ¢"(y) = 4Co¢'(y) + 2),

T T
E/ [Cog/ (6Y™) +1][6Z2™ [*ds + IE/ / 20M|6¢?’m(33)|2y(d93)d5
0 o JE
g 1 2 2 2 2
<E [ 0o OVpm) (44123 = 2+ V2L + el = il + ellelag ).
Let fix n. 6yp™™ — o)™ — 1) weakly in J2. Since §Y™™ is bounded and strongly converges
Vt € [0,T] 6Y,"™ — V" —Y; a.s., it is easy to see that \/Co@/ (Y™™) + 1[§Z™™] converges

weakly to \/Co¢/(Y" —Y) + 1[Z" — Z] in H?. From Proposition 3.5 (iii) [21], by passing
to the limit m — oo,

T

T
3
B[ [Co (7 =Y +1)120 - ZPds B [ Seullor = ilagds
0 0

T T
< lim igf IE/ [Cod/ (5Y™) +1]\5Z§L’m|2ds+E/ / %cMMw?’m(:ﬂ)FV(dx)ds
m=eeJo o JE

T
n 1 n n
<E /0 Codt (V2 = Vi) (< 122 = Z,2 + |22 + |0 = wul Bagy) + ellbalEag,) ) ds,

which then yields
T n 2 4 M n 2
E 0 |Zs _ZS‘ ds +E 0 2 Hiﬁs _wSH]LQ(l/)dS
! 1 2 2
<E [ Q07 =Y (¢ + 12 + el s (4.5)

Since ¢/ (Y — Ys) — 0 a.s. as n — oo, one concludes Z" — Z in H? and 4™ — v in J? by
the dominated convergence theorem.
Therefore, one can extract a subsequence such that 2" — Z dt ® dP-a.s. and "™ — 1
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v(dz)dt @ dP-a.s. Thus condition (iii) implies f™(t,Y;", Z{*,¢¥7) — f(t,Ys, Zy,00t) dt @ dP-
a.s. Moreover, by extracting further subsequence if necessary, one sees from Lemma
2.5 of [30] that G, := sup, |Z"[%, Gy = supn|]w"|]i2(y) are in L'([0,7] x Q). By as-
sumption (i), for almost all w, |f"(-, Y™, Z", ¢™)| is dominated by Ci(1 + G. + Gy) €
IL1([0, T]) with some constant C; depending only on the universal bounds. Note also that
f(-,Y, Z,4) € L}([0,T]) a.s. Thus one obtains, for almost all w, fOT (s, Y, Z2, 7)) —
f(s,Ys, Zs,1s)|ds — 0 by Lebesgue’s dominated convergence theorem. From (4.5) and
the Burkholder-Davis-Gundy inequality®, one can also extract a subsequence in which
subyepo r1 | [} (22 = Z)dWi| = 0, supyeony|[ )] [p(w2() = b, (@))iilds, do)| — 0 as. By
passing to the limit m — oo and taking supremum over ¢ in

T T
ey < [ \f”(s,@z>—fm<s,@?>|ds+} | -z

[ [ @i - e,

T
sup V7= Vil < [ 177(5,00) = f(5.0.)lds + sup 1/ (20— Z,)aw,
t€[0,T] te[0,T)

+t§3pn‘/ /w (2))fi(ds, dz)],

from which one concludes the uniform convergence sup;¢o V" — Y] — 0 a.s. (hence
[|lY™ — Y||se — 0) under an appropriate subsequence and (Y, Z, 1) solves (4.3). One
can check that S convergence actually occurs in the entire sequence. If this is not the
case, there exists a subsequence (n;) C (n) such that ||Y"™ — Y||gec > ¢ with some ¢ > 0
for all nj, where Y = lim,, Y" is independent of the choice of subsequence due to the
monotonicity. However, one can extract a further subsequence (n;;) C (n;) such that
SUPye0, 7] [V, —Y;| — 0 a.s. by repeating the same discussion given above and hence
[|Y™ik — Y ||gee — 0, which is a contradiction. O

one obtains

Remark 4.1. By applying Ité-formula to |Y"™ — Y |?,
|YT”—YT2+E[/ Z" — 7, ds(f +E/ /IW — (@) 2u(ds, de) )f}
’ T
<2y = YloB[ [ 167 22000 — 1G5, Yar Zesb)lds| 7]

for any 7 € T It follows that the uniform convergence of Y™ — Y implies VAL
Z and Y™ — ¢ in Hy,,0 and J%,,0 respectively, because supTeﬂHE[ |f"(s,07) —

£(s,0,) |ds‘f7}

only on the universal bounds.

< C(1+]|12713 +||¢"||J2 ) < C with some constant C' depending
[o¢] BMO BMO

Theorem 4.1. Under Assumptions 3.1, 8.2 and 4.1, there exists a unique bounded solution
(Y, Z,¢) € S x HE 0 X I3 00 of the BSDE (3.1).

Proof. From Proposition 3.1, it suffices to prove the existence. Firstly, consider the BSDE

®See, for example, Theorem 48 in IV.4. of [39)].
SConvergence in the norm of X? = SP x HP x J? with Vp > 2 is actually enough for the discussions on
Malliavin’s differentiability.
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with data (&, f»™*). Since f™™* is globally Lipschitz, there exists a unique solution
(yrmk  znmik ik for each n,m, k. One also sees Y™™ € S* by Lemma B.1. Since
the driver f™™* satisfies the Qexp-structure condition by Lemma 4.1, (Y7mk Zmmk qyynm.k)
satisfies the universal bounds of Lemmas 3.1 and 3.2 uniformly in n,m, k. In particular,
since |[Y™*||geo, [|10™F]| g are bounded uniformly, (Y7mk  zmmk qymmkY also consists
of a solution of the BSDE

T
VI [ s v 2 g ds / 28 AW, — / / Y (@)fi(ds, d) (4.6)
t t

for each n,m provided k is large enough. By Lemma B.2, this is actually the unique
solution of (4.6) and satisfies the comparison principle Y™+l < ynm < yntlm for
every n,m € N. Thus, from Lemma 4.1, we can apply Proposition 4.1 with a fixed n. In
particular, the condition (iii) follows from the continuity of the driver and the property
of inf(sup)-convolution (see, Lemma 1 of [31]). We then obtain Y™™ — Y™ in §%,
Zmm — Z™ in H? and ¥™™ — 9™ in J?, which solves

i"=§+/tTfn(s,Yg”,Z” zp")ds—/t ZrdW, — / /zps fi(ds,dx) , (4.7

for each n € N, where fv” = F 4+ f. f” satisfies the structure as well as Ap-conditions
uniformly in n. By Lemma B.3, one can once again apply Proposition 4.1 to the monotone
sequence f7 4 f. Then there exists (Y Z,9) € S® x H%,,0 X J%10 With the convergence
Y™ = Y in S, Z" — Z in H2, ¥ — 1 in J?, which solves the BSDE (3.1). By the
Remark 4.1, one also obtains the convergence in the stronger norms. O

Although we have used a specific regularization to obtain a monotone sequence of
drivers, we can actually weaken the condition of monotonicity. The following result is the
adaptation of Theorem 2.8 of [30] to our setting.

Proposition 4.2. Suppose & € Fr is bounded and the sequence {f",n > 1} and f of
the drivers are such that (i) They are continuous mappings and satisfy Assumptions 3.1,
3.2, 4.1 uniformly in n. (i) If y* — y in R, 2" = z in R? and ¥™ — ¢ in L2(v), then
Gy, 20 — £y, 2,0) in R. (iii) Let (Y™, Z™, ™) € S® x HE,,0 X I%a,0 be the
unique solution of the BSDE (which is guaranteed by Theorem 4.1)

1@”:§+/tTf"<s,yg,Z” w)ds—/t Znaw, — / /w i(ds, dz), te[0,T]

foreachn. ThenY™ =Y inS*®, Z" — Z in H% ;0 and Y™ — 1 in J%,,0 where (Y, Z, 1))
is a unique solution of (3.1) with data (&, f).

Proof. Let us define two drivers such that G := sup,,,>,, f™, H" := inf;;,>p, f™. Then we
have G™ | f, H" 1 f asn — oo. By condition (i), both G™ and H" satlsfy Assumptions 3.1
and 3.2 uniformly in n. Moreover the relations G"(-,v) — G"(-,¢') < sup,,s, [/ (-, %) —
fm('7 1/}/)] and Hn(a ¢) - Hn(v ¢/) < SUPy>n [fm('7 1/}) - fm(v Qb/)} imply AE'Condition of
Assumption 4.1 holds uniformly. Thus, by Theorem 4.1, there exists a unique solution
(Y™, Z™ ™) (resp. (Y, Z1,91)) in S*® x H%,,5 X J%,0 to the BSDEs with data
(&,G™) (resp. (&, H™)) for each n. By the local Lipschitz continuity, Ap-condition, and
the universal bounds of the solutions make the measure change used in the comparison
principle well defined. Hence, by similar arguments of Lemma B.3, it is straightforward to
confirm that the comparison principle holds among (Y"™*, Y, Y™). One has Y <Y" <
Y™ for every n € N. Furthermore, Proposition 4.1 also imply the convergence Y™* | Y
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and Y"1 Y in S*°. Thus we have Y — Y in §*°. Remark 4.1 gives the convergence of
Z™ y"™ in the desired norms. O

5 Malliavin Differentiability

In the reminder of the paper, we study the Malliavin differentiability of the quadratic-
exponential growth BSDEs. Among the various ways to develop Malliavin’s calculus, we
follow the conventions based on the chaos expansion used in Delong & Imkeller (2010) [15]
and Delong (2013) [14], which were adopted from the work of Solé et.al. (2007) [41]. See
also Di Nunno et.al. (2009) [16] for an extension to a multi-dimensional setup and other
applications (with only a slight adjustment of conventions). For the detailed conventions,
see Section 3 of [15]. Following the extension given in Section 17 of [16], we denote
(Djg,i € {1,---,d}) and (Djf i € {1,---,k}) as the Malliavin derivatives with respect
to (Wi(t),i € {1,---,d}) and (u'(dt,dz),i € {1,--- ,k}), respectively.

Note that a random variable F' is Malliavin differentiable if and only if F' € D%2. Here,
the space D2 C IL?(P) is defined by the completion with respect to the norm || ||; 2 which
is given by

d T k T
MmﬁﬂWﬂ+ZMlumWﬂ+ZEM[@%ﬂVﬂM®
=1 =1 0

For notational convenience, let us introduce two types of finite measures m‘(dz) = 1,.02°v'(dz)
with ¢ € {1,--- ,k} defined on whole R, and ¢ defined on E := [0,T] x R* by

q(dt,dz) == 1,_odt + 25:1 mt(dz)dt .

We also introduce a space L12(R") of product measurable and F-adapted processes  :
Q x [0,T] x R¥F — R satisfying

E[/E x(s,9)*q(ds, dy)| < oo,
X(s,y) € DY(R™), for g-ae. (s,y) € E,

E[[E/E!Dt,zx(&y)PQ(ds,dy)Q(dudz) < oo.

Note that the space L%? is a Hilbert space endowed with the norm

X2 = E[/E Ix(s,y)IQQ(ds,dy)} +IE[/E/E IDt,zx(s,y)IQQ(dsvdy)cJ(dt’dZ)] :

The fact that the Malliavin derivative is a closed operator in L2 (See, Theorem 12.6 in
[16]) plays a crucial role later.

