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Abstract

An efficient particle Markov chain Monte Carlo methodology is proposed for the rolling-
window estimation of state space models. The particles are updated to approximate the long
sequence of posterior distributions as we move the estimation window. To overcome the well-
known weight degeneracy problem that causes the poor approximation, we introduce a practical
double-block sampler with the conditional sequential Monte Carlo update where we choose one
lineage from multiple candidates for the set of current state variables. Our proposed sampler is
justified in the augmented space through theoretical discussions. In the illustrative examples, it is

shown to be successful to accurately estimate the posterior distributions of the model parameters.
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1 Introduction

State space models have been popular and widely used in the analysis of economic and financial
time series. These models are flexible and capture the dynamics of the complex economic structure.
However, several structural changes have been noted in long-term economic series. If the precise
time of a structural change is known, we could divide the sample period into two periods, before
and after the structural change. However, this time point is usually unknown, and the change may
occur gradually from one state to another. Although there are various statistical models for the
structural change in the literature, the rolling-window estimation is the simple and common way to
reflect the recent change in the forecasting without delay where we fix the number of observations
to estimate model parameters and update the dataset to improve the forecasting performance.

In non-linear or non-Gaussian state space models, the likelihood is often not obtained analyti-
cally, and the maximum likelihood estimation is difficult to implement. The Markov Chain Monte
Carlo (MCMC) method is a popular and powerful technique used to estimate model parameters
and state variables by generating random samples from the posterior distribution given a set of
observed data for various complex state space models. However, for rolling estimation, simply ap-
plying the MCMC method would be too time-consuming given the need to estimate a long sequence
of posterior distributions.

To overcome this difficulty, we take an alternative approach based on the sequential Monte Carlo
(SMC) sampler discussed in Del Moral et al. (2006). This is effective because, in the rolling-window
estimation, we can utilize the weighted samples from one posterior distribution to approximate
the next posterior distribution instead of reiterating the same MCMC algorithm with the slightly
different dataset. The particles consist of realized values of state variables and static parameters,
which are updated when including a new observation and excluding the old observation. As we shall
show in the illustrative examples of Section 4, a simple rolling-window sampler that is derived in a
straightforward manner from the previous literature leads to the severe weight degeneracy problem,
suggesting that the updating step should be constructed carefully. To fix this problem, we adopt
the idea of block sampling (e.g. Doucet et al. (2006), Polson et al. (2008)), in which state variables
at multiple time points are updated simultaneously when learning new information. It is highly
efficient in the sense that it substantially increases the effective sample size. Based on this idea, we
propose the novel sampling method, called the double-block sampler, where we sample a block of
state variables when both including and excluding the information.

However, unless the time series model has a relatively simple form, finding an appropriate
proposal distribution for these update steps may be difficult. Hence, instead of generating only one
candidate from the proposal distribution, we generate multiple candidates and choose one of them

using the conditional SMC of the particle MCMC (Andrieu et al. (2010)). This nested structure is



similar to that of SMC? (Chopin et al. (2013), Fulop and Li (2013)) and nested SMC (Naesseth et al.
2015), but our proposed algorithm differs in that it is derived from the particle Gibbs instead of the
particle MH (Metropolis-Hastings) algorithm. As a special case of our new method, our proposed
double-block sampler can be used to implement the ordinary sequential analysis by keeping all past
observations. It contrasts with SMC? in that it originates from different types of the particle MCMC
algorithms.

The remainder of the paper is organized as follows. In Section 2, we introduce the simple
rolling-window sampler for state space models and point out that such a sampler derived from
the conventional filtering algorithm causes the serious weight degeneracy phenomenon. Section
3 introduces a double-block sampler to overcome this difficulty. Section 4 provides illustrative
examples and, in Section 5, theoretical justifications of the proposed method are provided. Section

6 concludes the paper.

2 Particle rolling MCMUC in general state space models

2.1 Rolling-window estimation in general state space model

Consider the state space model which consists of a measurement equation, a state equation with
an observation vector y;, and an unobserved state vector x; given a static parameter vector 6. For
the prior distribution of 6, we let p(8) denote its prior probability density function. Further define
Tst = (Ts, Tst1,...,x) and Yst = (Ys, Ys+1,---,Y¢). We assume that the distribution of y; given
(y1:4—1,%1:4,0) depends exclusively on x; and 6 and that the distribution of z; given (r1.4—1, 0)

depends only on ;1 and 6. The corresponding probability density functions are noted as follows:

p(yt | xl:tuylzt—lae) - P(yt ‘ xtue) = g@(yt ‘ IEt), t= 17 o, n, (1)
p(xe | v14-1,0) = ploe | 20-1,0) = folze | 20-1), t=2,...,n, (2)

where p(x1 | 0) = pp(z1) denotes a known density function of the stationary distribution given 6.
We also incorporate the correlation between y; and z;11, which is conditional on z; since we
consider such an example, the realized stochastic volatility (RSV) model, for the financial time
series (see e.g. a seminal work by Takahashi et al. (2009)) in our illustrative example. It is a
stochastic volatility model with an additional measurement equation for the realized volatility. Let
Y = (Y14, y2¢)" where y1; and yo; denote the daily log return and the logarithm of the realized

volatility (variance) at time ¢. Let x; denote the latent log volatility which is assumed to follow the



stationary AR(1) process. The RSV model is defined as follows:

th = exp(xt/2)et, €t N(O, 1), t = 1, e 7T (3)
Y2t = .Tt+§+Ut, utNN(anﬁ)?t:lw“aT (4)
Ti41 = /L+¢($t_ﬂ)+nta ntNN(OaU%)vt:L"'aT’ (5)
1
T \/ﬁﬁoa U NN(O,Ug)y ¢ <1, (6)
where

€t 0 1 0 pO’n
Ut NN 0 ; 0 0'3 0 3 (7)

Nt 0 pop 0O 072]

N (i, Y) denotes a normal distribution with mean p and covariance matrix 2, and 6 = (u, ¢, 0727, £02,p)
is the static parameter vector. The correlation p between ¢; and 7; is introduced to express the
leverage effect. The effect is often negative in empirical studies, which implies that the decrease in
the today’s log return is followed by the increase in the log volatility on the next day (e.g. Omori

et al. (2007)). In this case, we express the dependence of y; on 41 (or x411 on y;) as follows.

