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Abstract

An efficient simulation-based methodology is proposed for the rolling window esti-
mation of state space models, called particle rolling Markov chain Monte Carlo (MCMC)
with double block sampling. In our method, which is based on Sequential Monte Carlo
(SMC), particles are sequentially updated to approximate the posterior distribution for
each window by learning new information and discarding old information from obser-
vations. Th particles are refreshed with an MCMC algorithm when the importance
weights degenerate. To avoid degeneracy, which is crucial for reducing the computa-
tion time, we introduce a block sampling scheme and generate multiple candidates by
the algorithm based on the conditional SMC. The theoretical discussion shows that
the proposed methodology with a nested structure is expressed as SMC sampling for
the augmented space to provide the justification. The computational performance is
evaluated in illustrative examples, showing that the posterior distributions of the model
parameters are accurately estimated. The proofs and additional discussions (algorithms

and experimental results) are provided in the Supplementary Material.
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1 Introduction

State space models have been popular and widely used in the analysis of economic and finan-
cial time series. These models are flexible and capture the dynamics of the complex economic
structure. However, several structural changes have been noted in long-term economic series.
If the precise time of a structural change is known, we could divide the sample period into
two periods, before and after the structural change. However, it is usually unknown, and the
change may occur gradually from one state to another. To reflect the recent unobserved struc-
tural change in the forecasting without delay, we use the rolling window estimation where
we fix the number of observations to estimate model parameters and update the dataset to
improve the forecasting performance.

In non-linear or non-Gaussian state space models, the likelihood is often not obtained
analytically and the maximum likelihood estimation is difficult to implement. The Markov
Chain Monte Carlo (MCMC) method is a popular and powerful technique used to estimate
model parameters and state variables by generating random samples from the posterior dis-
tribution given a set of observed data for various complex state space models. However, for
rolling estimation, simply applying the MCMC method would be too time-consuming given
the need to estimate numerous (e.g. thousands) posterior distributions.

To overcome this difficulty, we take an alternative approach based on the sequential Monte
Carlo (SMC) method (e.g. Doucet et al. (2001)). This is effective because, in the rolling
window estimation, we can utilize the weighted samples from one posterior distribution to
approximate the next posterior distribution instead of iterating the same MCMC algorithm.
The particles consist of realized values of state variables and static parameters, which are
updated by incorporating new observation and discarding the oldest observation. As noted
in the numerical experiment in Section 2, the updating step should be constructed carefully
since a simple method that could be directly derived from the previous literature leads to
the severe weight degeneracy problem. Hence we adopt the idea of block sampling (e.g.
Doucet et al. (2006), Polson et al. (2008)), in which state variables at multiple time points
are updated when learning new information. This framework is highly efficient in the sense
that it substantially increases the effective sample size. We also utilize the same idea to
discard old information. However, unless the time series model has a relatively simple form,
finding an appropriate proposal distribution for these update steps may be difficult. Hence,
instead of generating only one candidate from the proposal distribution, we generate multiple

candidates and choose one of them using the algorithm of the conditional SMC of Particle



MCMC (PMCMC) (Andrieu et al. (2010)). This nested structure is similar to that of SMC?
(Chopin et al. (2013), Fulop and Li (2013)) and nested SMC (Naesseth et al. 2015), but our
proposed algorithm differs in that it is derived from Particle Gibbs instead of Particle MH
(Metropolis-Hastings) algorithm.

We can obtain an algorithm for the ordinary sequential analysis, in which we simply
incorporate new information sequentially, as a special case of our new method. This algorithm
contrasts with SMC? in that it originates from different PMCMC algorithms. Of note,
Whiteley et al. (2010) employed PMCMC for a Markov switching state-space model that
includes structural changes with a finite number of states.

The remainder of the paper is organized as follows. In Section 2, we introduce the
rolling window estimation in state space models and show that a simple particle method
directly derived from the conventional filtering algorithm causes the serious weight degeneracy
phenomenon. Section 3 introduces a new methodology to overcome this difficulty. Theoretical
justifications of the proposed method are provided in Section 4. Section 5 provides illustrative

examples, and Section 6 concludes the paper.

2 Particle rolling MCMC in state space models

2.1 Rolling window estimation in state space model

Consider the state space model which consists of a measurement equation, a state equation
with an observation vector y;, and an unobserved state vector oy given a static parameter
vector . For the prior distribution of 0, we let p(f) denote its prior probability density
function. Further define oy = (a5, asi1, ..., ap) and ysy = (Ys, Yst1,-- -, Ye). We assume
that the distribution of y; given (y1.;_1, @1.4,6) depends exclusively on «; and 6 and that the
distribution of ay given (av.;—1, 8) depends only on ;1 and 6. The corresponding probability

density functions are noted as follows:

p(yt | yl:t—laalstae) - p(yt | atae) EQG(yt | at)a = 17"'777'7 (1)
plag [ are1,0) = ploy | ap1,0) = folaw | aun), t=2,...,m, (2)
where p(ay | 0) = pe(ay) denotes a known density function of the stationary distribution

given f. We also consider the correlation between y; and «ay,1, which is conditional on «y,

as demonstrated in our empirical studies of the financial time series. Thus we formulate the



process as follows:

p(yt ’ yl:tflaalthrlae) = p(yt ‘ at7at+179) = g@(yt | at7at+1)7 t= 17 e, (3)
p(OétH ’ @1:t7y1:ta9) = P(Oétﬂ ’ ataytae) = f@(atJrl ‘ at,yt), t=1,...,n—1 (4)

In the rolling window estimation of time series, the number of observations (or the window
size) in the sample period is fixed and is set equal to, e.g., L + 1. We estimate the posterior
distribution of # and ay; given the observations ys; with t = s+ L for s = 1,2..., and its

probability density function is given as follows:

7T<9a045:t ’ ys:t) X p(e)MQ(as)QO(ys | as) { H f@(aj | Oéjflayjfl>g9(yj ’ aj)} (5)

o< p(0)poles) { H folay | aj-1)ge(yj1 | 04;3%‘—1)} 9o(ye | ar).  (6)

j=s+1
2.2 Simple particle rolling MCMC

One of most straightforward approaches to construct the particle rolling estimation is to use
the idea of resample-move algorithms (e.g. Gilks and Berzuini (2001)). In other words, we
basically repeat moving the data window by generating new values for a state variable at
the new time point and updating the importance weights. Additionally, we refresh all the
particles with the MCMC method when we observe the weight degeneracy. The procedure
is described in Algorithm 1.

Assume that, at time ¢t — 1, we have a collection of particles (0", a?_,, ;) with the im-
portance weight W ,, ;, (n=1,..., N) which is a discrete approximation of 7(, as_1.4—1 |
Ys—14-1). In Step 1, we follow the standard algorithm to learn the new information. Specifi-
cally, we generate o} using some proposal density ¢ o (- | o} ;,y:) and compute the impor-
tance weight

f@" (O‘? | O‘?—hyt—l)gen (yt | O‘?) n (7)
Qeon (0 | 02y, ) el

n
Ws—l:t

where we add a new observation y; to the information set. Then we compute some degeneracy

criteria, such as the effective sample size (ESS), which is defined as follows.

1
> (Wip)?

n=

ESSS—].Zt =

(8)



Then, the particles are resampled if ESS < ¢N (e.g. ¢ = 0.5). In Step 2, we set the target
density to be p(as_1 | as, é)w(é, Qst | Ysit), where

N )

Then, we update the importance weight as follows:
Ws:t X gé(ysfl | &3717&3)71W371:t7 (10)

where the incremental weight is derived from

P(Gs_1 | G, 0)T(0, Gy | Yst) _ P(Gs—1 | s, O)pg(cvs)
7T(evéésflzf | ysfl:t) lué(ds—l)fé(ds | ds—l)gé(ys—l | ds—lads)
= G5(ys—1 | G, d5) 7 (11)

Then, we discard o ;. If some degeneracy criteria are fulfilled, resample all the particles by

implementing MCMC algorithm as noted in Step 1.

Step 1: Add a new observation y; to the information set.

Generate of given (0", al_;.,_;) using some proposal distribution and construct a col-
lection of particles (6", ;.,) with the importance weight W ,, (n = 1,...,N) to
approximate the posterior distribution with the density 7(0, as—14 | ys—14). If some
degeneracy criteria are fulfilled, resample all the particles and set W' ,., = 1/N. Fur-
ther, update (0", a”_;.,) using the MCMC kernel of the invariant distribution with the
density 7(6, as—1:¢ | ys—14) (n=1,...,N) .