Suppose that (t,z) is a jump of size z at time ¢ in a random measure p’. We de-
note by wif a transformed family of w,i = ((t1,21), (t2,22),--+) € Qi into a new fam-

t,z

ily with additional jump at (¢, z); Wi = ((t,2), (t1, 21), (t2,22),- ) € Qi . As for an
element w = (ww,w#1,w#2, e ,Wuk) € Q in the full canonical product space, we de-
note w'* € Q as the above transformation only in the corresponding element, such as
wh? = (ww, Wy, ,wi’f, e ,wuk) €  without specifying the relevant coordinate for no-
tational simplicity. By the same reason, we also frequently omit ¢ denoting the direction of
derivative D;Z by assuming that we consider each Wiener (z = 0,7 € {1,--- ,d}) and jump

(z #0,i € {1,--- ,k})) direction separately (and summing them up whenever necessary,

17



such as when considering integration on E‘)
In this section, we consider Malliavin’s differentiability of the following BSDE;

vim e [ g(svz [ o6t onmian)is— [ zaw.— [ [ st
(5.1)

for t € [0,T] where £ : Q@ - R, f: Qx[0,T] x RxRYxRF¥ = R, and p' : R — R,
G': [0,T] x R — R for each i € {1,--- ,k}. The last arguments of the driver denotes
a k-dimensional vector whose i-th element is given by [ P4 (2)G(s, ¢ (z))vi(dr). With
slight abuse of notation, we adopt ©, := (Y,«, Zy, fRo p(2)G(r, 1/J7«(Z))1/(dz)), r € [0,7] as

a collective argument in this section.

Remark 5.1. In Solé et.al. [{1] and Delong & Imkeller [15], the conventions
Y(z) = Y(x)/z, pdt,dx) — zp(dt,de) = € Ry

are used. For the convenience when discussing the LY2-norm, we introduce the notation

o(x) := ¢(x)/x,z € Ry for the control variables of the random measure, ¢ = b, ™ etec.
See, in particular, Section 3.5 of [14].

Assumption 5.1. (i) For every i € {1,--- ,k}, p' is a continuous function satisfying
fRo |p!(z)|?vi(dz) < co. (ii) For everyi € {1,---  k}, G'(s,v) is a continuous function in
the both arguments and one-time continuously differentiable with respect to v with contin-
wous derivative. Moreover, for every R > 0,

k k

Ggr = sup Z |Gi(s,v)| < 00, G:= sup Z |0,G (5,0v)] < 00 .
(s,0)€[0,TTx(Jv|<R) ;=4 (s,0)€[0,TTx(Jv|<R) 54

We put without loss of generality that G*(-,0) = 0 for everyi € {1,--- ,k}.

Assumption 5.2. The driver F defined by F(s,y,z,v) := f(s,v, z, fRo p(x)G(s,¢(z))v(dx))
for s € [0,T],y € R,z € R%, ¢ € L2(E,v;R¥) and the data (,1) satisfies both Assump-
tion 3.1 and 4.1.

Assumption 5.3. For each M > 0, and for every (y,z,v),(y,2,¢") € R x R? x
L2(E, v;R¥) satisfying |yl, |/, [Y[Le0 )5 19| |Loe vy < M, there exists some positive con-
stant Kp; possibly depending on M such that

[ty zou) = F(6y 2 ut) [ < Ky — o] + Jue — i)
+Ka (1 + [2] + 2] + |we] + ug) |2 = 2|

dP ® dt-a.e. (w,t) € Q x [0,T], where we have used u; := fRo p(x)G(t,¢¥(z))v(dx) and
up = [, p(x)G(t, 9 (x))v(dx) for notational simplicity.

Remark 5.2. In the above assumption, using the fact that
lue] < lpllL2)Gull¥llewys  Tue = u] < lpllze)Gully = ¢z

one can see the consistency with Assumption 3.2. Therefore, under Assumptions 5.1, 5.2
and 5.3, there exists a unique solution (Y, Z,1) € S® xH%,,0 X J%,0 to the BSDE (5.1)
by Theorem 4.1.

For Malliavin differentiability, we need the following additional assumptions:
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Assumption 5.4. With the notation u; = fRo p(x)G(t, ¢ (x))v(dr), uj = fRo p(z)G(t, ¢ (x))v(dx),
(i) The terminal value is Malliavin differentiable; & € D2,

(ii) For each M > 0, and for every (y, z,v) € RxRIxL2(E, v; R¥) satisfying |y|, [ () <

M, the driver (f(t,y,z,u),t € [0,T]) belongs to LY"*(R) and its Malliavin derivative is
denoted by (Ds.f)(t,y, z,us). Furthermore, the driver f is one-time continuously differ-
entiable with respect to its spacial variables with continuous derivatives.

(iii) For every Wiener as well as jump direction, for every M > 0 and dP ® dt-a.e.

(w,t) € Q x [0,T], and for every (y,z,v), (v, 2',¢') € R x R? x L2(E,v;RF) satisfy-

ing |yl 1yl [[¥]lLee @y | [y < M, the Malliavin derivative of the driver satisfies the
following local Lipschitz conditions;

‘(Di,Of)(t7y7 2y ut) - (Di,of)@?y/a Z/a ’LL/)‘
i
<Ko ) (ly = o' + lue — ug] + (14 |2 4+ 2] + Jue| + |ug])|z = 2'])

for ds-a.e. s € [0,T) withi e {1,---,d}, and

’(Dé,zf)(tv Y, z, Ut) - (‘D;,zf)(tv y,) Z,) u:f)’
< KX (ly = o'+ fue = ug] + (14 2]+ 2] + Jue] + [ug])]z = 2'])

for mi(dz)ds-a.e. (s,z) € [0,T] x Ry with i € {1,--- ,k}. For every M > 0 and
M, KM,

(s,2), (K,g'(t),t € [O’T])ie{1,~~-,d} and (K L)t e [0,77) y are Ry-valued F-

progressively measurable processes.

(iv) There exists some positive constant p > 2 such that

(@Dt + ([ 1000 00ar)” + 12IE] ) Fatds, ) < o0

hold for Vg > 1 and VM > 0.

ie{l, -k

Remark 5.3. Assumption 5.4 (iv) implies, for each (s, z) in E q(ds,dz)-a.e

E[|D,€7 + (J 1(Ds2 ) 0)ldr)” + 1K ] < oo

forVp' > 2. In particular, K} € SP for ds-a.e. s € [0,T) and KM e SP' for 2*v(dz)ds-
a.e. (s,2) €[0,T] x Ry for Vp' > 2.

We now give the main result of this section.

Theorem 5.1. Suppose that Assumptions 5.1, 5.2, 5.8 and 5.4 hold true and denote the
solution to the BSDE (5.1) as (Y, Z,v) € S® x H% ;0 X J4,0- Then, the following
statements hold: (a) For each Wiener direction i € {1,--- ,d} and ds-a.e. s € [0,T], there
exists a unique solution (Y >0 7501 4)50:4) ¢ K’ [0,T] with Vp' > 2 to the BSDE

. . T . T
Yot = Diget [ o [ zoiaw, - / Joti@itandn) (52
t t

for 0 < s <t <T, where
£00) = (Diph)(r.®,
(Do f)(r, O,
+0uf(r,0,) | p(2)0,G(r, ¥y ()3 (z)v(dx) .

E

+ e f(r, ©,)07

)
)+ Oy f(r,0,)Y, 20" + 0, f(r,0,) 250"

19



The solution also satisfies fo |[(Ys:0:8 750 4)s.0.8)| P K7[0, 7ds < oo .

(b) For each jump direction i € {1,--- ,k} and m'(dz)ds-a.e (s,z) € [0,T] x Ry, there
exists a unique solution (Y 5% Z5%1 ¢)%%t) € S x HQBMO X J2BMO to the BSDE

Yoo = Sz§+/ Fo5(r )dr—/t Z85 AW, — / /w Vii(dr,dz)  (5.3)

for0<s<t<T and z # 0, where

54 r) = 1(f(ws’z, 7,0, 4+ 2057 — f(w,r, @r)) = 1{f(uf”’z,r, Y, + 2V 5%

z z

Ly —|—sz’”,/}1§ p(z)G(r, v (z) —i—zwf’z’i(x))u(dx)) — flw,r, @r)} )

The solution also satisfies fo S (Y520, Z8:250 g5z Z)HK},[OT m'(dz)ds < oo .

(¢) The solution of the BSDE (5.1) is Malliavin differentiable (Y, Z,¢) € LM x L1* x L2,
Put, for everyi, Y, = Z2 = P ) = 0 fort < s < T, then (Y, S 75 BB (1)), 0 <
s,t <T,x € Ry, z € R) is a version of the Malliavin derivative (DY Vi, D% Z;, D (x)),0 <
s;,t<T,zeRp,ze€ ]R) for every Wiener and jump direction.

Proof. Firstly, from Assumptions 5.1, 5.2 and 5.3, Theorem 4.1 tells us that there exists a
unique solution (Y, Z,¢) € S®° x H%,,0 X J% 170 to the BSDE (5.1). Since ||Y||see, ||¢)]|ge
are bounded by the universal bounds, one can choose a constant M > 0 big enough so that
the local Lipschitz conditions hold true for the whole relevant range. We choose one such
M and fix it throughout the proof. We also omit the superscript ¢ denoting the direction
of derivative by assuming that we always discuss each direction separately.

Proof for (a): Firstly, the continuous differentiability of f and the local Lipschitz condi-
tions imply that, for the relevant range of variables,

|8yf(t7y7zaut)| S KM7 |auf(t7 y,Z,Ut)’ S KM7
0:f(t,y, 2, ue)| < K (14 2z] + 2fuwe]) - (5.4)

It is easy to check that the BSDE (5.2) satisfies Assumption A.2. Indeed, its second
condition follows from the relation
[(Dsof)(r,00)] < [(Dsof)(r,0)| + K20(1Ye] + [10llL2 ) G100 [12(0)
+EG(L+ |2 + HPHILZ(V) MWHLz(V))IZr! :
Lemma 2.2 and Remark 5.3. Thus, Theorem A.1 implies that there exists a unique solution
(Y50, 750 430 ¢ Kﬁ) 7 to the BSDE (5.2) satisfying

/=2

T
/ =) pq
||<Y870,2870,w870>|r;;p,scp/(lw[ms,oam+(/0 (Doo /), 0)ldr)" " + K201
/ =2

i+ ([ 1pa) ™ s ([ a) ") <o

for Vp' > 2, where C)y and ¢ > 1 are positive constants. Assumption 5.4 (iv) also gives
. T
the 2nd claim [j [|(Y*0, ZS’O,¢S70)||%p[O7T]ds <00 .
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Proof for (b): Let us first consider the BSDE
T
VEF = (W) + / f(ws’z,r, VoE, 2%, / p(z)G(r, \Ilf,’z(x))y(dx)>dr
t Ro

T T
—/ Z32dW, — / / U2 (x)p(dr, dx) . (5.5)
t t JE

For every (s, z) € [0,T] xRg, m(dz)ds-a.e, Assumptions 5.1, 5.2, 5.3 are all satisfied. Thus,
by Theorem 4.1, there exists a unique solution (Y%, Z%% U$?%) € §° x HQBMO X JQBMO to
the BSDE (5.5) satisfying the universal bounds. Now, let us define for z € Ry,

Y$i —Y z8% _ 7 Psz ,¢

S$,2 . __ 8,2 . __
) Z = ) d} = )
z z z

V5% .—

and then (Y52, Z%% %) € S*° x H%,,, X J% /0 is the unique solution to the BSDE (5.3).
Note that D; ¢ := L(&(w*?) — £(w)).