PWe | Tre41,Y1:0-1,0) = Dy | @, i41,0) = 9o(ye | e, 2641), t=1,...,n, (8)
P(@e1 | 21 Y1:6,0) = p(@egr | 2o, y6,0) = folxeen | 2, y:), t=1,...,n—1 9)

In the rolling-window estimation of time series, the number of observations (or the window size)
in the sample period is fixed and is set equal to, e.g., L + 1. We estimate the posterior distribution
of # and x4, given the observations ys; with ¢ = s + L for s = 1,2..., and its probability density

function is given by

t
T2, 0 | yer) < p(Opo(r)go(ys | 2) S [ Folwj | 2i-1,u5-1)90(us | 25) 7, (10)
Jj=s+1

or, equivalently,

t

m(@st,0 | ys) o pOpo(ws) S [ folws [ wj-1)g0(yj—1 | @j-1,25) p golye | ). (11)
j=s+1

2.2 Simple rolling-window sampler

We first describe a simple rolling-window sampler that is derived in a straightforward manner from
the previous literature. The estimation procedure consists of two steps, each of which can be

described in the framework of the SMC sampler in Del Moral et al. (2006) as follows. In Step 1,



suppose we have samples from the old target density m(xs_1.4—1,6 | ys—1.4—1) with importance weight
Wis—1,4—1] at time {—1 where the subscript [s—1,¢t—1] implies that the weight is based on observations
Ys—1:t—1. After we include an observation y;, our new target density is m(zs—1.,6 | ys—1¢). Using
the proposal kernel K ((xs—1.4—1,6), (xs—1.,0)), we update the weight
(514,60 | Ys—1:0) L((T5-1:4,0), (Ts-1:4-1,0))
(Ts—14-1,0 | Ys—1:0-1) K ((25-1:4-1,0), (25-1:4,0))
where L((x5-1.,0), (xs—1:4—1,0)) is the artificial backward Markov kernel with L = 1 in this step.

Wis—1 = — X Wis—1,0-1 (12)

The first factor on the right hand side of Equation (12) is the incremental weight to adjust that of
the previous step.

In Step 2, we have samples from the old target density m(xs—1.¢,0 | ys—1¢) with the importance
weight Wi,_ 4 from Step 1. After we exclude the observation ys;_1, our new target density is
m(Ts—1:¢,0 | ys:t). Using the backward kernel L((xs.4,0), (zs—14,0)) = m(Xs—1:4,0 | ys:t)/7 (254,60 |
Ysit) = T(Ts—1 | Tsit, Ysit, 0), we update the weight

T(@s:,0 | Ys:it) L((@s:t,0), (w5124, 0))
T(Ts—1:4, 0 | Ys—1:) K (75124, 0), (¥5-1:4,0))
where K ((zs—1.,0), (xs—1.,0)) is the artificial proposal kernel with K = 1, and discard zs_1. Ad-

Wisy = X Wis_14 (13)

ditionally, we can refresh all the particles with the MCMC when we observe the weight degeneracy,
which is also regarded as an importance sampling step in the SMC sampler with the unnormalized
weight equal to one. We note that one can also update particles using the particle Gibbs sampler

(Andrieu et al. (2010)). Details are given below.

Step 1. Assume that, at time ¢t — 1, we have a collection of particles (z%_,.,_;,0") with the
importance weight W[Z_Lt_l}, (n =1,...,N) which is a discrete approximation of m(xs_1.4—1,6 |
Ys—1:t—1). We include a new observation y; in the information set and aim to sample from 7(xs_1., 6 |
Ys—1:¢). Given the current sample (z5_1.4—1,0) from w(xs_14-1,60 | ys—14—1), we propose a candidate

x; using some proposal density g g(z¢ | £1—1,¥:). Since the incremental weight is

T(Zs—1:4,0 | Ys—1:1) (@Y | Te1:-1, Ys—1:0-1,0)
T(Ts-14-1,0 | Ys—14—1)qo(mt | Te—1,9t)  qeo(®e | o1, Y)Yt | Ys—1:0—1)
Jo(xe | we—1,y1-1)90(ye | 4)

C]t,e(xt | 2¢—1,Y1)

)

we generate xj ~ g on (2} | 71, y:) and compute the importance weight

for (x| 271, ye—1)g0n (ye | x7)
qt.,om (x? | 55?71; yt)

Wi 1y & X Wis_141]- (14)

Finally, we compute some degeneracy criteria such as the effective sample size (ESS),

N -1
ESSj_1.4 = [Z {WE—M]}Z] ; (15)

n=1

4



and the particles are resampled if ESS < ¢N (e.g. ¢ = 0.5).

Step 2. We exclude the old observation y;_1 from the information set, and aim to sample from
(X s:t, 0 | ys:t) where the backward kernel is m(2s—1.4,0 | Ys:t)/T(Ts:t,0 | Ysit) = T(Ts—1 | Tsit, Ysit, 0) =

p(zs—1 | zs,0) given by

po(xs—1) fo(xs | xs—l).

p(xs_1 | x5,0) = 16
(e fe.0) pols) 1o
Since the current sample is from 7(zs_1.4,0 | ys—1.¢) where
71.(1,871#/7 0 ‘ y871:t) p(l's—lzt,ys—l,e | ys:t> _ 7T($s—1:t, 0 ‘ ys;t)p(ys_l ‘ Ts—1:ty Ys:t, 0)7
p(ys—l ‘ ys:t) p(ys—l ’ ys:t)
the (unnormalized) incremental weight is
7T(fEs:ta 0 | ys:t)p(l‘sfl | Ts, 9) p(ysfl ‘ ys:t) 1
= X go\Ys—1 | Ls—1, L )
7T(-Tsfl:t’ o | ysfl:t) p(ysfl | xsflztays:tye) ( 3 | ° S)
Thus, we update the importance weight
Wiy o gon(ye | oyt x Wy, (17)

and discard z?'_;. If some degeneracy criteria are fulfilled, resample all the particles by implementing

the MCMC algorithm as in Step 1. The above procedure is summarized in Algorithm 1.