Step 2: Remowve the oldest observation ys—1 from the information set.

Discard o ; and construct a collection of particles (6", o7,) with the updated impor-

tance weight W, (n = 1,...,N) to approximate the posterior distribution with its
density (0, as.t | ysit). If some degeneracy criteria are fulfilled, resample all the par-
ticles and set W, = 1/N. Further, update (0™, a%,) using the MCMC kernel of the

invariant distribution with the density 7(0, as. | yse) (n =1,...,N).

Table 1: Algorithm 1: Simple particle rolling MCMC

Remark 1. In the additional MCMC implementation of Step 1, we update all the particles
with the transition kernel K (called MCMC kernel) which satisfies

/77-(07 Qg_1:t ’ ysfl:t)K ((67 Oésflst)a (éa ONésflzt>) dedasflzt == ﬂ-(é; &sflzt ’ ysfl:t)
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where we suppress n for convenience. This update step can also be regarded as an importance
sampling step in SMC (Del Moral et al. (2006)) as follows. Suppose we have particles with
the importance weight W;_1.+(= 1/N) obtained from the target distribution m; at time 1,

and the target density my at time 2 is the same as m; where

7T1($1) = 7(97045—1:7& | ys—lzt)a 7T2($2) = 7T(9~7 Qlg_1:¢ | ys—1:t)>

and 1 = (0, as_14) and zo = (é, &s-1.4). Then the MCMC sampling is equivalent to sampling

from the artificial joint target distribution with the density 7 defined as follows:

m(21) K (21, 1'2).

ﬁ2($1, IL‘Q) = WQ(I'Q)L(IQ, 1'1), L(l’g, Il'l) = (12)
m2(22)
Here, the so-called (unnormalized) incremental weight 1, is defined as follows:
L
Wo (w1, T2) = ma(a) L{@s, 21) = 1. (13)

T (ZL’l)K(CL’l, Ig)

Hence, there is no change in the weight W,_;, because the Markov kernel leaves my(z5)
invariant. We note that one can also update a,_1.; in the MCMC kernel step using Particle
Gibbs sampler (Andrieu et al. (2010)), which leaves the artificial target distribution invariant
in the augmented space and the posterior distribution my(x3) is obtained as its marginal

distribution.

Remark 2. Note that Equation (10) in Step 2 includes the inverse of the likelihood, g. The
weight is expected to be very unstable when g is close to zero. It will cause the weight
degeneracy problem and the corresponding posterior distribution would have heavier tails
than the proposal distribution. The next subsection will show this phenomenon in more

details using a real data example.

2.3 Serious weight degeneracy when removing observations

Using the importance weights in Step 2 is obviously problematic because they would take
extremely high values when g is close to 0. This causes the ESS to rapidly drop and triggers
the MCMC update steps many times, which is time-consuming. On the other hand, in Step
1, one might think it will work without any problem as long as we choose an appropriate
proposal distribution ¢; 9. However, as noted in the numerical example below, this step also
causes a problem similar to that noted in Step 2. To illustrate these weight degeneracy

problems, we consider the rolling estimation of the realized stochastic volatility (RSV) model
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for the financial time series (additional illustrative examples using the linear Gaussian state
space model and the RSV model are given in the Supplementary Material). The RSV model
is a stochastic volatility model with an additional measurement equation for the realized
volatility (e.g. Takahashi et al. (2009)). Let y;; and yo; denote the daily log return and the
logarithm of the realized volatility (variance) at time t. Let ay denote the latent log volatility
which is assumed to follow the AR(1) process. The RSV model is defined as follows:

e = eXp(Oét/Q)et, GtNN(O,l), t=1,....T
Yor = o+ E+u, u~N(0,02), t=1,...,T
ayr = pA¢lag—p) +n, e~ N(©0,00), t=1,....T,

1
o) = U+ ——="p, HONN(Oaag)a

V=7

where
€ 0 10 poy,
wu | ~N|[[0o],] 0 o 0 : (14)
Nt 0 po, 0 o}

The correlation between ¢; and 7, is introduced to express the leverage effect. The effect is
often negative in empirical studies, which implies that the decrease in the today’s log return
is followed by the increase in the log volatility on the next day. The static parameters are
unknown. Thus, 0 = (u, ¢,J,2],£,03, p)’, where we assume the same prior distributions as

noted in Takahashi et al. (2009). Thus, we consider the following transformation:

o2 po.o
o =exp(p/2), c=E&+p, ¥ = [ 2"]- (15)

poo, o,

We assume the following:
¢+1 2
— Beta(20,1.5), ¢ ~ N(0,10), o, ~ IG(5/2,0.05/2), (16)
—1
1 —0.3v1-0.01

Y~ IW(5,%), =15 : (17)

—0.3v/1-0.01 0.01

For 1, and ys, we use Standard and Poor’s (S&P) 500 index data, which are obtained
from the Oxford-Man Institute Realized Library ! created by Heber et al. (2009) (see Shep-
hard and Sheppard (2010) for details). The initial estimation period is from January 1, 2000

!The data is downloaded at http://realized.oxford-man.ox.ac.uk/data/download
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(t = 1) to December 31, 2007 (t = 1988) with L + 1 = 1988. The rolling estimation started
from sampling from the posterior distribution using this initial sample period and moved the
window until December 30, 2008 (7" = 2248). Thus the first estimation period is before the
financial crisis caused by the bankruptcy of Lehman Brothers and the last estimation period
includes the crisis.

If the ESS is less than the threshold (0.5 x N), the particles are refreshed with the MCMC
update 10 times. (see Takahashi et al. (2009) for the details of MCMC sampling). We set
N = 1000 and construct the proposal density g g(c: | o4—1,ys—1+) based on the normal
mixture approximation (see Omori et al. (2007)), which is expected to improve the weight
degeneracy. To evaluate the weight degeneracy in each of Steps 1 and 2, we define two ratios:

ESszl:t ESSS:t

Ry = ——2s7kt  p = 22t
1t ESSS,H,1 ’ 2 ESszlzt

(18)

The ratio Ry; measures the relative magnitude of ESS in Step 1 after adding a new observation
when compared with that of the previous step. If the distribution of particles is close to the
posterior distribution from which we aim to sample in the step, R;; would be close to 1.
On the other hand, in the presence of the weight degeneracy problem, it will be close to 0.
Similarly, the ratio Ro; measures the relative magnitude of ESS in Step 2 after removing the

oldest observation compared with that of the previous step.

Mean Median Std. dev.
Ry 0.837  0.912 0.193
Roy 0227  0.197 0.176

Table 2: Summary statistics for Ry, and Ry (¢t = 1988, ...,2248).

Table 2 presents a summary of computed Ri; and Ry;. As expected, Ro’s takes low
values, so the update with MCMC kernel should be implemented in almost every step. The
results for Ry,’s also show that the ESS will be often less than the threshold to resample all
the particles. In fact, due to these problems, the resampling steps are implemented 271 times

for 260 data windows.

3 Particle rolling MCMC with double block sampling

To overcome this difficulty of the weight degeneracy, we propose a novel sampling approach

called, Particle rolling MCMC with double block sampling. First, we consider incorporating
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the new information y;. Our method is a combination of the block sampling and the con-
ditional SMC update as follows. (1) We sample a block of state variables when we add the
new observation. In other words, we update values of {a ., ;}_; in addition to generating
{a?}N_ | when we learn the information of y;. We call this process forward block sampling.
The blocking method addresses the weight degeneracy problem by reducing the path de-
pendence between the new particle and the old particle values that are not updated, in the
context of particle filtering with the known parameter § (Doucet et al. (2006)). However, we
cannot directly adopt the block sampling here because it is often difficult to find an appro-
priate K-dimensional proposal distribution to update {af .., ;}»_; including the stochastic
volatility model. Hence, (2) we adopt the approach of the conditional SMC update (Andrieu

et al. (2010)). For the n-th particle, we generate multiple (M, say) candidates {a;"f ,}M_,

with the fixed previous values of af ., ;. Among the candidates {a}"%.,}M_,, we randomly

select one path to store the next values for of ..

Step 1: Add a new observation y; to the information set.