We use a new collective argument =57 := (V¥%, Z%%, [ p(x)G(r, ¥7" (z))v(dx)). Let
us introduce

FRr) = (B — S

@
- =
N —

~—

= (Duaf)(r0,) + LT ,

a d-dimensional F-progressively measurable process (by°,r € [0,T1]),

) M{f(ws,z,r,n,zg,z, /R P)G(r, () v(d))

A (Y e [ )Gl @) Pz g 0(2E - 2,)

Ro

and also the map fs’z QO x[0,T] x R x L2(E,v;R;,) — R,

X ~ 1 8,2 ~ S,z
fs’z<wvr7y7¢) = (DS,Zf)(n 67‘) + ;{f(w ’ ,7’, ZZ/"‘Yer’ 7/

Ro

p(x)G(r, z{bv(x) + wr(ac))v(dm))

_f(wS,Z’ r, }/7“7 Z?Zv /

Ro

p(z)G(r, 1/}r(x))y(d:v)>} .

Then, (Y%, Z%% 14*%) can also be expressed as a solution to the BSDE

T, T T
Vet =Dags [ (Frrvesury ns oz )i - [ zeaw, - [ [ v ds)
t t t E

It is straightforward to check that Assumption A.1 is satisfied. Thus, Lemma A.1 gives

=

/ = T qu /=2
\|<YS’<ZS’Z,wS’Z>HP,@,scpf(1+E[\Ds,zsrpq2+(/0 (Do f)(r,0)dr )"+ (| KL

! =2

s ([ o)™ ([ ) ) <o

for Vp' > 2, where Cy and ¢ > 1 are the positive constants. Choosing p’ = p, one can
show fOT Je (Y52, Z5% 4p52)|[{.,m(dz)ds < oo from Assumption 5.4 (iv), which proves
the second claim of (b). Note that, we also have [5[|(Y*?%, Z5* ¢**)|[},q(ds,dz) < oo by
combining the results (a) and (b).
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Proof for (c): First step (Approximating sequence of globally Lipschitz BSDEs)
We finally proceed to the proof for (c). Firstly, let us define for each m € N

(3 ¢( )) (5 ‘Pm(¢ Cm( ))7 fm(87y727u) = f(5>30m(y)790m(z)7u)

where ¢y, is the smooth truncation function defined in (4.2), and 1o(n(z) == Y(2)1|3>1/m>
which are applied component-wise for z and . Let us now define a sequence of regularized

drivers (Fy,,m € N) by Fp,(s,y,2,¢) = fm(s,y,z,/ p(2)G(s,¥(z))v(dx)) for s €
Ro
[0,T),y € R,z € R% ¢ € L2(E,v; RF). Note that

lom (0 Gl 2 /wmw (n(@))Po(dz) < (m + 1)2C)y

where C, := kmaxi<;<j fRo 1|x‘21/m1/i(d$). Combined with Assumption 5.3 and Re-
mark 5.2, one sees F), is globally Lipschitz for each m € N. One can also check |F,| is
bounded. Thus, for each m € N, there exists a unique solution (Y™, Z"™ 1¢™) of the BSDE

:g+/tTFm(s,Ysm,zm,w)ds—/t Zmaw, — //w (s, dz),  (5.6)

with Y™ € S*°. Moreover, the convexity of positive function j,(-) and Assumption 5.2 im-
ply that F},, satisfy the Qexp-structure condition uniformly in m. Therefore, (Y™, Z™ ™)
satisfies the universal bounds of Lemmas 3.1 and 3.2. Since [|[Y™||se and |[¢)™||j~ are
bounded uniformly in m, the truncation ¢,, for (y,%) becomes irrelevant provided m is
large enough. Thus, for large m, (Y™, Z™,4™) also consists of a unique bounded solution”
to the BSDE with data (£, F},,) where

Fos,.29) = £ (5,0 6m(2), | p(a)Gls, 0 Gn(a)wd))

Ro

Since (ﬁm) satisfies Ap-condition uniformly in m, and also E, = F locally uniformly
in the spacial variables, Proposition 4.2 implies Y™™ — Y in S*°, Z™ — Z in HQBMO
and ™ — 1 in J%,,, where (Y, Z,9) is a unique solution of the BSDE (5.1). One can
also check that, for each m € N, the BSDE (5.6) satisfies Assumptions C.1 as well as C.2.
Therefore Theorem C.1 implies that the approximating BSDEs are Malliavin differentiable

—_/m

and (Y™, Zm ") € (LY?)3 for ¥m € N.

Second step (Uniform boundedness of LY2-norm of the approzimating BSDEs)

From the first step, one can define the Malliavin derivatives of (Y, Z™ ¢™) for every
m € N as the solution to the following BSDEs: For every Wiener direction i € {1,--- ,d},
ds-a.e. s €[0,T] and s <t <T,

Dé,Oth - Oé‘ +/ Ds Ofm dT _/ D’L OZde / / .D 0’(/)7. d'f’ d.fE)
Dy fn(r) = (Ds0.fn) (r, ©7") + 0o fin (1, ©]") Dy O, (5.7)

"Using the universal bounds, uniqueness is checked similarly as in the standard Lipschitz BSDE.
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and for jump direction i € {1,--- ,k}, mi(dz)ds-a.e. (s,2) € [0,T] x Ry and s <t < T,

SZ§+/ Dl fon(r )dr—/tTD L2 AW, — / /m fi(dr, dz),

Dl fm(r) := . (fm(ws’za 1,00 +2D% O7) = fu(w,r,O"))
. 1 ,
= (D52 fm)(r, 07) + ~ (fm(w™%,m, O 4+ 2D; ,O) = fru(w™*,7,07)) . (5.8)

Here, we have defined O := (Y™, Z" fRO (r, " (z))v(dz)) for r € [0,T] and
slightly abused its notation in such a way that fm( 82,7“, @;”—l—zD;Z@T) = f (W%, 7, Y+

zD;zYm Z" 4 2D} ZZ,T”,/R p(z) Gy (1, 7 () + zD;sz(x))u(dx)) to save the space.

For 0 <t < s, one has DsyszL =0.
One can check that the unique solution of (5.7) satisfies (Ds Y™, Ds0Z™, Ds ™) €
KP'[0,T] for Vp' > 2 by Theorem A.1. Let us also define (for each direction i € {1,--- ,k})

yglz(t) = Y;tm + ZD57ZY;€m’ Z;sz(t) = ZZ” + ZDS,ZZtm’ \Ilg,Lz(t? ) = w;n() + ZDS,Z¢Zn(') )

for (s, z) [0 T} X ]Rg and t € [0,7], and denote its collective argument as Z{",(t) :=
(Vi (t) t); Jr, P m(t, U (t,2))v(dx)). Note that (VI', Z,UT) is a solution
to a Llpschltz BSDE (5 5) Wlth f, G replaced by f,,, Gp,. Since it satisfies the structure
condition uniformly in m, (Vi7, 27" 2 Wy,) satisfies the universal bounds. It then shows
(Ds Y™, Dy, Z™, Dg ™) € S® x]I-]IBMO XJQBMO for z ;é 0. Moreover, by the same analy-
sis given in the first step, one observes the convergence (Vy?,, 27, UT',) — (V*%, 297, ¥*7)
in the space S x H2BMO X J2BM0-

By the same arguments used in the proofs for (a) and (b), one can apply Theorem A.1

to the BSDE (5.7) and Lemma A.1 to the BSDE (5.8) to obtain

} |(D57ZYm, DsyzZm7 Ds,zwm) ‘ }i]'ép' [0,7]

/=2

/= T paq
gcp,(1+E[\Ds,zgypq2+(/o (Do /), 0)ldr)" "+ || [T

T 2p' G2 T WG\
Hym 2 4 ( / 1z par) "+ / [ Bagydr) )"
0 0
with Vp' > 2, for the Wiener (z = 0) as well as the jump (z # 0) directions. Here, C}y and

g > 1 are positive constants independent of m. Assumption 5.4 (iv), the universal bounds
for ©™ and the energy inequality give

/~ supH(D&zYm,DS’ZZm D .y™) HKPOT]q ds,dz) < oo . (5.9)
E meN

It then easily follows that L'2-norm of (Y, Zm,@m) is bounded uniformly in m. The
estimate (5.9) also gives

Z/ /| Y D2 D ™) [ (d2)ds
>e€

- Z / DLy ™, D2, Dl [y gy (d2)ds (5.10)
) 0
as € | 0 uniformly in m € N by the Lebesgue’s dominated convergence theorem.
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Third step (Convergence of Dso©™ — 0%0)
For ds-a.e. s € [0,T] and m € N, set

AS’OYm — YS,O _ DS,OYma AS’OZm = ZS,O o DS,OZma AS’me — ws,o _ Ds,me
and then (ASOY™ As0Zm AsOym) e [P [0, T] with Vp' > 2 is the unique solution to the
BSDE

T
Ay = / (vaO(r)— Dsofm(r dr— / A Zm AW, — / / ASOY™ ()i (dr, da)
t

We claim
lim / [[(AZOY™ AZOZ™, ASOY™) [0 pyds =0 . (5.11)

m— 00

The proof is straightforward and we give the details in Appendix D.1.

Fourth step (Convergence of Ds ,©™ — 0% (2 #0))
For each direction of jump, let us put

ASFY™ . VSF stzym7 ASFZM — 787 _ stzZm’ As,zwm —_ ws,z o Ds,zwm )

Then, (A%2Y™, ASZZ™ AS%)™) € S x ]HI2BMO X .,]I2BMO is the unique solution to

T
AS’ZSQ’”_/ (f57z(r)— Dy fm(r dr—/ ASZZM AW, — //A“wm fi(dr, dz)
t

with ¢ € [0,7]. As in the third step, we claim

lim/ / (A=Y ™, A2, A=) | [E, 1 pym(dz)ds = 0. (5.12)

m—0

The proof is tedious but straightforward and we give the details in Appendix D.2.

Final step

From the previous steps, one sees (Y™, Zm,@m) converges to ((Y, Zah), (Y, ZS’Z,@S’Z))
in IL2(0, T; DY?) = L2, The closability of the Malliavin derivatives in L."? (See Theorem
12.6 in [16].), one concludes (Y, Z,1) € LY? and that (Y% Z%% 1*%) is a version of
(Ds2Y, Dy 2 Z, Dy 24)). -

Corollary 5.1. Under the assumptions of Theorem 5.1, we have
(i) ((D;O}Q)P,t € [O,TD is a version of (Zf,t € [O,T]) forie{l,---,d},

(ii) ((zDazYt)P,(t,z) € [0,T] x Ro) is a version of (wg(z),(t,z) € [0,T] x Ro) for
ie{l,---,k},
where (-)7 denotes the predictable projection of a process.