Algorithm 1: Simple rolling-window sampler

Let (z5_14-1,0") denote the sample from m(xs—1:t-1,0 | ys—1:4—1) with the weight Wi5_, , ;) (n=1,...,N).
Step 1: Generate zi" ~ g on (2} | -1, y:) and set

W[Z—l,t] - Jor (7 |xt—1ayt*1)99" (ye ‘ zi) % W[Z—l,t—l]' (18)

qron (2 | 271, Yt)

Step 2: Update the weight
Wity o gon(ys—1 | @li,ad) " x Wi_y g, (19)

and discard z§_;.

2.3 Weight degeneracy problem

Using the importance weight (17) in Step 2 is obviously problematic because it would take an
extremely high value when gy is close to 0. This causes the ESS to rapidly drop and triggers the
MCMC update steps many times, which makes the estimation time-consuming. Further, in Step

1, one might think it will work without any problem as long as we choose an appropriate proposal



distribution ¢; 9. However, as we shall see in illustrative examples in Section 4, this step also causes
a serious degeneracy problem. In Section 3, we overcome this difficulty of the weight degeneracy
by proposing a novel sampling method called “a double-block sampler”with the conditional SMC
update.

3 Particle rolling MCMC with double-block sampler

We consider sampling a block of state variables when we add the new observation or remove the

N

old observation. For example, we update values of {z} -, ;}_, in addition to generating {z'}2V_,

when we learn the information of y;. We call this process the forward block sampling (Step 1), and
the backward block sampling (Step 2) can also be defined in a similar manner. The double-block
sampler addresses the weight degeneracy problem by reducing the path dependence between the

new particle and the old particle values that are not updated.

3.1 Idealised double-block sampler

We first consider the ‘idealised’ double-block sampler where we assume an appropriate K + 1
dimensional proposal distribution is available for the block sampling. In the framework of the
SMC sampler, in Step 1, we have samples from the old target density 7(xs—1.4-1,6 | ys—1.4—1) and
generate xLK:t from the proposal kernel Tr(xLK:tkcs_l:t_K_l,ys_lzt,e). The new target density
is w(xs,l:t,K,l,mi_K:t,Q | ys—1.t) with the backward kernel 7(x4—g.t—1 | Ts—14—K-1,Ys—1:t—1,0).
In Step 2, we have samples from the old target density m(zs—1.,0 | ys—1+) and generate a can-
didate xLHK_l using the proposal kernel W(JJZ:S+K_1\$5+K:1&,ys:t79)~ Our new target density is
W($£:5+K_1,333+K:t,9 | ys:t) with the backward kernel 7w(xs_1.54x-1 | s+ K:t, Ys—1:t,0). Finally, we

discard zs_1. Details are given below.

Step 1. We include a new observation y; in the information set, and sample from m(xs_14,6 |
Ys—1:t). Given the current sample (rs_1.4—x—1,0) from 7(xs_14-x—-1,0 | Ys—1:4—1), we generate
:L'I_K:t ~ ﬂ(l’I_K:t | Ts—14—K—-1,Ys—1:t,0). Since
T(Ts 1t K1, %) egs OYUs—1:1)
P(wsqzthfth,K;ﬁytv9|ys—1:t—1)
P(Yelys—1:4-1)

p(l.IfK;t7 yt‘xs—lzt—K—la Ys—1:t—1, 0)
P(Yt|ys—1:t-1)

= T(Ts—14—K—-1,0\Ys—1:t—1) X

P(yt ‘xs—lzt—K—b Ys—1:t—1, 9)
p(yt|y571:t71)

= (@it K15 OYs -1t )T (] ey |1t K15 Ys1:,0) X



the unnormalized incremental weight is

(Tt K15 Th s O1Ys—1:0) T (T4 i1 | Ts— 10— K1, Ys—1:0—1, 0) ~ pWelTs— 1K1, Ys—1:4-1,0)

7"'(fsflztfla 0|y571:t71)W(Z'I_K:A‘Tsfl:tfl(fla Ys—1:t, 9) p(yt|y5*13t*1)

Thus we let xs_14 = (Ts—1.4—K—1, xI_K:t) and update the importance weight as
Wii1yg o< pWeled k15 ys—1:0-1,0") x Wiy qp, (20)

noting that p(y¢|xs—1:4—x—1,Ys—1:t-1,6) = p(Ye|Tt—K -1, Ys—1:t—1, 0).

Step 2. We remove the old observation ys_1 from the information set, and sample from 7 (zs_1.¢,6 |
Ys:t). Given the current sample from 7(zs_1.¢, 0|ys—1.t), we generate xltHK?l ~ 7r(:1;1,:5+K71 |TstKt, Ysits 0).

The unnormalized incremental weight is

W(xi:5+K_1a$s+K:t79 | ys:t)ﬂ'(fsfl:erKfl | CCerK:taysfl:tae) - p(ys_ﬂys;t)

77(555—1:157 e‘ys—lzt)ﬂ(xi;erKfl ‘xs+K:t7 Ys:ts 9) p(ys—l |x3+K:t7 Ys:ty 0) ’

since

W($l:S+K_17xs+K:ta 0 | ys:t) = W($l:S+K_1’l's+K:t7ys:ta H)W(xs+K:ta 0 | ys:t)

and

T(Ts—1:6, 0|Ys—1:t) = T(To—tisaK—1|TsK:ts Ys—1:05 )T (T ke, OlYs—1:t)

p(xs+K:t7 Ys—1, mys:t)
P(Ys—1|Ys:t)

p(ys—l‘xs—f—K:ta Ys:t, 9)
P(Ys—1|Ys:t) '

NOting that p(ysfl | xs+K:tays:t,9) = p(ysfl | $s+K7ys:t,9)7 we set x4 = (xl;S+K_1,xs+K:t) and

update the importance weight

= 77(-1‘5—1:5—1—1(—1 ‘:Bs—i—K:t? Ys—1:t, 0) X

= 77(-1‘5—1:5—1—1(—1 ‘xs—i—K:t? Ys—1:t, 9>7T(xs+K:ta 9|ys:t> X

W[Z,t] X p(ys—l‘m?+Kays:t79n)71 XW[Zth], (21)

and discard z?_;. The sampling algorithm is summarized in Algorithm 2.