Generate a block of o} .., given o, al ., Kfl) and ys_1.+, and construct a collection of
particles (6™, o ;.;) with the importance weight W ,, (n =1,..., N) to approximate
the posterior distribution with the density (0, as—1.+ | ys—1.¢). The particle simulation
smoother may be implemented to improve the mixing property. If some degeneracy
criteria are fulfilled, resample all the particles and set W ;, = 1/N. Further, up-
date particles (6", a_,.,) using the MCMC kernel of the invariant distribution with the

density 7(6, as—1:¢ | ys—1:¢), (n=1,...,N).
Step 2. Remove the oldest observation ys_1 from the information set.

Generate o] ., p_; given (0",a7, ) and ys, and construct a collection of particles
(0™, ;) with the importance weight W, (n =1,..., N) to approximate the posterior
distribution with the density (6, ot | ys:t). Discard o ; and the particle simulation
smoother may be implemented to improve the mixing property. If some degeneracy

criteria are fulfilled, resample all the particles and set W}, = 1/N. Further, update

n

particles (6™, aZ,) using the MCMC kernel of the invariant distribution with the density
7T(0, As:t | ys:t); (Tl = 1, . ,N)

Table 3: Algorithm 2: Particle rolling MCMC with double block sampling

Second, to discard the old information y,;_ 1, we follow a similar but slightly different



procedure. We not only discard {a,_1}2, but also update {aZ  , ;}3 ;. A set of K +1
state variables {a ., _,} are sampled as a block in a similar manner, but we construct
a candidate path sequentially from af, ,_; to al_; in the opposite direction. We call it the

backward block sampling, and the general algorithm is described in Table 3.

3.1 Forward block sampling (Step 1)

Recent studies on Monte Carlo methods consider generating a cloud of values for one particle
path. Andrieu et al. (2010) proposed particle Gibbs algorithms in which numerous candidates
are generated by the modified version of SMC, named conditional SMC, and determine one
of the generated paths to sample from the posterior distribution of state variables. The
SMC? or marginalized resample-move techniques in Chopin et al. (2013) and Fulop and Li
(2013) involve a nested SMC algorithm that generates a cloud of particles to compute the
importance weight of particles approximating p(f | y1.) sequentially. This paper proposes
a novel block sampling algorithm where we use the idea of the conditional SMC update to
determine new particles and compute their importance weights to approximate the posterior
density 7(0, ast | Ys¢) in the rolling estimation with ¢t — s = L fixed.

This subsection describes the procedure to obtain the n-th particle when including the
new information ;. We first generate a number of candidates "%, ; (m =1,..., M) with
the current values o} j., ; fixed using the conditional SMC. Then, for each o}, |, we
generate «;”"". In this ‘local particle filtering’, we resample the particles at j = ¢t — K +
1,...,t. This operation is equivalent to choosing the ‘parent’ oi"™ for oj/}. Using this
terminology, if we choose one particle a;"™, its ‘ancestors’ are uniquely determined from

n,m

Q;

(j =t—K,...,t —1). We call this descendant and its ancestors the ‘lineage’. In
the conditional SMC step, fixing the current values o} ., ; is seen as fixing one lineage by
choosing their indices k; (j =t—K,...,t—1) (where we drop the superscript n for simplicity)
which follows the rule

kjvr _

j=t—K,...,t—1. (19)

In addition, the index of their descendant is determined as k; = 1.

After generating o', (m =1,..., M), we choose one lineage to store as the next values

n,m

of af ;.. This is equivalent to sampling a random index k; for the candidate ;" and

identifying the ancestors for which indices are obtained by following the rule

af;—&-l = ki, j=t—K,. .. t—L (20)



Moreover, we can improve its efficiency by implementing ‘smoothing’ for the generated can-
didates following the algorithm reported in Whiteley et al. (2010). In this smoothing step,
we again choose £} for j =t — K, ... ,¢—1 randomly. This manipulation of breaking the rela-
tionship between the parent and the child in the lineage is effective in improving the mixing
property, or sampling values of a}’ .., ; that may be different from the lineages obtained in
the previous step.

The detailed algorithm is provided below. We fix one lineage in (1) and implement the
conditional SMC in (2) and (3). The candidates for o} are generated in (4) and the smoothing
is implemented in (6). In parallel, we compute the importance weight for the n-th particle

in the ‘global particle filtering’ in (5).
(1) Sample k; from 1: M with probability 1/M (j =t — K,...,t —1) and set

- Jp— k
(ozf_}( i) =al ke, (@) ,afil) = (ki—rc,- -, k1),

where of j., ; is a current sample with the importance weight W ,.,_;.

(2) Set o 1t< K7t = af j_, for all m according to the convention, and sample a5 ~

G-ron(- | o k1, yi—x) foreach m e {1,... , M} \ {ki—x}. Let j =t — K+ 1.

(3) Sample a*; ~ M(VEY) and o™ ~ gjon(- | a j ',y;) for each m € {1,..., M} \
{k;} where V1 Von = (Vi gns oo, VM gn) and

Ujen( Mf 170‘?’m)

o = : (21)
Z%en )
i=1
n,a’ n Cyﬂ’m 7'111}71_1, i n\ Y ap,m
vjgn (0 ] ™) = forlog™ | - 1);?9 W | o; ), m=1,..., M.
qﬂ”( |O‘ N y)
(22)

(4) Tt j <t —1,set j + j+1and go to (3). Otherwise, sample ;"™ (m =1,..., M) and

k; as follows.

(i) Sample it ~ Qo (- | a?ik:lt,l)‘
(i) Sample @iy~ M(ViZipe) and ai”™ ~ guan (- | a - Yy, for for each m €

{2,...,M}.
(iti) Sample k; ~ M(V,;;2") and obtain £ (j =t —1,...,t — K) using (20).

10



n, k* n’k* . .
(5) Let o, = (o, ..., a) g 1,0, %, ..., ;") and compute the importance weight?

Weie o DWe | Ys—ra-1, 08 g 1,0") X W, . (23)
~ n n 1 n,a;’ n,m
p(yt ‘ ysflztflvat—K—b 6 ) = M Z Ut,G” at 1t ! Oét’ ) (24)

(6) Implement the particle simulation smoother to sample (k; ., k; .y, ..., k) jointly.
Generate k; ~ M(VJl@M), j=t—1,...,t — K, recursively where

_ s ',y
V= Viadola J“‘ 7 Y1) . om=1,...,M, (25)

Zi 1 efé)( ]+1 |04§',yj+1>

and set o ;, = (a” ,ap K )
s—1:t — s—17" t—K—-1"t—K )t :

——» Block sampling

< = = = Particle simulation smoother

W1 <Py | Ys—10—1, 04 3,0™) X WP

n n
0 » Qg 1:¢4—3

Figure 1: Forward block sampling and particle simulation smoother.

Figure 1 illustrates an example with K = 2, M = 4 and the current sample (6", a2 ., ;).

(1) Sample k;_5 and k;_; from 1 : 4 with probability 1/4 and suppose k;_o = k1 = 1. We

set a)"t, = a' ,, a”} = a | (with the red rectangle) and (a}_,,a} ,) = (1,1).

2we use the notation p(y; | Ys—1.4-1,07 g 4,0") since it is an unbiased estimator of p(y; |

Ys—1:t—1, OF_j_1,0™) as we shall show in Proposition 4.2.

11



(2) Set a?f;fni?’ = a}_; for all m (with the black rectangle), and sample "’y ~ g;—2gn (- |
ap 5, y—o) for each m € {2,3,4} (with the black circle).

(3) Sample a5, ~ M(V, 29n)form€{2 3,4} and suppose a? , =2, a} , =3, a} , = 3.
Generate oy} ~ qi—1,0n (- | at Qt *yi—1) for m € {2,3,4} (with the black circle).

(4) (i) Sample aj"" ~ gugn(- | &f"}).
(ii) Sample a7 ~ M(VH 19n) for m € {2,3, 4} and suppose a? ; = 2, a} | = 1,
a;_, = 4. Generate and o™ ~ g gn (- | 0%-1 Yoy) form € {2,3,4}.

(iii) Sample &k} ~ M(V, gn) and suppose k; = 3. Using (20), we obtain & | =k , =1

n,3

and select (o)®, a"'}, ], with red lines.

(5) Let a™_,, = (a"_|,..., a0 5, afy, ", al"®) and compute the importance weight.

*

(6) Implement the particle simulation smoother to sample (k;_,, k;_,, k;) jointly. Generate
Ky ~ M(Vj’(‘, ), j =t —1,t — 2, recursively (with dotted lines) and suppose k; ; = 3

* . n . n n,3 n,3 n3
and ky 5 =3. Weset o |, = (a2 ,...,af 5, 7%, a7, o).