Proof. See Corollory 4.1 in [15]. O
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6 An application: Markovian forward-backward system

6.1 Forward SDE

As an important application, we consider a Qexp-growth BSDE driven by an n-dimensional
Markovian process (Xg’x, s €0, T]) defined by the next SDE:

X;””::r—l—/ b(r,Xﬁ’x)err/ o(r, XE")dW, +/ / r, X0, e)pi(dr,de)  (6.1)
t

for s € [t,T] and put Xo* = z for s < t. Here, z € R", b : [0,T] x R" — R", ¢
[0, 7] x R — R™9 and v : [0,7] x R* x E — R™k. Let us introduce n : R — R, by
n(e) = 1Alel.

Assumption 6.1. The functions b(t,x), o(t,z) and y(t,z,e) are continuous in all their
arguments and one-time continuously differentiable with respect to x with continuous
derivatives. Furthermore, there exists some positive constant K such that

(i) |b(t,0)| + |o(¢,0)| < K uniformly in t € [0,T].

(ii) |0:b(t, )| + |00 (t,z)| < K uniformly in (t,x) € [0,T] x R™.

(iii) For each column vector i € {1,--- k}, |v*(t,0,e)| < Kn(e) uniformly in (t,e) €
[0,T] x Rp.

(iv) For each column vector i € {1,---  k}, |07 (t, z,e)| < Kn(e) uniformly in (t,z,e) €
[0,7] x R™ x Ry.

We have the following result:

Proposition 6.1. Under Assumption 6.1, there exists a unique solution X%* € SP[0,T]
with ¥p > 2 for every initial data (t,x) € [0,T] x R™. Furthermore, the process X“* is
Malliavin differentiable X** € ILY? and satisfies, for ¥p > 2,

[ E[IDwex 1 du,d2) < 1+ ol
E

with some positive constant C' depending only on (p,T, K).

Proof. The fact that X%* € SP[0,T] with Vp > 2 is rather standard. See, for example,
Lemma A.3 in [19]. The existence of Malliavin derivative follows from Theorem 3 of Petrou
(2008) [38]. This implies, for u € [t,s] and ¢ € {1,--- ,d},

S

DLaXi = o' Xi)+ [0 XIDLyX 1 [ ot X1 Dl X
u
/ / 0y (7, X )DZ,OXi’xﬁ(dr, de)

and for (u, z) € [t,s] x Rp and i € {1,--- ,k},

. th s
D’WX?I = (u, / D _b(r, X5%)dr + / D;Za(r,Xﬁ@)dWr
u

/ / D y(r, X! e)fi(dr, de) |

where both ¢* and +* denote the i-th column vectors of dimension n, and for ¢ = b, 7,7,

o(r, Xp" + 2Dl X3") — o(r, Xp")

z

Di o(r, X1") =
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By Lemma A.3 [19], the above SDEs satisfy the a priori estimates
E[l|Du0 X"} < Cpur B [Jo(u, X7

< CpriE o (u, 01 + 1XI5] < Cprx (1 + o)

and
=l x*71f] < G| 115
< cp,T,KEHW\p + X ] < (1 [al?) -
Since ¢(du, dz) on E is a finite measure, the claim is proved. O]

6.2 Qoxp-growth BSDE driven by X"

In many applications, there appears a BSDE driven by a Markovian forward process. Let
us consider a Qexp-BSDE driven by the process (X bros e [0, T ]) introduced in the last
section;

T
v e+ [ (x|

Ro

3 p(e)G(r, wr(e))y(d6)>dr
- [z [ [ e etar ) (62)

for s € [t,T] and put (YO, Z0" b") = (V}"",0,0) for s < t. Here, £ : R — R,
f:00,T] x R® x R x RY x R¥ — R are measurable functions. We treat Z and 1) as
row vectors for notational simplicity. In this setup, the driver f is deterministic without
explicit dependence on w, which is now provided by the dependence on X%*.

Assumption 6.2. (i)For every (z,y, z,1)) € R® x R x R? x L2(E, v; R¥), there exist two
positive constants B > 0, v > 0 and the non-negative measurable function 1 :[0,T] — R4
such that the measurable function f satisfies

1= Byl = 31eP = [ (o)) < 1ty [ pleGviewe)
<tuot ol + J + [ G (wle)vide)

dt-a.e. t € [0,T], where j(u) := %(e”“ —1—u). (i) |(x)| + 1 is bounded uniformly in

(t,z) € [0, T xR™. (iii) F(t,x,y,z,v) := f(t,x,y,z,fRO p(e)G(t,w(e))u(de)) satisfies the
Ar-condition (Assumption 4.1).

Assumption 6.3. For each M > 0, for every x € R™ and (y, z,%), (v/, 2',1') € R x R% x
L2(E, v;RF) satisfying
’y‘7 ‘?/‘7 HwHLOO(V)7 Hw/HILOO(V) S M7

there exists some positive constant Ky (possibly dependent on M ) such that

‘f(t"xa Y, Zvut) - f(ta L, ?//, Z/a U;)‘
< Kun(ly =o' | + Jue — ui]) + Kar (1 + 2]+ |2'] + [ue] + Jui]) |z — 2]

with the short-hand notation uy := fRo p(e)G(t,(e))v(de) and uy := fRo p(e)G(t, ¢ (e))v(de) .
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Lemma 6.1. Under Assumptions 5.1, 6.1, 6.2 and 6.3, there exists a unique solution
(Yt Zbe bty e S[o ) X HQBMO[QT] X J%MO[O’T} to the BSDE (6.2) for every (t,x) €
[0,T] x R™.

Proof. This is a special case of Theorem 4.1. O

We denote ©;" := (Yt’m7Zt’ma fRO p(e)G(r, Tﬁ;{x( )v(d )) as a collective argument of
the solution indexed by the initial data (¢, z).

Assumption 6.4. (i) £ and the driver f are one-time continuously differentiable with
respect to the spacial variables with continuous derivatives.
(i1) There exists some positive constant K such that |0,€(z)| < K as well as |05 f(t,2,0,0,0)| <
K uniformly in (t,x) € [0,T] x R™.
(i4i) For each M > 0, for every x € R™ and (y,2,9), (v, 2,¢') € R x R? x L2(E,v; R¥)
satisfying

1 11 19 e s |1 ey < M,

there exists some positive constant Ky (possibly dependent on M) such that
‘a:rf(ta T, Y, %, ut) - axf(ta €L, y,a Z,a Ué)}
< Knr(ly =o'+ e = wgl) + Koa (14 [2] + 127+ Jue] + ug]) |2 = 2]
with the short-hand notation uy := fRo p(e)G(t,¥(e))v(de) anduy := fRo VG(t, ' (e))v(de) .

One sees that Assumption 6.4, together with Assumption 6.3, implies

0uf (t, 2,9, 2,u)] < CRar(L+ [yl + 2 + [wel?), 19y f(t, 2,9, 2,u)| < Kar,
|aZf(t7x7yvzaut)| < KM(l + 2|Z| + 2|ut‘)7 ‘auf(tvxayazvutﬂ < Kwm ,

where C' is some positive constant.

Theorem 6.1. Under Assumptions 5.1, 6.1, 6.2, 6.3 and 6.4, the solution of the BSDE
(6.2) is Malliavin differentiable (Y5%, Z4% t®) € LL2 x LY2 x L2 for every initial data
(t,z) € [0,T] x R™. (i) A version of ((D;OK}’I,DZ th Di Olb,tﬂx( ),0 < s,r <T,ee€
Ro)ie{l ) is the unique solution to the BSDE

] t7 —_— ] t7 —_ ) t) —_—
;,OYu v = ;,OZu17 - D;,Owum() - O’ 0<u<s< T?

T
DS oY, = 0:6(X5") Dl o X7 +/

u

//DZ fildr,de), € [5,T]

where f>04(r) == 8, f (r, X0, 01" ) Dg 0 X7* 4 O f(r, X7, ©1") Dy 0OF". Moreover, for a
giwen ds-a.e. s € [0,T], (D% Y"* D.,Z", Digh*) € KP[0,T] with Vp > 2.

(ii) A version of ((DészTt’x,D;ZZﬁ’z,Dizwﬁ’x(e)),o < s,r <T,ez € Rp)
unique solution to the BSDE

T
FEY (r)dr — / D} o Z)"dW,

{1 K} is the

Dizij Dl gtw _ D;z tx()_ 0<u<s<T,

S$,27U u

D;ZY;J Eszz / fszz d’l“—/ D Zf‘de / /D ¢t:c dT de),
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for u € [s,T| where

grei o ST +2DLX57) — €(X5)

z

. 1 . , .
P = {1 (1 X0 DLLXE, VI 2Dy YIS, 21 4 D2

5,24r

[ AOGE U ) + D) ewe)de) - fir X 00}

Ro

Moreover, for a given m*(dz)ds-a.e. (s,z) € [0,T] x Ry, (Dg,zYt’”HDi,zZtvx,Dg’zW@) c
§%00, 7] x H0[0, T] X Ja10[0, 7).

Proof. 1t suffices to check Assumption 5.4 to hold so that Theorem 5.1 can be applied.
(i), (#3) are obviously satisfied due to the Malliavin’s differential rule (Theorem 3.5 and
Theorem 12.8 in [16]). The local Lipschitz condition (iii) is satisfied if we replace K2 (r)

by Kar|Ds. X7"|. This is easy to see for a Wiener direction (z = 0). For a jump direction
(z # 0), notice that

(Ds=f)(ry, 2,uy) = 1

’(Ds,zf)('r? Y, =, UT‘) - (Ds,zf)(r7 y/7 Zl? u;")}

1
<. [
0

S KM‘Ds,zXﬁyx

[f(ra X£7x + ZDs,zXﬁxa Y, %, ur) - f(ra X£7x7 Y, z, u?‘)]
1
/ f%f(?"» quz,:v + GZDs,inxa Y,z, ur) d0> DS,ZAX;E’Q7 5
0

which implies

Onf(r, Xp" + 02D . X707y, 2,up) = Oaf (r, X7 + 02D - X7y 2 i) | df

(Iy = o/1 + e —vp] + (L L2l + 2]+ fur| + g )]z = 21])

Since | Dy .| < K|Ds . X5"| and |(Ds,.f)(r,0,0,0)| < K|Ds.X;"|, one can confirm that
the condition (iv) are satisfied from an inequality

T p
B 1Dl + ([ 100:0)00.0,0)0ar)" + KHID. X
0
< Cprn TE |1+ 1D X | < Cp iy (1 + )

uniformly in (s,2) € [0,7] x R for Vp > 2 (See, proof of Proposition 6.1.). O

Corollary 6.1. Under the assumptions of Theorem 6.1, let us define the deterministic
function w : [0,T] x R" — R by u(t,z) := Y;"*. Then, u(t,z) is continuous in (t,x), one-
time continuously differentiable with respect to x with continuous derivative. Moreover,

(Z25%(s))" = Bpuls, X2")o' (s, X17), t<s<T,ie{l,---,d}

S

(d}t’m(z))i = U(S,Xzf + IYZ‘(‘S’X;&:T’Z)) - u(stzf)a t<s<T 7i € {1’ e ak}

S
where o* and ~* denotes the i-th column vectors.