Algorithm 2: Idealised double-block sampler

Let (z5_1.4_1,0™) denote the sample from 7(xs—1:t—1,0 | Yys—1:t—1) with the weight W[Z,M,l] (n=1,...,N).

Step 1: Generate z7_ g ~ T(T k.t | Tho1i— K —1,Ys—1:¢,0™) and set
Wity < pyelTi— -1, Ys—1:0—1,0") X W[s_1,1). (22)

Step 2. Generate 3.,y 1 ~ T(T5 16051 | Thrr.tr Ysit, 0™) and set
Wiy o pys—1 | 2him, Y, 07) " X W1 g, (23)

and discard x}_.




3.2 Practical double-block sampler

In practice, it is often difficult to find an ‘idealised’ proposal distribution for the block sampling.
Hence, we adopt the approach of the conditional SMC update for the particle Gibbs sampler (An-
drieu et al. (2010)), which considers the artificial target density ad generates a cloud of values for
one particle path.

In Step 1, we have samples from the old target density 7(zs—1.¢—1,6 | ys—1.t—1), and generate
the indices ki—g.t—1 = (kt—k,-..,k—1) and a cloud of particles from the proposal kernel 1y de-
fined in (43). The new target density is W(xs_lzt_K_l,xLK:t, 0 | ys—1.¢) with the backward kernel
T/m(Ts—14—K—1, xI_K:t, 0 | ys_1.t) where 7 is defined in (44)'. We set z5_1.; = (xs,l:t,K,l, xI_K:t>
which is the sample from the new target density with the unnormalized incremental weight p(y; |
Ty g 1, Ys—1:—1,0™) in (29).

In Step 2, we have samples from the old target density m(zs—1.,6 | ys—1:¢), and generate the
indices ks_1.s4—1 and a cloud of particles from the proposal kernel vy defined in (48). The new
target density is w(azl:SJrK_l, TstK:t,0 | ys:t) with the backward kernel ﬁ/ﬁ(xi:s+K_1, Tkt 0 | Ysit)
where 7 defined in (49)2. We set x4 = (xLSJrK_l, xS+K;t) which is the sample from the new target
density with the unnormalized incremental weight p(ys—1 | 2%, g, ys,6™) "1 in (35). Details are

given below.

3.2.1 Forward block sampling (Step 1)

We first generate a number of candidates =", ; (m =1,..., M) with the current values z}" ., ;

fixed using the conditional SMC. Then, for each :L'?f[n(:t_l, we generate z;”"". In this ‘local particle

filtering’, we resample the particles at t — K 4+ 1,...,t. This operation is equivalent to choosing the
‘parent’ x"™ for x7}} (j =t —K,...,t—1). Using this terminology, if we choose one particle z;"™,
its ‘ancestors’ are uniquely determined from :n?m (j=t—K,...,t —1). We call this descendant

and its ancestors the ‘lineage’. In the conditional SMC step, fixing the current values x} .,  is
seen as fixing one lineage by choosing their indices k; (j =t — K,...,t — 1) (where we drop the
superscript n for simplicity) which follows the rule

k. .
kg K1 24

In addition, the index of their descendant is determined as k; = 1.

After generating az?f';(:t (m =1,..., M), we choose one lineage to store as the next values of

m

z} .. This is equivalent to sampling a random index k; for the candidate ;"™ and identifying

!The marginal density of 7 is W(xsflzt,Kfl,:cI_K:t,Q | ys—1:t) as shown in Proposition 5.1 with mI_K:t =
o

t—K ki

(38 met).
2The marginal density of # is W(xl:s+K_1,"E5+K;t,€ | ys:¢) as shown in Proposition 5.3 with :CZ:S+K_1 =
Ky kSyr—1

(zs° e T K ).



the ancestors for which indices are obtained by following the rule

k*
a; "' = ki, j=t—K,... t-1 (25)

Moreover, we can improve its efficiency by implementing ‘smoothing’ for the generated candidates
following the algorithm reported in Whiteley et al. (2010). In this smoothing step, we again choose
kj for j =t — K,...,t — 1 randomly. This manipulation of breaking the relationship between the
parent and the child in the lineage is effective in improving the mixing property, or sampling values
of x j-, ; that may be different from the lineages obtained in the previous step.

The detailed algorithm is provided below. We fix one lineage in Step 1-1(a) and implement the
conditional SMC in Steps 1-1(b) and 1-1(c). The candidates for x} are generated in Step 1-1(d)
and we compute the importance weight for the n-th particle in the ‘global particle filtering’ in Step

1-2. The smoothing is implemented in Step 1-3.
1. We generate x} jo., ~ (2] jop | @2 14 j_1,Ys—1:,0") using the conditional SMC update:

(a) Sample k; from {1,..., M} with probability 1/M (j =t — K,...,t —1) and set

& ke — k
(:L'? It( K""7x;fn—1t 1) = x?—K:t—h (att[?+1a . '7a1]5€i1) = (kt—Ka" '7kt71)7

where i .-, | is a current sample with the importance weight W[Zq 1]

(b) Set z ;( Y = x| for all m according to the convention, and sample z}""% ~
qt_Kﬂn(- | 2} je_1 -k ) foreach m e {1,..., M} \ {ki—r}. Let j=t - K+ 1.
(c) Sample a”; ~ M(VJUY[@,L) and x?m ~ qjon (- | m?fffl,yj) for eachm € {1,..., M}\{k;}

where V1 Lon = (V}l_l gns - - -,Vj]\ﬂ gn) and
naily nm
Ujan( 1w
m 5 (20
Z vy, 9” ,,1] ) m;L,Z)
n,al’
w2 i) gen (yy | )
vien (2 i 2" = nam |05 b
Gion (27" [, 07 yg)
(27)

(d) Ifj <t—1,set j < j+1and go to (c). Otherwise, sample ;"™ (m =1,..., M) and kf
as follows.