Remark 3. As the proposal density g9, we can either use the prior density fs or more
sophisticated density that incorporates the information of the likelihood gg. Even if we use
the prior fy as the proposal, the above sampling becomes much more efficient than the simple

particle rolling algorithm as shown in Section 5.

3.2 Backward block sampling (Step 2)

Before we describe the backward block sampling which generates a cloud of particles based

on (o2, ., 0"), we define the notation for the particle index as noted in the forward block

sampling but in the reverse order. A ‘parent’ particle of o] is chosen from ozjl % (not from
a}_]‘{) and consequently aj,; denotes its parent’s index. In this case, the relationship of a7},

and k; is given as follows:

Ay =ki, j=s+tK-2....5-2 (26)

1M n,l n,M )

3 n,l: — )
For each n, we first generate M particle paths, o 1.0, 1 = (00 ok 1 O g 1

1:M
and sample one path, aZ,, from o, +x—1 as noted below.

12



(1) Sample indices k; from 1 : M with probability 1/M (j = s+ K —1,s+K—2,...,5—1)

and set
n,ks_1 nkstxk-1\ _ n ks—2 kstrk—2y\
(as—l sy Rer K1 ) = O 151 K—1> (as—l y oo 7as+K—1) - (k5—1> ) ks—l—K—l)’

where o .., is a current sample with the importance weight W7 ..

n,a;’fﬂ( - n . . n,m
(2) Set a )" = af, ; for all m according to the convention, and sample oy ; ~

Qsrr—1,0n (- | 00 gos Ysiir—1) for each m € {1,..., M} \ {kgrx—1}. Let j =5+ K —2.

(3) Sample af'; ~ M(Vi1,.) and o™ ~ gjon(- | a?ff“,yj) for each m € {1,...,M}\
{k;} where Vjﬂ/[en = (Viign - ‘/j]\-i/—llﬁn) and

vjgn (™ an’aﬁl)

. J,0m\ &5 G

3,07 — i ) (27)
’ M ng A

m m
USRS (AN

nym M@l p(a?m ’ aj+1 ,Q)ggn (y] ‘ a?7m> O‘j+1 )
U],0"<aj y Qg ) = — nal s , m=1,..., M. (28)
Gon (" [ ai™,y;)

(4) If j > s — 1, set j < j—1 and go to (3). Otherwise, sample k} ~ M(V';)) and obtain
k:(j=s+1,...,s+ K —1) using (26).

: k- o .
(5) Let a”, = (ai™ ... ,aZJr;{*ﬁ Lol g, ..., o)) and compute its importance weight
1 n S n n
WT.Lt X { P(ys—1[ysitady g 0") 7 ST lf Zi(ys—l | Ysits Xsq K> 0 ) 7& 0, (29)
Oa if p(ys—l | Ys:ty OZ?+K7 gn) = 07
where
| M
ﬁ(ys—l ‘ Ys:ty a?+Ka en) = M Z Us—1,6m (a?frf’ a?7as ) (30)
m=1
(6) Implement the particle simulation smoother to sample (k}, k), ...,k x_;) jointly.
Generate kj ~ /\/l(f/ﬁ(;y), j=s+1,...,s+ K — 1, recursively where
k*
_ Viap(a 7 |, 0™
v, = M”p,(“kl ! ,> C om=1,..., M. (31)
> i Vigwn(agly' | o5, 0)
7, J J
* 7k* —
and set a?:t = (a?’ksa MR a:+ls(+—}(1 17 O‘?—I—K’ A a?)

Figure 2 illustrates an example with K = 2, M = 4 and the current sample (6™, a2 ,.,).

13



(1) Sample indices ks 1, ks, ks—1 from 1 : 4 with probability 1/4 and suppose ksi1 =
1, kg =1, ke y = 1. We set (o', a! o) = o | ., (with the rectangle) and

s—1y s
(aly,alal,y) = (1,1,1).

s—11 s>
(2) Set oz:fg* * = a?, for all m (with the thick black rectangle), and sample o)} ~
Gs+1,0m (- | &1, Ysq1) for m € {2,3,4} (with the black circle).
(3) Sample al; ~ M(V}],.) and suppose aZ,, = 1, a},; = 3, aj,, = 3. Generate

m
n’as+1

al™ ~ geon(- | a7 ys) for m e {2,3,4}.
(4) Sample k} ~ M(V/5.) and suppose k} = 2. Using (26), we obtain k},, = 1, and select

1y . :
(a2, o)) with red lines.

n o o__ n,2 N1 n n : : :
(5) Let o2, = (a2®, o)y, oy, ..., o)) and compute its importance weight.

*

(6) Implement the particle simulation smoother to sample (k, k%, ;) jointly. Generate

* r71:4 x no_ (n2 T2 n n
Key ~ MV gn), and suppose k7, = 2. We set af, = (@i, ag)y, %, ..., af).

<«———— Block sampling

= = = ®* Particle simulation smoother

n n
We:t X Ws‘fl:f,

1
P(Ys—11ys:e,l 5,0™)

n,1
Oés+1

non
0 y Ogtot

Figure 2: Backward block sampling and particle simulation smoother.

Remark 4. In the above algorithm, we assume we can evaluate p(a;_1 | a;,0) given in (9).
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Remark 5. To remove the oldest observation in Step 2, we reweight the particles according to
the likelihood gg(ys_1|cs_1, ) for the simple particle rolling MCMC. On the other hand, for
the particle rolling MCMC with double block sampling, we reweight the particles according to
the unbiased estimate of the conditional likelihood p(ys—1 | Ysu, @iy, 0") where we condition
on Ys.y but (s_1, g, ..., s k1) are integrated out, which results in substantial improvement

in the weight degeneracy problem.

3.3 Initializing the rolling estimation

In the above discussion, it is implicitly assumed that the particles approximating 7 (6, cvy.41 |
Y1.1+1) are obtained. To sample from this initial posterior distribution, using MCMC-based
methods is straightforward as in the warm-up period for the practical filtering described
in Polson et al. (2008). Moreover, we could simply use MCMC samples generated from
the MCMC algorithm targeting the initial posterior distribution. However, based on our
proposed method for the rolling estimation, we can obtain samples of «ay.r1 and 6 simply
by skipping the discarding steps. The advantage of using our SMC-based method is that
we can obtain the estimate of marginal likelihood p(y1.141) as a by-product (the initializing
algorithm and the marginal likelihood estimator are described in detail in the Supplementary
Material). This initializing algorithm can be used for the ordinary sequential learning of
(0,14 | y14) (t=1,...,T). We note that this approach is derived from the particle Gibbs
scheme in Andrieu et al. (2010). Our approach is different from that of SMC? which applies
the particle MH scheme as noted in Chopin et al. (2013) and Fulop and Li (2013).

4 Theoretical justification

Theoretical justifications of our proposed algorithm in Section 3 are provided. We prove that

our posterior density is obtained as a marginal density of the artificial target density.

4.1 Forward block sampling

The artificial target density and its marginal density. We prove that our posterior density of
(a2, 0™) given ys_1. is obtained as a marginal density of the artificial target density in the

forward block sampling. The superscript n will be suppressed for simplicity below.
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In Step 1 (1) of Section 3.1, the probability density function of (afﬁ’K, st =
o—gp—1 and (aft A aft 1) given (oy_g1,0) and y;_q 1 is
ke K41 ki T ka1 | k1, Yi-Kt-1,0)
plavri-1,a, 5 o ay | k-1, Y- Kt-1,0) ME :
(32)
Let aj™ = (aj,...,a}") and a; Rt = 1-:M\a’?jJrl = alﬁM\k» forj=t—K,...,t —1 where
we note akj+1 =k; and k; = 1 in (19). Further, let af*, | = {a}l™., ... a}” 1} and a; b=
al
{aj7, ... J }\a Then, in (2)(3) and (4) of Step 1, given a;_x_1, (ozft[f, . ,afill) =
O i1 and (aft AR aftl) = (ki_xk,..., k1), the probability density function of all

variables is defined as

ke K —ki—1 1M —ki—k+41 —kt % ki k41 k
(2 (Ozt K o Q1 07,0y g s ~7at_1t7kt ‘Olthfl:tflyat K -~;att_17yth:t
M t—1 M
m
— j—
= H Gr-ro(Q g | k-1, Y- K) X H H VJ 1,9%0 |Oé] 1Y)
m=1 t—K+1 m=1
m#ky_ ! m7Ej
M
1 ki—1 a;’y m a;”y kf
Xqro(ay | o™y, ye) X H Vitteao(ag” | a0 ) X Vg (33)
m=2