Proof. By replacing a priori estimates for the Lipschitz BSDEs of Lemma 5.1 in [19] with
the local Lipschitz ones given in Theorem A.1 and Lemma A.2, one can follow the same
arguments in Theorem 3.1 in [32] to show that the function u(t,z) is continuous in the
both arguments and one-time continuously differentiable with respect to  with continuous
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derivatives. Then the fact that
Dé,OX?x = O—i(sv X§7m)> ZD;,ZX?J: = ’Yi(sﬁ Xé,x7 Z) )

Corollary 5.1, and the Malliavin differential rule for a continuously differentiable function
give the desired result. O

A An a priori estimate and BMO-Lipschitz BSDEs

A.1 An a priori estimate

Firstly, we establish a priori estimate which plays a crucial role throughout the paper.
Although it is similar to that of BMO-Lipschitz BSDEs, which will be discussed in the
next section, it has a much wider range of applications. See discussion in Section 3 of
Ankirchner et.al. [1] for a diffusion setup. Let us consider the BSDE, for ¢ € [0, 7],

Y, = 5+/ st;,ZS,q,Z)S)ds/t ZydW, — //¢ fi(ds,dz) , (A.1)

where £ : Q — R, f: Qx[0,T] xR xR? ><L2(lz, v;R¥) — R. We treat Z, ¢ are row vectors
for simplicity. We introduce another driver f : Q x [0,7] x R x R? x L2(E, v;RF) — R.
The crucial point of the next assumption is that the process (Hi)yec[o 7] is not forbidden
to be a function of (Yy, Z¢, ¥t )sejo,1-

Assumption A.1. (i) The maps (w,t) — f(w,t,-), f(w,t,-) are F-progressively measur-
able. £ is an Fr-measurable random variable.

(ii) There exists a solution (Y, Z,%) to the BSDE (A.1) satisfying Y € SP for Vp > 2.
(iii) For every (y,z,7v) € R x R? x L2(E,v;R¥), the driver f satisfies with some positive
constant K such that 8

|f(w7t7y727w)’ < gt + K(’y| + ‘Z| + ||w”]L2(V))

dP ® dt-a.e. (w,t) € Q x [0,T], where (g, t € [0,T]) is an F-progressively measurable
positive process. Moreover, & and g satisfy, for Vp > 2, E[|§|p + (fOT gsds)p} < 00.

(iv) With the solution (Y, Z,1)) to the BSDE (A.1), there exists an F-progressively mea-
surable positive process (Hy,t € [0,T]), H € H%,,o such that

|£(5,Ya Zo0s) = F(s, Y, Zo, s)| < Hi|Z
for dP @ ds-a.e. (w,s) € Q x[0,T].

Lemma A.1l. Suppose Assumption A.1 hold true. Then the solution (Y,Z, 1) to the
BSDE (A.1) satisfies, for ¥p > 2,

1020l oy < (B[ + ([ auts) ")

with a positive constant q satisfying q. < q¢ < co whose lower bound q,. > 1 is controlled
only by ||H| |HQBMO, and some positive constant C depending only on (p,q, T, K, || H| |HzBMO).

8This can be generalized to a monotone condition.
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Proof. Define a d-dimensional progressively measurable process (bs, s € [0,T]) by

F(8,Ys, Zs,bs) — [(8,Ys, Zs, 0s)

bs =
’ | Zs|?

17,4075,

which satisfies |bs| < Hy and hence b € H%,,, whose norm is bounded by ||H ||HzB o

Using the process b, (A.1) can be written as

Yt=§+/tT(f(sYs,Zs,z/;s)+b Z)ds—/t ZydW, — //zp fi(ds, dx)

and hence under the new measure Q defined by dQ/dP = Er (b« W), one obtains

V=6t /t " (s Yo Zoy ) ds — /t " Zaawe / / G(@)ids,dr)  (A2)

where W@ .= W — fo bsds and i = i due to the independence of (W, 1). By the linear
growth property of f , one has

Y, f(5,Ys, Zs, ) < |Ysl (95 + K(|Ys] +1Zs| + [[¥s]l20)) -
and hence for V) > 0

Yof (5, Yo, Zoy ) < Va2 (K + K2/(20) + [Yilgs + AZ6l? + [[0s22,) -

Thus by choosing V* := (K + )t and N = fot gsds, the BSDE (A.2) satisfies Assump-
tion B.1 in [19]. Then Lemma B 1 in [19] of an a prior estimate for the BSDEs with a
monotone driver implies, for Vp > 2,

107 2.9) [0y < CE2 e + ( /OT geds)'|

with some positive constant C' = C) 1 depending only on (p, K, T).

By the properties of the BMO martingales, one can choose 7 > 1 with which both £(bx
W) and &(—bxWQ) satisfy the reverse Holder inequality (See Lemma 2.4 and the following
remark.). Define ¢ = =" as its dual. Let us put D := max(||€(b * W)llLr ), ||E(=b *
WQ)||U(Q)), which is dominated by some constant depending only on || H | |HzB ro(®)- Then
one obtains

H(Yzw!\mgT—E@[eﬂ—b*wm(wu%(/ Zds)* + (/OTstH[%z(V)ds)

< DI|(Y, Z, ) H/Cpq @o1] < vaquvTD<EQ [‘ﬂpq + (/OT gsds)pq])

1+l —2 T PQQ =
< Cpgr1D ‘1<E[|€!m + (/ 9st> ])q :
0

which proves the desired result. O

b
2

)

Q=

A.2 BMO-Lipschitz BSDE

In this subsection, we study the properties of the BSDE with a locally Lipschitz driver
where the Lipschitz coefficient for the control variable belongs to H%,,,. In the diffusion
setup, the details have been discussed by Briand & Confortola (2008) [8]. As we have
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announced before, we keep the reverse Holder property only to the continuous part and
assume only the standard Lipschitz continuity for the jump coefficient.

Assumption A.2. The map (w,t) — f(w,t,-) is F-progressively measurable.
(i) There exist a positive constant K and a positive F-progressively measurable process
(Hy,t €[0,T)) € H%, 0 such that, for every (y,2,9), (¥, 2',1') € R x R? x L2(E,v;RF),

‘f(w7tayazaw) - f(wvtay/7z/7wl)‘ S K(‘y - y/’ + Hl/f - WHIL?(V)) + Ht(w)|z - Zl‘

dP @ dt-a.e. (w,t) € Qx[0,T].
(ii) & is Fp-measurable and, for Vp > 2,

E[mp + (/OT |f(s,o,0,0)\ds)p} <.

Theorem A.l. Under Assumption A.2, there ezists a unique solution (Y, Z,1) to the
BSDE (A.1) and it satisfies, for Vp > 2,

H(Yv Zvdj)Hlpcp[O,T] < C(E[‘ﬂpff 4 (/OT |f(570,0,0)|d5>pq2})ql2

with a positive constant q satisfying q. < q§ < oo whose lower bound q,. > 1 is controlled
only by ||H| |H2BMO, and some positive constant C' depending only on (p,q,T, K, ||H||g2 ).

BMO
Proof. Define a progressively measurable process (bs, s € [0,7]) taking values in R? by

f(S7Yt972871/}S) - f(87)<9707w8)

b =
’ | Zs|?

1Z57é0Zs

then |bs| < Hy and hence b € H%,,, and its norm is dominated by HHHH%MO‘ Under the
measure Q defined by dQ/dP = Ep(b* W),

T T T
Yt:§+/t f(s,Ys,O,@Z)s)ds—/t stWSQ_/t Vs (2) % (ds, dx) (A.3)

where WQ =W — fo bsds and i@ = Ji. As discussed in Lemma A.1, one can choose 7 > 1
with which both of £(b* W) and £(—b * WQ) satisfy the reverse Hélder inequality and
q = 7L as its dual. Let us put D := max (||€(b* W)||L~@), |[E(—b* WO)||Lr(@)), which is
dominated by some constant depending only on ||H | |H%3 o (B)-

It is clear that the BSDE satisfies the global Lipschitz properties under the measure
Q. Furthermore, the following inequality is satisfied due to (reverse) Holder inequalities:

EQ [|5|p n (/OT 1£(s,0,0, o)yds)p} - E[g(b £ W) <|g|p n (/OT 1£(s,0,0, 0)|ds>p>}
< CqDE[\apq’ + (/OT yf(s,0,0,0)|ds)pq}; <oo,

with some positive constant Cg. Thus, by Lemma B.2 in [19], one concludes that there
exists a unique solution (Y, Z, %) to (A.3) in Q and hence also to (A.1) in P. Furthermore,
it also satisfies by the same lemma,

1Y, Z,9)|[jn(q) < Cpi,TEY [\5!1’ + (/OT yf(s,o,o,())ydsﬂ .
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We thus have

1Y 2,9)|lio ) < CaD [|(Y: 2,0)] oy

52 1
Pq i|) 72
)

which proves the second part of the claim. O

< Cpaucr D (2]l + " 17(5.0.0,0)15)

Now, we gives the stability result which is required to show the uniqueness of the
quadratic-exponential growth BSDE. Consider the two BSDEs with i € {1,2} satisfying
Assumption A.2;

Y?—fi-i-/tTfZ (s, Yi, 71, ¢S)ds—/t ZLdW, — / /ws fi(ds, dz) (A.4)

and put oY := Yl_Yz: 07 = Zl_ZQa o = W _¢2> 5f(8) = (fl_fz)(S>Y:917Z§7¢é)'

Lemma A.2. The unique solutions (Y*,Z% ¢%),i € {1,2} to the BSDEs (A.}) under
Assumption A.2 satisfy

15Y,62,89)| (% 0.0y < C (E[l6€P7" + (/OT \5f(s)]ds>pq2Dqu

with a positive constant g, < § < oo whose lower bound q, > 1 is controlled only by
HHHHzBMO, and some positive constant C depending only on (p,q, T, K,||H||g2 ).

BMO

Proof. Let us introduce a process (bs, s € [0,T]) defined by

P8, Y8 25 05) — (5, Y 22, )
|0 7|2

bs = 1525¢05Z

and also a map f: Q x [0,T] x R x L2(E,v;RF) = R by
Flw,8,5,0) = 6f(w,8) + fAw, 8,5+ Y2, 22,0 +97) — P (w,5,Y7, Z2,93) .

Then, (§Y,d0Z, 1)) can be interpreted as the solution to the BSDE

51@:5“/;(]0(5 5Ys, 61bs) + bs - 52 ds—/ 5 7AW, — //ws fi(ds, dz) .

Since |bs| < H, € H%,,, and f has the linear-growth property with respect to (y,1),
Lemma A.1 with g = |0 f] gives the desired result. O

B Some remarks on the comparison principle

Lemma B.1. If (Y, Z, 1) is the square integrable solution of the BSDE with data (&, f™™F),
then 'Y € S*°.