7t1

7yt)

(ii) Sample a;""} ~ M(V,E,) and 2™ ~ gggn (- | w

(i) Sample x?’l ~ qron (- | 2
t

' y) for each m € {2,..., M}.
(iii) Sample kj ~ M(V} on M) and obtain k; (j=t—1,...,t — K) using (25).



n,k;*_K n,ky

2. Let a1, = (2 1, .20 g 1,2 g 5...,2 ') and compute the importance weight?
Wi_ig o By | 2 k15 Ys—1:-1,0") X W1 -1)- (28)
M
~ n ") — 1 n,a"y n.m
p(yt | Ti_K—15Ys—1:t—1, ) =M Ut,om (%71 y Lt )7 (29)
m=1

where p(y: | @' x_1,Ys—1:4—1,0") can be seen as the estimate of the intractable incremental

weight p(y: | v} g1, Ys—1:4—1,0") in (20) for the idealised double-block sampler.

3. Implement the particle simulation smoother to sample (k;_,, k;_y 1, ., k;) jointly. Gener-
ate k7 ~ M(VN ),j=t—1,...,t — K, recursively where

_ Vi fe(x i Yl
V=20 (J“’ j Vi) . om=1,..., M, (30)
iV Lo fo(z) ]+1 2k yie)
i .
and set 2, = (2|, ... & o |,y [’;K,...,x?’kt).

Algorithm 3 (Step 1) : Practical double-block sampler

Let (z7_1.4_1,0") denote the sample from 7(xs—1:1—1,0 | ys—1:t—1) with the weight W[’;‘_Lt_l] (n=1,...,N).
1. We generate z7_ gy ~ m(T7 gt | Th1:4—K—1,Ys—1:¢, 0™) using the conditional SMC update:

(a) Sample k; from {1,..., M} with probability 1/M (j =t— K,...,t — 1) and set

n,ky_ Sy — n k
(xt—li' Ka"'7x?—1t 1) = Tt—K:it—1> (a‘ttKKJrl? a‘f 1) (kt K?"'akt—l)'
(b) Set x, LK1 = 4, and sample "% ~ qwon (- | TP g1, Y- ), m € {1,..., M} \ {ki—x}. Let
j=t—K+1

(c) Sample aj*; ~ M(V;"}yn) and ™~ gjon (- | x: af Yyi), moe {1,...,M}\ {k;} where V;"Y,. is
given by (26).
(d) Ifj<t—1,set j« j+ 1 and go to (c). Otherwise, sample z;"™ (m =1,..., M) and k{ as follows.
(i) Sample z{"" ~ gion (- | 275", y2).
(ii) Sample ap"} ~ M(V,EYp0) and 2™ ~ e on (- | 2, - f Yy forme{2,...,M}.
(iii) Sample k; ~ M(V,'i%') and obtain k} (j =t —1,...,t — K) using (25).
2. Let 1., = (5_1, ..., 27 k_ 1,90: kIQ Koo, x?k:) and update the weight
Wity o< p(ye | 2o r—1,Ys—1:6-1,0") X Wie_q 11).

where p is defined in (29).

3. The particle simulation smoother. Generate kj ~ M(‘%{gkl), j=t—1,...,t — K, where V] is given in
n,kf ok
(30), and set &7 1., = (T4 1, Tl k1, T, 5 K,...7:U?’kt ).

3we use the notation Pyt | 27 _1,Ys—1:4—1,0™) since it is an unbiased estimator of p(y: | T7 g1, Ys—1:¢—1,0™) as

we shall show in Proposition 5.2.
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Figure 1 illustrates an example with K =2, M = 4 and the current sample (z_;.,_;,6").

1. (a) Sample k;_9 and k;—1 from {1,2,3,4} with probability 1/4 and suppose k;_o = k;—1 = 1.
We set x]"y = 27, "' = 27 | (with the red rectangle) and (al ,,al ;)= (1,1).
(b) Set m?i?ﬂzg = z}' 4 for all m (with the black rectangle), and sample 2}y ~ q_ogn (- |
xP g, yt—2) for each m € {2,3,4} (with the black circle).

(c) Sample aj”, ~ M(ijon) for m € {2,3,4} and suppose a? 5 = 2, a}_, = 3, a} 5, = 3.
n,a;’ o

Generate x;”" ~ q_1.0n (- | ©,"9 %, ye—1) for m € {2,3,4} (with the black circle).

(d) (i) Sample 2" ~ grgn(- | 2, ve)-
(ii) Sample a;""7 ~ M(V;lfian) for m € {2,3,4} and suppose a? ; = 2, a} ; = 1,
at_, = 4. Generate and z;""™ ~ gy gn (- | x?ﬁqll,yt) for m € {2,3,4}.
(iii) Sample kf ~ /\/l(thaA:L) and suppose k; = 3. Using (25), we obtain k; | =k} o =1
and select (a:?’?’, x?;ll, x?fQ) with red lines.

2. Let 27 1, = (27 1, ..., 2} 5, z"%, 2" 2"*) and compute the importance weight.
3. Implement the particle simulation smoother to sample (k;_o, k;_;, k) jointly. Generate /cj ~
M(Vj{f), j=1t—1,t— 2, recursively (with dotted lines) and suppose k;_; = 3 and k;_, = 3.

n _(m n n3 _nJ3 _n3
We set 27 1., = (xl_q,..., 2] 5,2, 75, 2,77, 2, ).

Figure 1: Forward block sampling and particle simulation smoother.

e Block sampling

= = = = Particle simulation smoother

W7[2—1,(] o Plye | F 3, Ys—1:0—1,0") x I'V[Z—l,r—ll

n n
LTs_1:t—33 8

Remark 1. As the proposal density g; ¢, we can either use the prior density fp or more sophisticated

density that incorporates the information of the likelihood gg. Even if we use the prior fy as the

11



proposal, the above sampling becomes much more efficient than the simple rolling-window sampler

as shown in Section 4.