In Step 1 (5), we multiply Ws_14-1 by p(ys | Ys—1.0-1, & jc_1,0") to adjust the importance
weight for Wi_1,,. Thus our artificial target density (before the particle smoother step) is

written as
~ 1:M 1:M *
(0, ot K1, O gy Oy e 15 K7 | Ys—1:0)
ki K ki—1
- 7T<97as—1:t—K—17at K04 ’ys—lzt—l)
o ME
ki_ Kk —k —ky_ k. k
Xwe(at I’( PR at 1[ ! a%Ajvat_;(K+l7 at 17k |at K—-1:t— lvat’[?Jrlw'-:atilvyt—K:t)
(yt \ Ys—1:t—1, At—K—1, 9)
p(yt ‘ ys—lzt—l)
. 7T<9704371:t71 | ysflztfl)
N MK
M M
m
m i—
X H Gr-r0(q i | Q-1 Yr—i) ¥ H V] 1,9%9 | Oé] 1Y)
m=1 j=t—K+1 m=1
m#ks_ i m#k;
v
X qw(at |04t ) H t— 19%9 |04t 1Y) X t,0

R o o 0
Xp(yt|ys 1:it—1; O4—K—1, ) (34)
p(yt | ys—lzt—l)
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Note that p(y; | ys—1.4—1) is the normalizing constant of this target density, which will be
shown in Proposition 4.2. The proposed forward block sampling is justified by proving

K .
that the marginal density of (0, as_1, ...,k 1, Q. ,aft) in the above artificial target
o ky
density 7 is m(0, s—1, ..., g1, 0, 5. .. ,at | Ys—1:¢)-

Proposition 4.1. The artificial target density w for the forward block sampling can be written

as
A 1M 1:M *
7T<97as—1:t—K—17at Kty G Kt— 17k —1: )
kY i kr
o 7T(9, Qs_1:4—K—1, at_K yoee s O ‘ ys—lzt) m
= s X H G—ro(” g | k1, Y-k )
=1
m;ékt K
t M
H H Utiael | S ), (35)
—K+
. . ki kfy . k¥ ki
and the marginal density of (6, as—14—r—1, 0, ;5. ., ;) i8S T(0, Qo1 —1, 0, 75 5o
ys—11t>-

Proof. See the Supplementary Material.

Proposition 4.1 implies that we can obtain a posterior random sample (6, as_1.¢) given ys_ 1.
(with the importance weight W;_1,) by sampling from the artificial target distribution 7.

This justifies our proposed forward block sampling scheme.

Remark 6. We note that k;’s do not appear in (35). In practice, k;’s can be determined
arbitrary, e.g. k; =1 (j=t— K,...,t—1).

Properties of the incremental weight. We consider the mean and variance of the (unnormal-
ized) incremental weight, p(vy; | Ys—1.4—1, %—k—1,0). Proposition 4.2 shows that this weight

can be considered an unbiased estimator.

Proposition 4.2. If

ki— Kk ki—1
0 ki_x k1 L W(H,as—lzt—K—l,Oét Ko Q0 |Z/s—1:t—1)
( y A1t —K—1,04 ¢ 5+, 041, t—K:t—l) ~ MK
and
ki K —ki1 1M —ki—xi1 —ky 1%
(o, 5,y co M a N al k)~ g
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where 1y is given in (33), then

E[ﬁ(yt | ysflztfla04th7179>|93—1¢] = E[p(yt | ysflztfhOéthfla9)|y871:t7at7K7179]
= p(yt ’ ysfl:tfl)'

Proof. See the Supplementary Material.

This shows that the incremental weight p(vy; | ys—1.4-1, k1, 0) is an unbiased estimator of
the conditional likelihood p(y; | ys—1.t—1, %—x—1,0) given (ay_x_1,0). It is also an unbiased
estimator of the marginal likelihood p(y; | ys—14—1) unconditionally, which implies that p(y; |
Ys—14—1) is a normalizing constant for the artificial target density 7.

Further, from the law of total variance, we obtain the decomposition of the variance as

follows.

Vaf[ﬁ(yt | Ys—1:t—1, ¥t—K -1, 9) | ys—1:t]
= Va“r[p(yt | Ys—1:t—1, t—K -1, 9) | ys—l:t]
+E [Var[p(ye | Ys—1:0—1, 0t—k—1,0) | Ys—1:t, s—1:0—1—1, 0]] -

The variance of the incremental weight consists of two components, including variance of
the conditional likelihood and (expected) variance which is introduced using M particles to
approximate the conditional likelihood. This decomposition identifies factors that influences
the ESS of the particles. Regarding the first component, for any positive integers, Ky, K,
with K| < K, the following inequality holds:

Var[p(yt | ys—lzt—laat—Kl—hQ)] > Var[p(yt | ys—lzt—lao‘t—Kz—lye)L

which is a straightforward result from the law of total variance for p(y; | ys—1.4-1, % —x,-1,0)

using
E [p(yt I ys—lzt—laat—Kl—lag) | as—l:t—Kg—laH] - p(yt | ys—lzt—hat—Kz—lae)' (36)

On the other hand, the second component is expected to be controlled by changing the
number of particles M. In Section 5, we investigate how K affects the variance of incremental
weights in practice and show that large K actually reduces the variance in each step of

sampling.
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4.2 Backward block sampling

The artificial target density and its marginal density. This subsection proves that our pos-
terior density of (aZ,,0") given ys. is obtained as a marginal density of the artificial target
density in the backward block sampling. The superscript n will be suppressed for simplicity
below.

In Step 2 (1) of Section 3.2, the probability density function of (af*7', ... ,afj}f_‘ll) =

_ Kotk o\ - )
Qs 154 K1 and (a’js_f, g R r) given (agqk, 0) and y,_qy is
ks_o kstk—2 o 7T-(OésflszrKfl ’ Qs+ K5 Ys—1:t5 0)
p(as l:s+K—1; CLS 19+ 7a5+K_1 | At K, 9, ys—l:t) — MKJFI . (37)
) , Kor g , Kot re
In (2)(3) and (4) of Steps 2, given ay, &, (a7, . .. L T) = Qe tis K1 (a2, ... LA ) =

(ks—1,...,ksyx—1) and ys_1.s+ k1, the probability density function of all variables is defined

as
T —ks—1 —ksyrk-1  —ks_ —ksiKk_2 k’ —2 kstrx—2
Yolag 1 ' T ag T a T R | sk, 0 A T Ys— s b K1)
M s+tK—-2 M
B m J+1 aftq k3
- H Qs+ i—1,0(05 k1 | st Ystk—1) H H Vidtetio(o | oy, ui) X Vg
m=1 j=s—1 m=
m#ks -1 m#kj

(38)

In Step2 (5), we divide W_1.4 by D(ys—1 | ¥sit, 0y i, 0™) to adjust the importance weight
for W,. Similarly to the discussion in Section 4.1, we consider an extended space with the

artificial target density written as

(‘9 Oés 13+K 1) Os+K:t, @ ss],\iK 1 ks—l; k: ’ ys—lzt)
(67 Qs_1:t | ysflzt)

MK+1
M s+K—-2 M
m J+ m J+1
x H Ao+ k1,000 k1 | Qsvics Ys—1) H H Viilet0(aj 7o yg)
m=1 j=s—1 m=1
m#ks -1 m#k;
k¥ p(ys—l | ys:t)
X \/875 X (39)

ﬁ(ys—l | Ys:ty) Xs+ K, Q) ’

where p(ys_1 | ys:¢) ! is the normalizing constant of this target density as shown in Proposition
4.4. Below we state Proposition 4.3 for the backward block sampling, which correspond to

Proposition 4.1 for the forward block sampling.
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Proposition 4.3. The artificial target density 7 for the backward block sampling can be

rewritten as

1:M *
(9 as 15+K 1 Xst+ Kty Qgsp i — 17k8—1’ks |y5—1:t)

k kiire1 M
o 7T(6), Qs™y.n 7as+K_1 y Ols+ Kot | ys:t) m
- MK X H QS+K—1,9(as+K—1 as-i—Kays—i-K—l:t)
m=1
m;ék*+K .
stKk—2 M
J+1 m J+1
X H H ]+19q]9 j ‘a]-i—l?y] H Oqs 19 sl‘as » Ys— 1>XV 197 (40)
=5 m=1
J
d th inal density of (8, ol Kk s (6, ol Foric—
and the marginal density of (0, cs*, ..., a1, aspra) 18 T(0, 5%, .., T 1 Qsrrcr | Ysit)-

Proof. See the Supplementary Material.