Proof. Consider a sequence of the BSDEs with [ € N,
=§+/ Fl(s, YL ZL yl)ds —/ Zlaw, — / /w fi(ds,dz),t € [0,T] (B.1)
t t

where F'(s,y,z,4) := f""™*(s,y,2,4 0 ) and (¢5 0 Q) (@) = ¢s(@)1gamipy- F' i
globally Lipschitz and satisfy Qexp-structure condition uniformly in /. Since |f™™| <
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IS [V 1™ < |f], one sees that [F!(s,y,0,9) < [f(s, ox(y), 0, ¢r(¥0 G))|, which is clearly
bounded for all s,y,v. Thus, by absorbing the Z argument by the measure change,
one sees Y € S®. One can now apply the universal bounds of Lemmas 3.1 and 3.2 to

conclude ||Y!|[s, HZZH]H%MO HWHJ%MO are bounded uniformly in [. It now suffices to

prove (Y, Z! ') converges to the solution (Y, Z,v) of the BSDE with data (&, f™™*),
Since (B.1) is globally Lipschitz uniformly in [, the standard stability formula gives

' =" 2= 2" ! = 0" < [ (| C161(s)1ds)’] < o1 / 164(5)2ds]

where C'is independent of [ and §f(s) := (F' — F')(s,Y*, Z!,4!). Let suppose | < I’. For
any (s,y,z,%) € [0,T] x R x R? x L2(E, v; R¥), Ap-condition for f™™ gives

‘Fl(sa Y, Z:W - Fl/(sa Y, Zaw)| = ‘fmm(sa (Pk(y)y Z, (Pk(w o Cl)) - fn,m(s’ Sok(y)a Z, @k(lﬁ o Cl’))‘
< /E PV (@) (4 (2)) L0 <1y ()

with some non-negative P®&-measurable process I'!' satisfying T4 (z) < C(1A|z]). Here,
the constant C' depends only on k. Noticing the fact that ||1!||;2 is bounded uniformly in
[, the dominated convergence theorem gives

E| / 31(6)Pds] < ([ feP1gurcampide))B / [ wh@Pvanas] o

as [ (and hence also I')— oco. This proves (Y, Z! 4!);>; converges to some (EN/, Z,J) in
k2. Since (Y'!);>1 are uniformly bounded, so is Y. It is straightforward to check (Y, Z, 1;)
actually gives a solution to the BSDE with data (&, f»™F), but it is unique and hence
equal to (Y, Z,1) due to the global Lipschitz continuity. O

The remaining two lemmas are on the comparison principle.

Lemma B.2. With Assumptions 3.1,3.2 and 4.1, if there exists a solution (Y™™, Z™™ ™M) €
S*® x H? x J? to the BSDE

T
m_ gy / Frm (s, Y, Z0m mim) s — / Znmaw, — / / G (@)ii(ds, dz) |
t t

then it is unique. Moreover, if the relevant solutions exist for the pairs of (n,m), they
satisfy Y, TN <Y <Y for Vit € [0, T) aus.

Proof. Since f™™ satisfies the structure condition in Assumption 3.1 uniformly in (n,m),
if there exists a bounded solution, then we have (Y™, Z™™ /™) € S x ]HIQBMO X J2BMO
and the same universal bounds in Lemmas 3.1 and 3.2. Hence, from Assumption 3.2, one
can choose a constant Kj; as the Lipschitz constant with regard to y, v arguments. Since
the driver is (n V m)-Lipschitz with respect to z, one obtains the same stability condition
as the globally Lipschitz BSDE. The uniqueness of the solution then follows. Since the
driver f™™ satisfies Assumption 4.1, one has for bounded solutions (¢, '),

E[/ TP @) Po(da)ds| ) < ch\cl\)/T w2v(dz)ds < CoT (B.2)

T

for any 7 € TOT with some constant Cy depending only on the universal bounds. This
implies I'*%" i is a BMO-martingale. Moreover £ (Fw’wl.ﬁ) is a uniformly integrable mar-
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tingale by Lemma 2.3. The comparison principles now follows in the same way as the
Lipschitz case. See, for example, Theorem 2.5 of Royer (2006) [40]. O

Lemma B.3. With Assumptions 3.1,5.2 and 4.1, if there exists a solution (Y” AL wn)
S x H? x J? to the BSDE with f* =" + f

}Z”:§+/tTf”(s,f/g ¢”)ds—/t ZdW, — / /w fi(ds, dz) |

then it is unique. Moreover, if the relevant solutions exist for n,n + 1, they satisfy }7;” <
Y™ for vt € [0,T) a.s.

Proof. Since ]?" satisfies the structure condition in Assumption 3.1, if there exists a
bounded solution it satisfies the universal bounds. Thus the driver is K ;-Lipschitz con-
tinuous with respect to ¥y, as in the previous lemma. For z argument, the driver is
local Lipschitz continuous whose coefficient is given by the sum of n and that given in
Assumption 3.2. Thanks to the universal bounds, it has a bounded H% mo-norm for each
n. It is also easy to confirm that ]?" satisfies Ap-condition uniformly in n as in the proof
of Lemma 4.1. Thus the measure change used in Theorem 2.5 of Royer [40] is still valid
and hence the comparison principle follows. The uniqueness follows from Proposition 3.1
or from the comparison principle as [40]. O

C Malliavin differentiability for Lipschitz BSDEs with jumps

In order to show Malliavin’s differentiability of Qexp-growth BSDEs, we have to establish
the differentiability for Lipschitz BSDEs with slightly more general setup than what was
proved in [15] and [14]. For convenience of the readers, we give the detailed proof in
this section. We closely follow the arguments used in El Karoui et.al. (1997) [17]. The
complication relative to a diffusion case is the treatment of small jumps. The difference
from the work [15] is a local Lipschitz condition instead of the global Lipschitz condition
for the Malliavin derivative of the driver.
We consider a BSDE defined by

—e [ i(svaz, [ a6t vman)ds— [ zaw, - / [ witayitas, an). o)

where € : Q@ 5 R, f: Qx[0,T] x R x R x R¥ — R. Here, [p p(2)G(s,vs(x))v(dz)
denotes a k-dimensional vector whose i-th element is given by fRo )G’(s Yi(z))vi(dr)
where p' : R — R, G' : [0,T] x R — R. With slight abuse of notation, we use 0, :=
(YT, Zy, fRo p(x)G(r, r(x))v(d )) as a collective argument in this section. The results in
this section can be straightforwardly extended to multi-dimensional Lipschitz BSDEs.

Assumption C.1. (i) For every i € {1,--- ,k}, p'(s) and G*(s,v) are continuous func-
tions in s € [0,T] and (s,v) € [0,T] x R, respectively. We set without loss of generality
that G*(-,0) = 0 . In addition fR |p¥(x)|?vi(dz) < oo, and with some positive constant K,

G' satisfies
|G (s,v) — G'(5,v)| < K|v —%'|, for every s € [0,T] and v,v’ € R.

(i) The map (w,t) — f(w,t,-) is F-progressively measurable, and for every (y, z,u), (v, 2',u') €
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R x R? x R¥, there exists some positive constant K such that
|f(w7tvy> 2, u) - f(watay/) Z/,U/)‘ < K(‘y - y/| + |Z - Z/| + ‘u - u/‘)

dP @ dt-a.e. (w,t) € Qx[0,T].
(iti) & € LYQ, Fr,P) and (f(t,0),t € [0,T]) € H*[0,T].

Remark C.1. Due to the property of G and p, it is easy to see that

[ r@6(s vowin) — [ pla)Gls,vifa)wlde)] < Kliv.— il

Ro

with some constant K' > 0. Thus, Assumption C.1 yields the standard global Lipschitz
conditions. By Lemma B.2 in [19], the BSDE (C.1) has a unique solution (Y,Z,v) €
K4[0,T). In order to show the Malliavin’s differentiability, we need additional assumptions.

Assumption C.2. (i) For everyi € {1,--- ,k}, G* is one-time continuously differentiable
with respect to its spacial variable v with a uniformly bounded and continuous derivative.
(ii) The terminal value is Malliavin differentiable & € DY2? and satisfies

E[/~\stz§]2q(ds,dz) < 0.
E

(iii) The driver f(-,y,z,u) is one-time continuously differentiable with respect to (y, z,u)
with uniformly bounded and continuous derivatives. For every (y,z,u) € R x R x RF, the
driver (f(t,y,z,u),t € [O,T]) belongs to Y2 and its Malliavin derivative is denoted by
(Ds . f)(t,y, z,u).

(iv) For every Wiener as well as jump direction, and for every (y, z,u), (y',2',u') € R x
RY x R* and dP @ dt-a.e. (w,t) € Qx [0,T], the Malliavin derivative of the driver satisfies
the following local Lipschitz conditions °;

’(Dz,0f>(t7 Y, Z?“) - (DZ,Df>(t7 y/7 Z/,’U,/)’ < K;,O(t)(’y - y,‘ + ’Z - Z/’ + ’u - 'U,/D,
for ds-a.e. s € [0,T) withi e {1,---,d}, and

‘(Dé,zf)(tvyv Zvu) - (Di,zf)(tﬂ ylv Zlvu/)’ < Kﬁ,z(t)(w - y/’ + |2: - ZI| + |u - ul|)7
form!(dz)ds-a.e. (s, z) € [0, T|xRo withi € {1,--- ,k}. Here, (K.,(t),t € [0,T])
and (K;Z(t),t IS [O’T])ie{l,---,k}
fying fE |’KS,Z(')||§4[07T]Q(CZ3’dz) < 0.

are Ry -valued F-progressively measurable processes satis-

Remark C.2. It follows from the conditions (ii), (iii) and (iv) that

koo T . T . 2 . .
S [ BP0k 0ldr) 1K mid)ds - o
i—1 70 |z|<e 0

as € L 0 by the dominated convergence.

Theorem C.1. Suppose that Assumptions C.1 and C.2 hold true and denote the solution
to the BSDE (C.1) as (Y, Z,%) € K*0,T]. Then, the following statements hold:
(a) For each Wiener direction i € {1,--- ,d} and ds-a.e. s € [0,T], there exists a unique

“Delong & Imkeller (2010) [15] has treated a special case where (K0, Ks,.) are positive constants.
The current generalization is necessary when one introduces a Markovian process X driven by a FSDE to
create a forward-backward SDE system, which is the subject of interests in many applications.
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solution (Y91 7504 4504y € K2[0, T to the BSDE

v _ p 0§+/ £ () T_/t 7801w, — / /¢501 a(dr, dz) (C.2)

for 0 <s<t<T, where
f0Ur) = (Diof)(r,©,) + def(r, 0,)05"
= (Dé,of)(n 67’) + 8yf(7", 67")}/;3707i + azf(T', 67")27?70’1'
+0uf(r,Or) / p(2)BuG (r, ()2 () (di) -

Ro

(b) For each jump direction i € {1,--- ,k} and mi(dz)ds-a.e. (s,z) € [0,T] x Ry, there
exists a unique solution (Y 5% Z%%t %=1y € K2[0,T] to the BSDE

525+/ £ dr—/ Z3 AW, — //w fi(dr,dz)  (C.3)
t

for0<s<t<T and z # 0, where

fs,z,z‘(r) — l(f(ws,z’ r, 0, + z@fﬂzﬂ') _ f(w, T, @r))

= ;{f(ws,,z?r7 Y; + Z}/TS,Z,i7 Zr + ZZﬁ’Z’i

7/]Ro p(z)G(r, ¢ (z) + zwg,z,i(x))u(da:)> — f(w, 97~)> }

c) Solution of the BSDE (C.1) is Malliavin differentiable YZ e L12xLI2x12, Put,
(c)
for every i, Y = Z9" = 7 () = 0 fort < s < T, then (( ts“,Zf“,ws’z’z( )),0 <

5,t <T,x €Rp,z € ]R) is a version of the Malliavin derivative (D% Vi, D%, Zy, D y(x)),0 <

s;t<T,zeRp,z € R) for every Wiener and jump direction.