3.2.2 Backward block sampling (Step 2)

Before we describe the backward block sampling which generates a cloud of particles based on

(77, g4, 0"), we define the notation for the particle index as noted in the forward block sampling
1:M
J+1
consequently ag’j_l denotes its parent’s index. In this case, the relationship of aﬁl and k; is given

(not from x!M) and

but in the reverse order. A ‘parent’ particle of z7" is chosen from =z g

as follows:
k; .
ajfig =kjr1, j=s+K—-2,...,s-2 (31)
For each n, we first generate M particle paths, x?’_li{\j+K_1 = (332;11:5+K_1, e ,:U?’_Af:S+K_1), and
sample one path, z7,, from m?slff(il as noted below.

n n n n
1. We generate % ;.. j ;| ~ 7T(%-1;s+K—1 | L e Ysits 0 ).

(a) Sample indices k;j from {1,..., M} with probability 1/M (j = s+K—1,s+K—2,...,s—1)

and set
n,ks_1 nksik—1\ _ n ks—2 kstr—2y\
(x5 s T g ) =Ty i r—1,  (ag ,...,as+K_1)—(ks,l,...,k8+K,1),

where x7_;. ;| is a current sample with the importance weight W

[S—l,t] ’
b) Set z" K = 27 for all ding to th ti d sample z™™ = ~
( € .Z'S+K = fL'SJrK or a m according to € convention, an sample SCS+K71

Gsti—1,0n (- | T3y g, Ysri—1) for each m € {1,..., M} \ {ksyx 1}. Let j =5+ K — 2.

. n,a’
(c) Sample af'; ~ MV} Hpn) and 2™ ~ gjon (- | 2, {", y;) for eachm € {1,..., M}\{k;}
where VI, = (VY gns oo, VA ga) and
o e -
4,00 — ) i )
M , n,at
i1 Vs (33? Za xj+1j+1)
n,m n,ail nm My
m z" Z. O gon(y; | ;7 x;
Vi gn ([L'T,L’m7 x@,aj+1) _ p( i | J+1 ) )g (y]’m’ i » Y41 ) 7 m — 17 o M (33)
7> J Jj+1 nym | a5
4q;,0m (xj | Lil 2 Yj)

(d) If j > s—1, set j < j — 1 and go to (c)*. Otherwise, sample k¥ ~ M(V;%) and obtain
k; (j=s+1,...,s+ K —1) using (31).

“Note that we need to generate "} to compute p in (35).

12



*
nvk: n’ks-&-K—l n

2. Let 2y = (x5, ..., o 0 @0 gy - -, wf) and compute its importance weight
1 n LN n n
Wien o oo V1.0 P01 | &5 s, 67) 70, (34)
S, PN
07 if p<y8—1 ’ x?+K’ys:t7 Hn) = Oa
where
| M
ﬁ(yS—l ’ x?+K’yS:t’0”) = M Z Us—1,0m (ngrlva?’aS )v (35)
m=1

1

and p(ys—1 | 2 x> Yst,0") 7" can be seen as the estimate of the intractable incremental weight

PYs—1 | B0 g Ysits 6™)~! in (21) for the idealised double-block sampler.

. Implement the particle simulation smoother to sample (K, k%, ,..., k;, 1) jointly. Generate
k3 ~ M(Eleﬂ/[), j=s+1,...,s+ K — 1, recursively where
m k;fl m on
_ Vignp(z; 2y | 2, 07)

Vign = M’ i SN m=1,..., M. (36)
> i1 Vj,enp(xj—1 ’37]'79 )

.
no_ (kS ki k_1  n n
and set x5, = (T, ..., Tl LT gy T

Algorithm 3 (Step 2) : Practical double-block sampler

Let (z¢_1.1,0") denote the sample from 7(zs—1:¢,0 | ys—1:¢) with the weight W[;_, , (n=1,...,N).
1. We generate x5 _1.,. 51 ~ T(T5 1,50 K1 | Thyk.t, Ys:it, 07) as follows:

(a) Sample k; from {1,..., M} with probability 1/M (j =s+ K —1,...,s — 1) and set

s sy K- ko ot i —
(xsz 17 cee >-T’:+}S(t1§ 1) = x?*lzswLth (asi127 cee 7a5j:;§(712) = (ksfh cey ks+K71)~
m
(b) Set a::fI?K = xgyx and sample )%y ~ gsrrx—1,0n(- | i1k, Ysvr—1), m € {1,..., M} \ {ksyr—1}.

Let j=s+ K —2.

(c) Sample a}’; ~ M(V}'i}pn) and ™~ gjon (- | x?jralj“,yj), m € {1,...,M}\ {k;} where V. is
given by (32).

(d) If j > s—1,set j + j—1and go to (c). Otherwise, sample ki ~ M(V/{)) and obtain k] (j =
s+1,...,s+ K —1) using (31).

* vk* _ .
2. Let 27, = (x?kb e x:‘_}}t}; Y2l k, ..., zr) and update the weight
W[Z,t] o< P(ys—1 | x?+K7?/s:tagn)_1 X W[Tsl—l,t]7 (37)

where p is defined in (35). If p = 0, set W[; , = 0.

3. The particle simulation smoother. Generate kj ~ ./\/1(17]1@1},4), j=s+1,...,s+ K —1, where ijgn is given

. n nvk, n’k:+K—1 n n
in (36), and set g.e = (s °, o, T L ] TohK -5 TE)-

13



Figure 2: Backward block sampling and particle simulation smoother.

e Block sampling

= = =% Particle simulation smoother

1

Wit XP(Ys—1 | 2000, Yse, 07) 7 x Wy y

n i
I5+2:5: 0

Figure 2 illustrates an example with K =2, M = 4 and the current sample (z}_,.,,6").

1. (a) Sample indices ksi1, ks, ks—1 from {1,2,3,4} with probability 1/4 and suppose ks11 =
1, ks = 1, ksoy = 1. We set (a7, 20" 2™")) = 27, (with the rectangle) and
(ag_1, a5, as1) = (1,1,1).

(b) Set :L‘:erS“ = 27!, , for all m (with the thick black rectangle), and sample 7} ~ gs1,n (- |

x 1, ysy1) for m € {2,3,4} (with the black circle).
(c) Sample a’; ~ ./\/l(VJrl g») and suppose a?,; = 1, a3, = 3, al,; = 3. Generate
33?7 ~ qs,@"( | 'IsJ’rlHlayS) for m € {27374—}

(d) Sample a* ~ M(V,'51) and suppose a?

x?’agn, ys—1) for m € {2,3,4}.