Although the probability density (40) in Proposition 4.3 has a bit different form from that
of (35) in Proposition 4.1, its marginal probability density is found to be the target posterior
density 7(0, s | Ysit)-

Properties of the incremental weight. Similar results to Proposition 4.2 hold for the backward

block sampling, and are summarized in Proposition 4.4.

Proposition 4.4. If

(0, 0455 PR afffé‘ U Qs ity Ks—1isyic—1) ~ S 7a§§if7as+K:t [ 4-12)
and
(a;_kf’l, . ,as_f}{*ffl, a;tr o ,a;l:};rKl 2K o~ by,
where g is given in (38), then
Blp(ys—1 | Yses @srre, )7 = Elp(Ys—1 | Ysits e )7 | Ysits s, 0]

= p(ys—l | ysztae)_l

Proof. See the Supplementary Material.

4.3 Particle simulation smoother

In Whiteley et al. (2010) and the discussion of Whiteley following Andrieu et al. (2010),

the additional step is introduced to explore all possible ancestral lineages. This is expected
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to improve the mixing property of Particle Gibbs, which is also effective in the numerical
experiment in Chopin and Singh (2015). We also incorporate such a particle simulation

smoother into the double block sampling based on the following proposition.

Proposition 4.5. The joint conditional density of (kf ..., k}) is given by

= ( * * 1:M 1:M
7T( =K kt ‘0’ Qs—1:t—K—15 O o Qe joip—15 ys—l:t)
= ( L-* 1:M 1:M
= (k10 s r—r—1, 0 Tk, 4Ty 1s Ys—1:t)
t—K -
= ( k* 1:M 1:M to+1 ki 7%
X H W(kto‘e’ Qs—1:t—K—1, at—K:t()? a‘t—K:to—D ato+1 yeeey Oy to+1:t> ysfl;t), (41)
to=t—1
where
A (k* 10 1:M 1:M kio+1 kf L*
ﬂ-( tol y As—1:4—K—1, &t—K:t07 at—K:to—h at0+1 IR & T to+1:t) ys—1:t>
k*
m j+1 m
¥ Vjﬁf@(aj—f—l 5 ,Yj+1)

K
_ 0 m
- ‘/;5079 ’ Vjﬁ

My Kiva | i ' (42)
Zi:l V},efe(aj+1 | ajvyj-i-l)

Proof. See the Supplementary Material.

Suppose we have (0, s 1.1, M cal™ k) ~ & where 7 is defined in (34). In Step
1 (4), the lineage k; j., is automatically determined when k; is chosen. The particle sim-
ulation smoother breaks this relationship and again samples k; ., jointly by generating
ko~ M(Vj}éM), j=t—1,...,t — K, recursively.

5 Real data example

We illustrate our proposed method using the RSV model in Section 2.3 and set M = 300 and
N = 1000 (we also tried using other values of M but the computation time is the shortest
with M = 300). Further we always implement 10 MCMC iterations for the comparison
below unless otherwise stated. As a proposal density, we simply use a prior density g o(ov |
- 1,Ys—14) = folay | ay_1) to demonstrate that the block sampling improves even with the
simplest proposal. The summary statistics of Ry; and Ry are shown in Table 4 where we
use K = 5,10 and 15. In contrast to the simple particle rolling MCMC algorithm, although
we use a simple prior density as a proposal density, both means are close to 1 demonstrating
that our sampling algorithm succeeded in overcoming the weight degeneracy problem. As K

increases, Ry; and Ry become larger and less dispersed, but the difference becomes smaller
for K =10 and K = 15.
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K Mean Median Std. dev.
Ryt 5 0981  0.995 0.058
10 0.985  0.996 0.053
15 0.98  0.997 0.055
Ry 5 0983  0.993 0.044
10 0.988  0.994 0.036
15 0.988  0.994 0.035

Table 4: Summary statistics for Ry, and Ry (t = 1988, ...,4248).

Figure 3 shows the trace plot of estimated posterior means and 95% credible intervals for
0 = (1, 6,07, 05, p) from December 31, 2007 (t = 1988) to December 30, 2016 (t = 4248).
By implementing the rolling estimation, we are able to observe the transition of the economic
structure and the effect of the financial crisis ( ¢ = 2150, ...,2213 correspond to September,
October and November 2008) . The posterior distribution of u seems to be stable before
t = 4000 (January 7, 2016), but its mean and 95% intervals decrease after t = 4000. The
average level of log volatility started to decrease toward the end of the sample period. The
autoregressive parameter, ¢, continues to decrease throughout the sample period indicating
that the latent log volatility becomes less persistent. The variances, 02 and o2, of error terms
in the state equation and the measurement equation of the log realized volatility continue
to increase, while the bias adjustment term, &, and the leverage effect, p, become closer to
zero during the sample period. The leverage effects in the stock market are weaker after the
financial crisis.

Figure 4 shows three cumulative computation times (wall time) for the same period
corresponding to K = 5,10 and 15. The computation times with K = 5 and K = 15 are
longer than that with K = 10. This finding implies that, when K = 5, the effect of the
blocking is not sufficient to reduce the path dependence between oy and ;g1 (similarly,
as—1 and agy ). When K = 15, the Monte Carlo error in the local conditional SMC increased
the variance of the importance weights (recall that the variance of the weights is derived from
both the effect of blocking and the Monte Carlo error in the conditional SMC in Section 4).
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Figure 3: Trace plot of estimated posterior means and 95% credible intervals for parameters
using S&P500 return in RSV model (from December 31, 2007 to December 30, 2016).
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Figure 4: Cumulative computation times (wall time, unit time = second) (¢ =
1088, . .., 4248).

We investigate the estimation accuracy of the proposed sampling algorithm using the
posterior distribution function of 6 = (u, ¢, 0,27, &,02,p) for the first period from January 1,
2000 to December 31, 2007 (¢t = 1,...,1988) and the last period from February 10, 2009 to
December 30, 2016 (t = 2261, ...,4248). First, the MCMC sampling is conducted for these
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two periods to obtain the accurate estimates of the distribution functions. Then we apply
our proposed sampling algorithm with block size of K = 10, M = 300 and N = 1000 where
both " and o™ are updated in MCMC steps by drawing from the full conditional posterior
distribution. Three cases for the number of iterations are considered in MCMC steps: (1)
one iteration (2) 5 iterations and (3) 10 iterations. Figure 5 shows the estimation results for

the first period (the figure for the last estimation period is similar and hence omitted).

— — Block (1 update) ~ -----=: Block (5 updates)
MCMC

H ‘— Block (10 updates)

101

05/ 050

10F 10F
05/ 050
RN RV = o N NSRRI R R |
035 -030 -025 -020 -015 -0.10
P
10F 10F -
05/ 050

;,_‘J,,‘,.h._.--w“'%f-”\HH\HH\HH\HH\‘ e £ L L L -
017 018 019 020 021 022 023 -085 -080 -075 -070 -065 -0.60

Figure 5: The estimated posterior distribution functions of 6 for t = 1,...,1988.
MCMC and Particle rolling MCMC: 1, 5 and 10 iterations.

Among three cases, the estimates obtained by iterating MCMC algorithm 5 or 10 times
in the MCMC update steps are close to those obtained by the ordinary MCMC sampling
algorithm. If only one iteration is performed in the MCMC update step, the estimation results
are found to be inaccurate because the MCMC iterations not only diversify the particles
but also correct approximation errors introduced by the particle algorithm, which basically
update only a part of the vector o ;,. The estimation errors for the distribution function
of p1 are most serious, probably because the mixing property of MCMC sampling in the RSV
model is poor especially with respect to u as discussed in the numerical studies of Takahashi
et al. (2009). Thus these results suggest that MCMC iterations should be implemented a
sufficient number of times in the MCMC update steps such that the particles can trace the

correct posterior distributions.
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6 Conclusion

In this paper, we propose a novel efficient estimation method to implement the rolling window
particle MCMC simulation using a Sequential Monte Carlo framework and refreshing steps
with MCMC kernel. The weighted particles are updated to learn and discard the information
of the new and old observations using the forward and backward block sampling based on
the conditional SMC algorithm, which effectively circumvent the weight degeneracy problem.
The proposed estimation methodology is also applicable to the ordinary sequential estima-
tion with parameter uncertainty. Its computational performance is evaluated in illustrative

examples, using the realized stochastic volatility model with S&P500 index returns.