Proof. For notational simplicity, we omit ¢ denoting the direction of derivative by assuming
that we consider each direction separately.

Proof for (a) and (b)
It is easy to see that both of the BSDEs (C.2) and (C.3) satisfy the standard global
Lipschitz conditions. We have | f50(r)| < |(Ds0f)(r,0)| + Ks0(r)|©,| + K|©5°|. Since

f(wS’Zv r, @T) - f(w7 T, @T) + f(wS,Z7 T, @T + Z@;SJZ) - f(ws,27 T, @T)
¥4 ¥4

) =
_ (D)0, 4 LW O 2007 = [, 6r)

z

we also have |f5%(r)| < |(Ds.f)(r,0)| + K, »(1)|0,| + K077 . Thus, Lemma
B.2 in [19] tells us that for all (s, 2) € [0,T] x R (thus including ©%?) there exists a unique
solution ©%* € K2[0, T satisfying

107,26 gy < Ot 1Dasl + ([ 100000 + Kooy ]ar) ]

< B[P+ ([ 100en)r0lar)” + 1t + ([ forar)] < o
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Note here that © € [0, T]. By Assumption C.2 (ii), (iii) and (iv), it also follows that
L0, 20,00 g s ) < oo

Proof for (c)

We consider a sequence of solution (Y™, Z",1"),>1 of the following BSDEs that converges
to (Y, Z,%) of (C.1) in K0, T);

Yyt = ¢4 /t ' f(r) — /t ZnHdw, — / / Y (2)fi(dr, da), (C.4)

for t € [0,7] and n € N, where f"(r) := f(r, Y Z fRo G(r, ¢ (z))v(d )) The
convergence can be proven by the standard arguments of contractlon mapping for the
Lipschitz BSDEs. See, for example, Lemma B.2 in [19] and its proof.

[First step: Showing (Y"H,Z"H,W—H) (L12)3]
We first suppose that (Y™, Z™, ¢") € (L}2)? and are going to prove that (Y"1, Z7+1 )
(L'2)3. Then, we can inductively show (Y”, 2", %") € (L'?)? for every n € N. Firstly,
the chain rules (Theorem 3.5 and Theorem 12.8 in [16] with the division by the jump size

in the current convention) and Lemma 3.2 in [15] show that

—n+1
)

/R p(z)G(r, Y (x))v(dx)dr € DM . (C.5)

In particular, this is because

/E 1Dt G )| oo pya(dt, dz) < K /E || Dect? || Japo 7y a(dt, d2) < o0

where we have used the bounded derivative and the Lipschitz condition for G and the
assumption that 1" € "2, This also shows that G(-,¢™) € L2,

By (C.5) and by the general chain rule for random functions (See, Theorem 3.12 [20]
for Wiener directions and Proposition 5.5 [41] for jump directions in a canonical Levy
space, respectively), we see f™(r) = f(r,O7) € DY? for every r € [0, T]. Iﬁnis easy to check

||f”(-)||§H2[OT] < oo. Next, Assumption C.2, the hypothesis (Y, Z" ¢ ) € K*[0,T] N
(L%?)3 and the estimate |Ds . f"(r)| < |(Ds.f)(r,0)| + Ks .(r)|O"| + K|D; ,O"| imply

J D07 Ot d2)

T T
< Cic [ B[ [ (10uan) 00 + D0 @2 P)ar + |15+ ([ 1077dr) it dz) < o
E 0 0

with some positive constant Cx. Thus, Lemma 3.2 [15] shows that ftT f*(r)dr € DY? for
every t € [0,7]. As a result, we have £ + ft f*(r) € D2 for each t € [0,T]. Thus, by

Lemma 3.1 [15], we conclude that ;"' = E {f + ft f(r ‘]:} € D2, which then implies

T
/ ZI AW, + / / Or (@) f(dr, de) = =Y 4+ €+ / fM(r)ydr e D2,
t t

which, together with Lemma 3.3 [15], shows Z”“,@m_l e L2
We are now going to prove Y"t! ¢ L12. For a Wiener (z = 0) as well as a jump
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(z # 0) direction, we have,

D, Y7 = D6 + / Dy f(r)dr / D, 2" dw, — / / Dy 47 (@) fi(dr, de),

for0<s<t<T and zeRF

by Lemma 3.3 [15]. By Lemmas B.2 in [19], one obtains
T 2
[ ||Ds,zY"+1||§2[07T]q(dS,dz) < CK,T/~IE[|DS’Z§|2 + (/ |Ds,zf”(7")|d7“) ]q(ds,dz)
E E 0
2y r 2
< Cicr [ B[0P + ([ (Don)0)l + ID..0ar)

+|| K, (/OT \@ﬂzdr)g}q(ds,dz) < oo, (C.6)

—n+1
) €

where D, Y;"tt = 0 for t < s is used. Hence (Y"1, Z"+1 4) € (LY?)3 is proved.

[Second step: convergence of D (0" — ©%]
Let us set the difference process as follows:

AS,Uyn = YS,O _ DS,OYn, AS,OzTL — ZS,O _ stozn’ AS,O,(?Z}’IL = ,¢S,0 _ Ds,Own~

and denote A*00Q" := (A*0y™ As0Z" A%0ym) for every n € N. We claim

T
lim 1(A%00™)|[R20. yds = 0 - (C.7)

n—oo 0

Since [ f*0(r)=Ds0f™(r)| < Ks0(r)|0,—O7|+]0 f (r, ©,)—0e f (r, OF)|| 07|+ K| A7,
the a priori estimate given in Lemma B.2 [19] gives

T T T 2
/0 H(AS,OYn-i-l,As,OZn-l-I’As,0,¢n+1)H’2C2[O7T]dS < CT/O E[(/O ‘fs,O(r) _ DS’Ofn(T)’dT) }ds

<Cr /OTIE [(/OT [0/, = 021 + 100 (1. ©,) = Do (. 071105 ar) |

+Cr Kk /OTE[(/OT IAS’O@ﬂdr)Q] ds

One sees that the first line converges to zero because ©" — © € K*[0,T]. Thus, by using
a sequence of small positive constants (e, ),>1 converging to zero, one can write

T T T 9
/ |’(AS,OYTH-I’As,OZn—i-l’As,Oqz)n—l-l)H%CQ[o T]dS <e€,+ CTJ(/ E {(/ |A8,0@?|d7a> :| ds
0 ’ 0 0
T
< e Chgemax(T2.T) [ [[(4007", A%027 %00 |2y .
0 b}

For a sufficiently small T(> 0) so that a = ’TKmaX(TQ,T) < 1, one obtains
fo l|[(AS O@”H)HKQ[0 s < en + ozfo [|(A® O(9")||K2[0Tds. Then, by fixing some ng € N,

T €n N T
/0 1(A00™70) | [apg gyds < = +a /0 [1(A™PO7)[fafo 715
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Thus, by passing n and then ng to oo, (C.7) is proved for small 7T

For general T' > 0, one can use a time partition 0 =Ty <71} < --- < Ty =T that is
fine enough so that @ < 1 in every time interval. Due to the uniqueness of the solution,
by setting Yﬂ’o as the terminal condition for the interval [T;_1,T;], one can prove (C.7) for
the interval. Repeating the procedures from ¢ = N to ¢ = 1 proves the claim.

[Third step: convergence of D, 0" — ©%* (z # 0)]
Choosing one direction of jump (omit 4 for simplicity) and put

ASZY T .— V57 _ Ds,zYn; ASZTN . T5HZ Ds,zZn7 As,zwn — ws,z _ Ds,zwn-

and denote AS?O" := (AS*Y"™ A®*Z" AS%Y") for every n € N. In this step, our final
goal is to show the convergence

T
lim / / (252607210 7ym(d2)ds = 0 . (C.8)
0 Ro

n—oo

Before discussing (C.8), we have to prove first that the convergence

: T S,z n 2 T S,z n 2
1561/0 /lsz(A’ o +1)HK2[07T]m(dz)ds:/0 [ Jlar=0m )| ymideas - (©9)

occurs uniformly in (sufficiently large) n. As the proof of Theorem 4.1 [15], it suffices to
show that, for each € > 0, there exists a positive constant C' and € > 0 independent of n
such that

T
/0 /|<_‘}(AS,z@nJrl)’IZKQ[O’T]m(dZ)dS O

By Remark C.2, for a given arbitrary € > 0, there exists € > 0 such that

’ /OT /VSEE['D%F +( /OT (DeF)(r0)ldr)” + [|K o[ m(dz)ds < ¢ (C.10)

. /0 ' /| e < (C.11)

Let us fix € > 0 as above. By Lemma B.2 [19], we have || |(A5’Z®”+1)HQK2[0’T} < CTIE[(I(;I |f&%(r)—
Ds,zf"(r)]dr)2]. Using the (local) Lipschitz properties, it is easy to show that

[F27(r) = Ds o f*(r)] < K 2(r)[©; — ©7] + K|©77

+ K|D; .0;|

and hence

T 2 T T 9

/O /|Z§H(A 20 |[ago pym(dz)ds < CT,K/O /Z|§€E[(/O Ky .(r)|©, — @TW)
T 9 T 9

(/0‘ ‘7’> (0’ , ’T)}m(z)s ( )

We are now going to discuss each term of (C.12). For the first term, it is straightforward
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to see that there exists n independent constant C' such that

T T 2
C E K, .(r)|©, — O |dr
i | /MSE ([ e ar)’]
T T 2
< OT,K/ / IE[||KS7ZH4T+ (/ o, - em?dr) }m(dz)ds < Ce
0 |z|<€ 0

where the last inequality follows from (C.10), (C.11) and the fact that ||© — ©"[|{, 0.7 18

bounded due to the convergence ©" — © in K4[0,7]. For the second term of (C.12), one
can show

T T 9 T
Crac [ [ E[([ 105idr) |midads < o [ [ 1@ Ry ym(az)as
0 Jiz|<e 0 0 Jiz|<e

< Crx /OT /|Z§€E[|Ds,zg|2+ (/OTy(Ds,zf)(r, 0)ldr)” + (1Ko + (/OT|@r|2dr)2}m(dz)ds
< Ce (C.13)

where the last inequality follows from (C.10), (C.11) and the fact that © € K*[0,T].
Finally, the third term of (C.12) can be evaluated as

T T 2 T
Crac [ [ _E[([ 10sc0riir) miazpas < Crac [ [ 1(Ds0 Rapmicz)as.
0 hse 0 Jialse

Here, by the same a priori estimate used in (C.6),

T 2
Or. k(D50 Rapo ) < CrcrE [rDs,zau( /0 (D2 /), 0)ldr) "+ || K ol

+(/OT \@j}—1|2dr) 2] + CxrE [(/OT ]stzgg—lldr) 1

T 2 T 2
< OB a1+ Dot + ([ 100D 0lar) s 1lip o+ ([ 101 2ar)]

0 0
+Cxrmax(T?, T)||(Ds,. 0" H)[z2p0. 77 (C.14)

where (€,)n>1 is a sequence of positive constants with €, = H|@”Hﬁ4{4[0 7~ H@H%ﬁ[o T]|.