=2, a3 =2, al = 4. Generate "] ~ qs_1,0n(- |

(e) Sample k¥ ~ M(V}! (,n) and suppose k; = 2. Using (31), we obtain k},; = 1, and select

s

(zs 2, $Z+11) with red lines.

2 o .
2. Let al, = (25", 2, 209, ..., 2f") and compute its importance weight.

3. Implement the particle simulation smoother to sample (k},k}, ) jointly. Generate k}, ; ~

n,2 n2

M(VES ), and suppose K}y = 2. We set oty = (257, 207, 2,9, . 7).

Remark 2. In Algorithm 3, we assume we can evaluate p(x;_1 | z;,6) given in (16).

14



Remark 3. In the simple rolling-window sampler, we reweighted the particles according to the
likelihood ¢p(ys—1|rs—1,xs) in Step 2, while the unbiased estimate of the conditional likelihood
P(Ys—1 | ©Ly g Yse,0") is used in the practical double-block sampler. Algorithm 3 substantially

improves the weight degeneracy since we condition on ys; and integrate out (xs_1,...,Ts1x—1)-

3.3 Sequential MCMC estimation without rolling the window

In the above discussion, it is implicitly assumed that the initial particles approximating 7 (1,41, 0 |
y1:.1+1) are obtained. To sample from this initial posterior distribution, using MCMC-based meth-
ods is straightforward as in the warm-up period for the practical filtering described in Polson
et al. (2008). Moreover, we could simply use MCMC samples from the initial posterior distribu-
tion. However, based on our proposed method for the rolling estimation, we can obtain samples
of x1.p+1 and 0 sequentially, simply by skipping Step 2. The advantage of using our SMC-based
method is that we can obtain the estimate of marginal likelihood p(yi.1+1) as a by-product (the
initializing algorithm and the marginal likelihood estimator are described in detail in the Supple-
mentary Material B.). This initializing algorithm can be used for the ordinary sequential learning of
m(x1.4,0 | y1.e) (t=1,...,T). We note that this approach is derived from the particle Gibbs scheme
in Andrieu et al. (2010), and hence our approach is different from that of SMC? which applies the
particle MH scheme as noted in Chopin et al. (2013) and Fulop and Li (2013).

4 Illustrative examples

This section demonstrates the efficiencies of our proposed algorithm using two illustrative examples.
The simple rolling-window sampler suffers from the serious weight degeneracy problem, while (the
idealised and the practical) double-block samplers overcome such difficulties. To evaluate the weight

degeneracy in each of Steps 1 and 2, we define two ratios:

ESS[S—lzt] R ESS[S:t]

L L 38
ESS[sflztfl} . ESS[sflzt} ( )

1t

The ratio Rj; measures the relative change of ESS in Step 1 after adding y; when compared with
that of the previous step. If the distribution of particles is close to the posterior distribution from
which we aim to sample in the step, Rq1; would be close to 1. On the other hand, in the presence of
the weight degeneracy problem, it will be close to 0. Similarly, the ratio Ry; measures the relative

change of ESS in Step 2 after removing ys—1 compared with that of the previous step.
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4.1 Linear Gaussian state space model

We first consider the following univariate linear Gaussian state space model:

v = x+e, ¢ ~N(0,07), t=1,...,2000

Tip1 = p+0.25(ze — p) +m, me ~ N(0,20%), t=1,...,2000,
70 2
Ty, = + ~ N(0,207),
! =025 ™ ( )

where 0 = (i, 0?)" is a parameter vector. We adopt weak conjugate priors, | o2 ~ N(0,100?) and
0% ~1G(5/2,0.05/2) where ZG(a,b) denotes an inverse gamma distribution with shape parameter
a and scale parameter b. The rolling estimation is conducted with a window [t — 999,t], t =
1001,...,2000 and N = 1000 using the particle rolling MCMC with and without the double-block
sampling. We choose K = 1,2,3,5 and 10 to investigate the effect of the block size. Since an
idealised double-block sampler is feasible in the linear Gaussian state space model, we compare the

following three samplers:
1. Simple rolling-window sampler (as a benchmark).
2. Idealised double-block sampler.
3. Practical double-block sampler with M = 100, 300 and 500.

Table 1 shows the number of resampling steps for three samplers. For the simple rolling-window
sampler, the resampling steps are triggered 1027 times, while they are drastically reduced for the
double-block samplers. They decrease as we increase K where the magnitude of the reduction is
largest at K = 2. For K = 2, they are around 0.8% and 7.2% of the simple rolling-window sampler
for the idealised and practical double-block samplers respectively. Additionally, the number of
resampling steps of the practical double-block sampler decreases to that of the idealised double-

block sampler as M increases.

Table 1: The number of resampling steps of three samplers.

Simple Idealised Practical
K M :100 300 500
1 48 104 71 61
2 8 74 33 23
1027 3 7 74 31 22
) 6 72 32 22
10 5 69 31 23

16



Figure 3 shows histograms of Ry; and Ry; for the simple rolling-window sampler and the practical
double-block sampler with K = 2 and M = 100. The ratios R;; and Ro; measure the relative
magnitude of the effective sample size in Step 1 and Step 2 after adding y; and removing ys_1
respectively when compared with that of the previous step at time ¢. The Ri; values for the
practical double-block sampler are larger and less dispersed compared with those for the simple
rolling-window sampler, suggesting that the forward block sampling is more efficient. Additionally,
the Ro; values for the practical double-block sampler are much larger and much less dispersed than
those for the simple rolling-window sampler, which implies that the backward block sampling is

much more efficient.