Acknowledgement

All computational results in this paper are generated using Ox metrics 7.0 (see Doornik (2009)).
This work was supported by JSPS KAKENHI Grant Numbers 25245035, 26245028, 17H00985,
15H01943, 19H00588.

References

Andrieu, C., A. Doucet, and R. Holenstein (2010). Particle Markov chain Monte Carlo methods.
Journal of the Royal Statistical Society, Series B: Statistical Methodology 72(3), 269-342.

Chopin, N.,; P. E. Jacob, and O. Papaspiliopoulos (2013). SMC2: An efficient algorithm for
sequential analysis of state space models. Journal of the Royal Statistical Society. Series B:
Statistical Methodology 75(3), 397-426.

Chopin, N. and S. S. Singh (2015). On particle Gibbs sampling. Bernoulli 21(3), 1855-1883.

Del Moral, P., A. Doucet, and A. Jasra (2006). Sequential Monte Carlo samplers. Journal of the
Royal Statistical Society. Series B: Statistical Methodology 68(3), 411-436.

Doornik, J. A. (2009). An Object-oriented Matriz Programming Language - Ox 6. London: Tim-

berlake Consultants Press and Oxford. www.doornik.com.

Doucet, A., M. Briers, and S. Sénécal (2006). Efficient block sampling strategies for sequential
Monte Carlo methods. Journal of Computational and Graphical Statistics 15(3), 693-711.

25



Doucet, A., N. De Freitas, and N. Gordon (2001). An introduction to sequential monte carlo
methods. In Sequential Monte Carlo methods in practice, pp. 3—14. Springer.

Fulop, A. and J. Li (2013). Efficient learning via simulation: A marginalized resample-move

approach. Journal of Econometrics 176(2), 146-161.

Gilks, W. R. and C. Berzuini (2001). Following a moving target- Monte Carlo inference for dy-
namic Bayesian models. Journal of the Royal Statistical Society: Series B (Statistical Method-
ology) 63(1), 127-146.

Heber, G., A. Lunde, N. Shephard, and K. Sheppard (2009). Oxford-man Institute’s realized
library. version 0.2, Oxford-Man Institute, University of Oxford.

Naesseth, C. A., F. Lindsten, and T. B. Schon (2015). Nested sequential monte carlo methods.
arXww preprint arXiw:1502.02536.

Omori, Y., S. Chib, N. Shephard, and J. Nakajima (2007). Stochastic volatility with leverage:
fast and efficient likelihood inference. Journal of Econometrics 140(2), 425-449.

Polson, N. G., J. R. Stroud, and P. Miiller (2008). Practical filtering with sequential parameter
learning. Journal of the Royal Statistical Society. Series B: Statistical Methodology 70(2),
413-428.

Shephard, N. and K. Sheppard (2010). Realising the future: forecasting with high-frequency-
based volatility (HEAVY) models. Journal of Applied Econometrics 25(2), 197-231.

Takahashi, M., Y. Omori, and T. Watanabe (2009). Estimating stochastic volatility models us-
ing daily returns and realized volatility simultaneously. Computational Statistics and Data
Analysis 53(6), 2404-2426.

Whiteley, N., C. Andrieu, and A. Doucet (2010). Efficient Bayesian inference for switching state-
space models using discrete particle Markov chain Monte Carlo methods. arXiv preprint
arXiv:1011.2437.

26



Particle rolling MCMC: Supplementary Material

Naoki Awaya* and Yasuhiro Omoril

September 27, 2019

A Proofs
A.1 Proof of Proposition 4.1

We first establish the following lemma which describes a property of the local conditional
SMC.

Lemma A.1. For anyt and ty (t — K <ty <t),

k
7T(07 Ag_1:t—K—1; aft [?a s 7O~/toto | ys—lzto)
Mto— (t—K)+1
M M o
X H G-reo(” i | k-1, Y1-K) ¥ H Vj Jl,e%, | % 1Y) (44)
m=1 j=t—K+1 m=1
m#ks_ i m#£k;
M
= 7(97045—1:t—K—1 | ys—lzt—K—l) X H Qt—K,e(a?_K | at—K—layt—K)
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k Py|y1 1,CYtK1,9)
H ijlﬂqje |ag lvyj X‘/ttox H ’ - |] ) ’ (45)
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where
1 & m
A~ a;’ .
P | Ys—1:j-1, -k -1,0) V3 Z vie(ayl) o)), j=t—K, ... t, (46)
m=1
with o* I? = a_g-1 and a?il =kji1,j=t—K+1,... t.
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The probability density (44) corresponds to the target density 77 of SMC? in Chopin et al.
(2013) which includes the random particle index. For the particle filtering, the forward
block sampling considers the density of a%:_]‘f{:t_l conditional on (6, a,_1.4_x_1), while SMC?
considers that of al™ conditional on §. Further, the former updates the importance weight

for (0, as_1.4) and the latter updates that for 6 sequentially.

Proof of Lemma A.1. Using Bayes’ theorem and

am ™ aézil, i | am
OéjiEl?a;n):fe( ’ | = o 1)ge(yj| j)7 j:]-7"'7M7

gio(a | a1 y)

the numerator of the first term in (44) is
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and the result follows where we substitute (47) in the second equality, and used the definition

of p(y; | Ys—1:j—1, u—Kk—1,0) in the third equality. O]
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Using Lemma A.1, we obtain Proposition 4.1 as follows.

Proof of Proposition 4.1.
By applying Lemma A.1 with 5 = ¢ — 1 to the first three terms of (35), we obtain
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where we note a;_; = k;_1 and k; = 1. Apply Lemma A.1 with ¢y = ¢ and k;, = k} to the

last equation and the result follows. ]

A.2 Proof of Proposition 4.2

We first define the probability density function
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where we used the definition of 7 in (35),
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A.3 Proof of Proposition 4.3
We first establish the following lemma as in the proof of Proposition 4.1.
Lemma A.2. For anyt, so ,ands (s —1<sy<s+ K —1),
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Proof of Lemma A.2.
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Proof of Proposition 4.3.
By applying Lemma A.2 with so = s — 1 to the first three terms of the target distribution in



(40), we have
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where we again applied Lemma A.2 with sy = s and k,_; = k%_; in the last equality. ]

A.4 Proof of Proposition 4.4

Proof of Proposition 4.4.
We first define the probability density function
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Proof of Proposition 4.5

Proof of Proposition 4.5.
Consider the joint marginal density of (36):
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where we use Lemma A.1 at the equality.

B Initializing the rolling estimation

(51)

(52)

In this section, we first give the initializing algorithm which is obtained by skipping the

discarding step in the particle rolling algorithm. Next, we describe how to estimate the

marginal likelihood.

B.1 Algorithm

(1) At time j = 1, sample (0", o) from w(0, a1 | 1) forn=1,... N,



1. Sample ™ ~ p(0), and o™ ~ g1 gn(- | y1) for each m € {1,..., M}.

2. Sample ky ~ M(VlneiM) where

V1,0m (a?,m) V16 (an m) Hon (a?’m)gﬁn (yl | a?,m) (53)
n 1 .

Vn,m —
H S vnen (@) qron (4™ | y1)

3. Set o = "™ and store (6", a}) with its importance weight

M:

Wi o ply [07), Dy [ 07) vy (00 (54)

m=1

(2) At time j = 2,..., L + 1, implement the forward block sampling to generate ay,; and

6", and compute its importance weight

Wi o plys | yrj—1, g1, 0") X Wiy, (55)

J

n,m
7—1

R n n 1 n,a;’ n,m
P(s | yrj—1, g1, 0") = 1Y Z vion (01, o). (56)
For j < K, we set K = j — 1, and all particles of af ; are resampled.

Remark 1. Especially when j is small and the dimension of ay.; is smaller than that of 6, the
MCMC update of 8 could lead to unstable estimation results. We may need to modify the
MCMC kernel or skip the update in such a case.