It is bounded (sup,,cy (en) < §) with some n-independent constant § due to the con-

vergence of ©" — O in K*[0,T]. Choosing the terminal time 7' small enough so that
o= Cgrmax(T?T) < 1, (C.14) yields

T

Ck,r r 2 r 2 4
< [ B (5Dl ([ 1Deh . 0)ldr) K
0 |z|<€ 0

l—«

Ta 2?2 w1 [T 1y(12
—I—(/ 1O, | d’r) m(dz)ds + « / / 1(Ds,207)[ic2(0,rym(dz)ds.
0 0 |z|<e

It is free to choose © = 0 in the fixed point iteration (C.4). Thus, the right hand side is
dominated by Ce with some n independent constant C' due to (C.10) and (C.11).
By the previous arguments, we have shown that the convergence of (C.9) is uniform
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in n, at least for sufficiently small 7. In this case, one can exchange the order of limit
operations;

. . r S.2AN 2 . . r 8,2 QN 2
nl;rgolgﬁ)l/o /|Z>6H(A ) +1)}|K2m(dz)ds = lgﬁ)lnlin;o/o /|z|>eH(A &e) +1)HK2m(dz)ds :

Therefore, in order to show the convergence (C.8), it is enough to prove

n—oo

T
: S,z n 2
lim / / |(a**e H)HKQ[O,T]m(dz)ds:O
0 |z|>€
for each € > 0. An inequality from the Lipschitz property of the driver
1
[f55(r) = Ds f"(r)] < m|f(ws’z, 7,0, 4+ 2007) = f(WF, 7,07 4 2D; . 07)]
1 2K
+m!f(wm ©,) = f(w,r,00)| < gl@r - 67 + K|A>*07|
implies
T e
| lasem )|y pymaz)as
0 Jz[>e ’
<c /T/ E{ ! (/T\@ o |d)2 ( T|A o |d)2} (dz)d
< Ork 0 T—fr—i—/ 22O |dr) | m(dz)ds
0 Jlz|>e 1212\ Jo 0
T
<en+Cri max (72, T)/ / H(AS’Z@”)HQ,@[O T}m(dz)ds
0 Jlz|>e ’

where €, — 0 as n — 0 due to the convergence of ©®" — 0. If necessary by re-choosing T’
small enough so that a := O x max(T?,T) < 1, one gets

l—«o

T T
/0 /|> |‘(A&z@n-&—no)‘"2@[07T]m(d2>d3 < €ng +an/0 /|> ‘|(A87z®n0)";2[07T]m(d2)d8.

By passing to the limit n,ng — oo, (C.8) is proved for small T'.
For general T' > 0, one can construct a partition 0 =Ty < 171 < --- < Ty = T fine
enough so that one can conclude by the previous arguments

T
. s,z | |2 _
}L%/TNl /|Z|>EH(A ) )HKQ[O’T]m(dz)ds =0.

Note that (C.13) implies lim fOT f|z\<g
by the same procedures with a new terminal value Yz%vz,l instead of D, ., the convergence

E\Y;}’\/Zil |?m(dz)ds = 0, in particular. Therefore,

(C.8) in [Tn—_2,Tn—1] is proved. Repeating the same arguments proves (C.8) for general
T. Hence, one can conclude (Y™, Z",9)") converges to ((Y, Z,E),(YSvZ,ZW,ES’Z)) in
(L12)3. Finally, thanks to the closability of the Malliavin derivatives in IL1*? (See Theorem
12.6 in [16].), one concludes (Y, Z,1) € LY? and that (Y% Z%% *?) is a version of
(Ds,.Y, Ds . Z, Ds 20). O
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D Technical details omitted in the proof of Theorem 5.1

D.1 Proof for (5.11)

By (5.9) and the dominated convergence theorem, it suffices to show

lim H AsOym ASOZm A50¢m HKP[OT 0

m—0o0

for ds-a.e. s € [0,T]. Since

hd f&O(r) - Ds,()fm(r) = fSVO(T) - ((Ds,Ofm)(ra @:"n) + a@fm(’r? @;n)@i,())
+6@fm(r, QT)(Q?O - DS,OQT) )

and

o |/%(r) = ((Dsofm)(r, O]") + Do fn(r, @T)@i’o)‘ < [(Ds,0f)(r,©r) = (Ds,of)(r, 07")]
"H(DS,Of)(Tv @;n) - (Ds,Ofm)(T7 G)rm” + ‘aGf(T7 97") - a@fm(ﬁ GT)H@?S»’O‘ s

Lemma A.2 implies that

T =2
[(as0y™ as0zm AsOym)||P o ds < C]E[(/O (Do f)(r,0,) = (Dso ) O7)ldr) "™

~2

+(/0T [(Ds,0f)(r,©7") = (Ds,0.fm)(r, eln”dr)pf + (/OT |00 f(1,0:) — Do fn (T, @T)H@f.’o\dr)pq } @

where, as before, C > 0 and ¢ > 1 are constants independent of m.
Let us check each term. By the local Lipschitz property, the first term yields

E|( /OT (Deo)(r.0,) — (oo )(r O ar) " |

2

< CE[|IKM1] *E sy 2 + (/0T||6w¢||ia(y>dr)qu

+0E[IIK M (/OT\Hm(r)Ier)pﬁ;IEK/OTIcSZder)quF, (D.1)

where the process H™ is defined by H™(r) := 1 + |Z:| + |Z]"| + [|¥elli2) + 07 |20
and (Y™, 6Z™, 0y™) = (Y — Y™, Z — Z™4p — ™). Since H™ € H%,,, with the norm
dominated by constant independent of m, the convergence of ©™ — © in S* x H%,,, X
J% 10 implies that (D.1) converges to zero as m — oo.

Secondly, by definition of the truncated driver, (D0 fm)(r, ") = (Ds,of)(r, om(0™)).
Since both ©™ and ¢,,,(©™) converge to © in S® x H%,,, X J%,,0, the convergence of
the second term can be shown in the same way as the first term.

Finally, by the Cauchy-Schwartz inequality,

E[(/OT 06 f(r,0,) — Do fm(r, @?”)HG)?OW)MT

< E[(/OT |00 f(r,0,) — Do fm(r, @;n)|2dr)pq2] %EK/OT |@i70|2dr>pq

By (5.4), there exists a constant Cj; depends only on the universal bounds such that
100 fm(r,;©7)] < Cy(1 4 [Z)"] + |[47"||12y).  Since Z™ — Z (resp. ™ — ) in
H%MO (resp. JQB mo), the energy inequality of Lemma 2.2 gives the convergence in
HP" (resp. JP') with Vp' > 2. Thus, by extracting subsequence if necessary, one sees

SIS

] .(D.2)
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sup,, | 2™, sup,, |[¥"™|lL2(,) are in HP' for any p’ > 2 from Lemma 2.5 of [30]. Since
00 fm(r,O") — Jof(r,©,) dt ® dP-a.e., the dominated convergence shows the RHS of
(D.2) tends to 0 as m — oo. One can confirm the convergence actually occurs in the
entire sequence, since otherwise there exists a subsequence (m;) such that the RHS must
be bounded from below by some positive constant. However, one can once again choose
a further subsequence from (m;) so that the RHS converges to zero by the dominated
convergence as the last discussion, which is a contradiction. This proves (5.11).

D.2 Proof for (5.12)

Let us define a d-dimensional F-progressively measurable process (b7, (r),r € [0,T]) by

fm(ws,z, T E;nz (T)) - fm (ws,z’ r, Egnz (T))

bg}z(w’r) = 7Z’AS,zZm’2 ’ Lpszzp20 A 2
T
Where == (Y, 2™ + ZZS Z, Jry P (r, (-, z))v(dz)) and
ysz, Sz,fR (r, Uy (, )) (dx)) Noticing the fact Z%% = Z 4+ 2757,

one sees ( SZ,Zm + zZ” \IIm ) — (ysz Z5% U5%) in S x H% )0 X J%,,0- Let us also
introduce a map fm Q% [0, T] x R x L2(E,v;R¥) — R by

J?Z; (Wa T, 37, 7;) = (DS,Zf)(ra 97") - (DS,me)(Ta @;n) - % [f(ws,27 r, 67‘) - fm(Ws’za r, @:n)]

1 ~
(V) ey 2
Z 7

[ A@Gr2(e) + W) + S0 @)(de)) = fulr E)
0
Then, (AS*Y™, A%*Z™, A%%)™) is the solution to the BSDE
T ~
AS,Z}/tm _ / (fs Z(,r AS Zym AS Z,llz)m) + bm ( ) . AS,ZZ,,'I:)’L) dr

—/ AP ZT AW, — / /A”W” p(dr, dz).
t

By denoting an F-progressively measurable process H.", as

HP(r) = K (14 220) + 1 0 ez ).

one obtains [b7"(r)| < HJ"(r) for Vr € [0,T]. Here, H", € H%,,o and for m(dz)ds-a.e.
(s,2z) € 10,7 X Ry, its norm || H ||H2B o 1s bounded by some m-independent constant
thanks to the universal bounds. Furthermore, the new driver satisfies the linear growth

property | fI%(r, 7, v)| < |f3%(r, 0,0)] + Kar (1] + |lollL2() Gaal [ li2 () ) and

7™ (5,2)(r,0,0)] < |(Ds,2f)(r,©;) = (Ds 2 frn) (r, OF)| + ll‘lf(ws’z,r, Or) = fm(w™*, 1, 07)]|

1 =m 8,2 m m m m
A EIL0)) — e B0+ OB ‘(wY [+ 11607 L2 + HE ()62

where C'is a positive constant depending only on [|pl|L2(,), G, and

H (r) = 14+ 21227 + 1027 + 2/ VL (r, )Lz + 1097 ||L2w) -
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M, € H%,,0 and its norm is bounded by some m-independent constant m(dz)ds-a.e.
(s, z) [0,7] x Rg. By applying Lemma A.1, one obtains

H(AS Y™OASEZ™ AT H/Cp[oT
< ce|( /OT (Deef)(r.0) = (Desfu . O ar) ™ |

- T g2+ L
B [( [ 15600 - fuwr e nelar) |
-NJ0

|27

+,C|;E:(/OT|f<wsﬁz,rﬁ () — e R ) ar) ]

c _r/(* pg?
B[ ([ 10V 4 160 o)+ M) 1627 i)

|27

};2, (D.3)

where the positive constants C' and ¢ > 1 are m-independent as before.
Due to (5.9) and (5.10), the convergence in lim, | is uniform in m and hence the order
of limit operations can be exchanged. By the dominated convergence from (5.9),

lim lim/ / |[(AS=Y™ A2 2 A2 [ qymldz)ds
|z|>€

m—o0 €/0

= lim lim [|(A®2Y™ AS2Z™ ASZ™) dz)ds.
i [l 8 o )
Therefore, in order to prove the convergence (5.12) it suffices to show, for m(dz)ds-a.e.
(s,2) € [0,T] x Ry, limmﬁooH (ASZY™ ASZZMASZ)™) Hip[o = 0. This can be easily
confirmed from (D. 3) by using the local Lipschitz continuity and the fact that ©™ a

©m(0™) — © and =7, and ¢,,(E™,) — E%% converge in S® x H%,,6 % J5,1/0- ThlS

§,% —s,z

finishes the proof for (5.12)
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