B.2 Estimation of the marginal likelihood

As a by-product of the proposed algorithms, we can obtain the estimate of the marginal
likelihood defined as

p(ys:t) = /p(ys:t | as:t79)p<053:t | 9)P<9)d063:td9> (57)
so that it is used to compute Bayes factors for model comparison. Since it is expressed as
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we obtain the estimate p(ys.;) recursively by
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using (23), (24), (29) and (30). The initial estimate p(y1..+1), L =t — s is given by

—_

Plyrce) = pw) [ 6 [v15-1), (62)

j=2

<.

where we use (54), (55) and (56) to obtain

N N
Z Pl 10M), By | yia) = D Wby, | yrg,af_,0"). (63)

C Additional illustrative numerical examples

C.1 Linear Gaussian state space model

Consider the following univariate linear Gaussian state space model:

v = apte, ¢~N(0,0%), t=1,...,2000
apr = p+0.25(ap — p) +m, e ~ N(0,20%), t=1,...,2000,

7o 2
ar = p+——— n~N(0,20°),
! nt —ogm N )
where 6 = (u,0?)" is a model parameter vector. We adopt conjugate priors, u | 0% ~

N(0,100?) and 02 ~ ZG(5/2,0.05/2). The rolling estimation is conducted with a window
size of L +1 = 1000 for ¢ = 1,...,2000 (7" = 2000) and N = 1000 using the particle rolling
MCMC sampler with and without the double block sampling. We choose K = 1,2, 3,5 and
10 to investigate the effect of the block size. Because it is possible to use a fully adapted
proposal density in the linear Gaussian state space model, we consider the double block
sampling with (1) a fully adapted proposal density and (2) a proposal density based on the
block sampling in Section 3. We also use (3) the simple particle rolling MCMC sampler as a

benchmark. In summary, we consider the following:

(1) Double block sampling with a fully adapted proposal density.

In the forward block sampling, we generate ' j., ~ p(oy—_rt | —K—1,Yt—K 1., 0) With

10



its importance weight W ., o< p(ys | Ys—1.0-1, &} jc_1,0™) x W, ;. In the backward
block sampling, we generate & ;... 1 ~ p(as—1 | s, O)p(Xsisr k-1 | Cstics Ys—1:54K-1,0)

with its importance weight W7, o< p(ys—1 | Ysi, &2y g, 0™) 71 X W,
(2) Double block sampling with M = 100, 300 and 500.

(3) Simple particle rolling MCMC sampler (without the block sampling).

Table 5: The number of resampling steps in block sampling and simple sampling.

(1) Fully (2) M (3) Simple
Estimation period K adapted 100 300 500 sampling
1 30 54 37 32 184
Initial estimation 2 10 39 21 15
(t=1,...,1000) 3 8§ 38 19 15
D 6 37 18 15
10 8§ 38 18 14
1 48 104 71 61 1027
Rolling estimation 2 8§ 7 33 23
(t =1001,...,2000) 3 T T4 31 22
6 72 32 22
10 5 69 31 23

Table 5 shows the number of resampling steps triggered in the initialization period (t =
1,...,1000) and the rolling estimation period (¢t = 1001, ...,2000). For the simple sampling,
resampling steps are triggered 184 times in the initial estimation stage and 1027 times in the
rolling estimation stage. Compared with this benchmark, the weight degeneracy is drastically
eased by the block sampling in (1) and (2). Using K = 2, the numbers of resampling steps are
less than 1% and 10% (10% and 22%) for (1) and (2), respectively, in the rolling estimation
(the initial estimation) period. Additionally, the effect of the block sampling seems to be
maximized at K = 2, and the number of resampling steps of (2) decreases to that of (1) as
M increases. Overall, we found that the double block sampling is most efficient when K = 2
and M = 100 in this example.

Figure 6 shows histograms of Ry; and Ry (¢t = 1001, ...,2000) for the simple sampler

using dotted lines. The ratio Ry; (Ry;) measures the relative magnitude of ESS (effective
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sample size) in Step la after adding a new observation (removing the oldest observation)
when compared with that of the previous step at time ¢. The histograms of Ry; and Ry,
for the sampler with the block sampling with K = 2 and M = 100 are shown using solid
lines. The Ry, values for the block sampling are larger and less dispersed compared with the
simple sampler suggesting that the forward block sampling is more efficient. Additionally,
the Ro; values for the block sampling are much larger and much less dispersed than those for
the simple sampler, which implies that the backward block sampling is more efficient. The
scatter plots of Ry; and Ry; are shown at the bottom of Figure 6 for two sampling methods.
These results demonstrate that our proposed block sampling is more efficient at both Steps

1 and 2 of each rolling step.
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Figure 6: The histograms of Ry, (top left) and Ry (top right) (¢ = 1001,...,2000) for the
simple sampler (dotted blue) and the sampler with block sampling with K = 2 and M = 100
(solid red). The scatter plot of Ry; and Ry (bottom).
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Table 6 shows the summary statistics for the relative magnitudes of ESS in each step, Ry, and
Ro. In Step 1, the average R; value for the block sampling slightly increased compared with
that for the simple sampling, but the standard deviation for the former is less than half of
that for the latter. Moreover, in Step 2, the average of R; value for the block sampling is six
times larger than that for the simple sampling, while the standard deviation for the former is
approximately half of that for the latter. Thus the double block sampling drastically alleviate

the weight degeneracy compared with the simple sampling method.

Table 6: Summary statistics of Ry; and Ry for the simple sampling
and the block sampling (M = 100, K = 2) for ¢t = 1001, .. .,2000

Method Mean Median Std. dev.
Ry, Simple 0.862 0.924 0.145
Block 0.975  0.988 0.057
Ro; Simple 0.161 0.127 0.139
Block 0.970 0.988 0.068
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Figure 7: True posterior means and 95% credible intervals (dotted black) with their estimates

(solid red) for p and o?.
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Finally, to assess the accuracy of the proposed rolling window estimation (with K = 2 and
M = 100), we compare the estimation results with their corresponding analytical solutions.
The particles are ‘refreshed’ in the MCMC update step so that the approximation errors do
not accumulate over time. The algorithm seems to correctly capture means and 95% credible
intervals of the target posterior distribution as shown in Figure 7. Further, Figure 8 presents
true log marginal likelihoods and their estimates with errors for ¢ = 1001,...,2000. The
estimation errors are very small overall, implying that the proposed algorithm estimates the

marginal likelihood p(y;—g99.¢) accurately.
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Figure 8: Top: true log marginal likelihoods log p(y;—g99.1) (dotted black) and their estimates
(solid red). Bottom: estimation errors log p(y;_g99.t) — log p(ys_g99:¢) for ¢ = 1001, ..., 2000.

C.2 Realized Stochastic Volatility model

In this section, we first compare the computation time of the particle rolling MCMC with the
iteration of MCMC. We then compare the marginal likelihoods p(ys.;) provided in Section
B.2.

MCMC sampling is implemented for the initial data window (using y;.198s) with 10,000
iteration (2,000 MCMC samples in the burn-in period are discarded). We estimate the total
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computation time for the MCMC and the PMCMC to complete the rolling window estimation
by multiplying the computation time (for the first sample period) by 2261 for S&P500 index
data. Table 7 shows the computation times and ESSs for three methods where the ESS for
each parameter is computed as the MCMC sample size (10,000) divided by the inefficiency
factor (1 + 2377, ps, where p, is the MCMC sample correlation at lag s). The ESS for
our proposed method is computed as the average ESS during the rolling estimations. The
recursive estimation using the standard MCMC or the PMCMC takes 20-50 times longer
than our proposed method. If we consider the ESS, the difference increases (400-900 times
longer for the recursive estimations). These results show that the computation time for our

proposed method is much smaller compared with recursive estimations using the standard
MCMC or PMCMC.

Time (seconds) Param. ESS

PRMCMC 142,709 - 729
MCMC 1,293 x 2,261 35
=2,923,473 1764

189
3942
636
257
40
2184
221
4878
656
189

SN

SN

PMCMC 3,189 x 2,261
= 7,210,329

[N

SN

T Q9 M ST QM O T

Table 7: Computation times for the PRMCMC, MCMC and PMCMC.

The log marginal likelihoods, log p(y;_19s7:¢), of the RSV model with and without leverage
effects are shown in Figure 9 for the period from December 31, 2007 (¢ = 1988) to December
30, 2016 (t = 4248). The log marginal likelihood for the RSV model with leverage effects is
always larger than the other model; thus, the RSV model with leverage effects is supported.
This finding is consistent with the rolling estimation results, where p is negative throughout
the sample period. The difference between two log marginal likelihoods decreases until ¢t =
2400 (August 28, 2009), and seems to become stable after ¢ = 2400.
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Figure 9: Left: Estimates of log p(y;—19s7:¢) (t = 1988,...,4248) for S&P 500 index return
in RSV model with leverage (solid red) and in RSV model without leverage (dotted black).
Right: Difference between two log marginal likelihoods.
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