Figure 3: The histograms of Ry; (left) and Ry (right) (¢ = 1001, ...,2000) for the simple rolling-
window sampler (dotted blue) and the practical double-block sampler with K = 2 and M = 100
(solid red).
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Ry Ryt [

7000 7000
6001 600
5001 s00F
400+ 4001~
300f 300-
2001

1001

000 "o ok am 100 ey v
Further, the scatter plots of Rj; and Ry are shown in Figure 4 for two sampling methods. These

results demonstrate that our practical double-block sampler is more efficient at both Steps 1 and 2

of each rolling step.
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Figure 4: The scatter plot of Ry versus Ry, (t = 1001,...,2000) for the simple rolling-window
sampler (blue plus) and the practical double-block sampler with K = 2 and M = 100 (red circle).
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Table 2 shows the summary statistics of Rj; and Ro¢. The average of Ry; for the practical double-
block sampler is slightly larger than that for the simple rolling-window sampler, but the standard
deviation for the former is less than half of that for the latter. Moreover, the average of Ry for
the double-block sampling is six times larger than that for the simple sampling, while the standard
deviation for the former is approximately half of that for the latter. Thus the practical double-
block sampler drastically alleviate the weight degeneracy compared with the simple rolling-window

sampler.

Table 2: Summary statistics of Ry; and Ro; for the simple rolling-window sampler
and the practical double-block sampler (K = 2, M = 100)

Method Mean Std. dev.
Ry Simple 0.862 0.145
Practical 0.975 0.057

Ry  Simple 0.161 0.139
Practical 0.970 0.068

Finally, to assess the accuracy of the practical double-block sampler (with K = 2 and M = 100),
we compare the estimation results with their corresponding analytical solutions. The particles are
‘refreshed’” in the MCMC update step so that the approximation errors do not accumulate over
time. In Figure 5, the algorithm seems to correctly capture both means and 95% credible intervals
of the target posterior distribution. In Figure 6, true log marginal likelihoods and their estimates

are shown in with errors. The estimation errors are very small overall, implying that the proposed
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algorithm estimates the marginal likelihood p(y;:—g99.1) accurately for ¢ = 1001, ..., 2000.

Figure 5: True posterior means and 95% credible intervals (dotted black) with their estimates (solid

red) for u and o2 using the practical double-block sampler.
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Figure 6: Top: true log marginal likelihoods log p(y:—999.+) (dotted black) and their estimates (solid
red) by the practical double block sampler. Bottom: estimation errors log p(y:—999:t) —1og p(yt—999:¢)
for ¢t = 1001, .. .,2000.
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4.2 Realized stochastic volatility model

This subsection considers the RSV model given by (3)-(7) where the idealised double-block sampler

is not feasible. For the static parameter 6 = (u, ¢, 0727,5,03, p)', we assume the prior distributions
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as in Takahashi et al. (2009):

% ~ B(20,1.5), ¢ ~N(0,10), 02 ~ ZG(5/2,0.05/2), (39)

—1

1 ~0.3x0.1

S~ IW(5,%0), So= |5 : (40)
—0.3x0.1  0.01

using the transformation

2
o ool
oe =exp(u/2), c=&+u, ¥= € p 627’ , (41)
poeoy oy

where B(a, b) and ZW(r, S) denote a beta distribution with parameters (a, b), and an inverse Wishart
distribution with r degrees-of-freedom and the scale matrix S respectively. For y; and yo;, we use
Standard and Poor’s (S&P) 500 index data, which are obtained from the Oxford-Man Institute
Realized Library® created by Heber et al. (2009) (see Shephard and Sheppard (2010) for details).
The initial estimation period is from January 1, 2000 (¢ = 1) to December 31, 2007 (¢ = 1988) with
L+1 =1988. The rolling estimation started after this initial sample period and moved the window
until December 30, 2008 (7' = 2248). Thus the first estimation period is before the financial crisis
caused by the bankruptcy of Lehman Brothers and the last estimation period includes the crisis.
We first implement the simple rolling-window sampler. If the ESS is less than the threshold
(0.5 x INV), the particles are refreshed with the MCMC update 10 times. (see Takahashi et al. (2009)
for the details of the MCMC sampling). We set N = 1000 and construct the proposal density
qro(xe | 4—1,ys—1:¢) based on the normal mixture approximation (see Omori et al. (2007)), which
is expected to improve the weight degeneracy. Table 3 presents a summary of Ri; and Rgs. As
expected, Rot’s are low, so the update with MCMC kernel should be implemented in almost every
step. The results for Ry;’s also indicate that the ESS will be often less than the threshold to resample
all the particles. In fact, due to these problems, the resampling steps are implemented 271 times

for 260 data windows.

Table 3: Summary statistics for Ry and Rg; (t = 1988, ...,2248)
for the simple rolling-window sampler.
Mean Median Std. dev.

Ry 0.837  0.912 0.193
Roy  0.227  0.197 0.176

Next, we implement the practical double-block sampler with® M = 300 and N = 1000. Further we

always implement 10 MCMC iterations below unless otherwise stated. As a proposal density, we

®The data is downloaded at http://realized.oxford-man.ox.ac.uk/data/download
SWe also tried using other values of M but the computation time is the shortest with M = 300.
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simply use a prior density gt o(z: | T1—1,ys—1:4) = fo(xs | £1-1) to demonstrate that the practical
double-block sampler improves even when using the simple proposal. The summary statistics of
Rq; and Ry are shown in Table 4 where we use K = 5,10 and 15. In contrast to the simple rolling-
window algorithm, both means are close to 1 demonstrating that our proposed algorithm succeeded
in overcoming the weight degeneracy problem. As K increases, Ri; and Rg; become larger and less

dispersed, but the difference becomes smaller for K = 10 and K = 15.

Table 4: Summary statistics for Ry and Ry (t = 1988,...,4248)
using the practical double-block sampler.

K Mean Median Std. dev.
Ry 5 0981  0.995 0.058

10 0.985  0.996 0.053

15 0.98  0.997 0.055

Ry 5 0983  0.993 0.044
10 0.988  0.994 0.036
15 0988  0.994 0.035

Figure 7 shows the trace plot of estimated posterior means and 95% credible intervals for 6§ =
(1, ¢,02,€, 04, p) from December 31, 2007 (t = 1988) to December 30, 2016 (¢ = 4248). From the
rolling estimation results, we are able to observe the transition of the economic structure and the
effect of the financial crisis ( ¢ = 2150, ...,2213 correspond to September, October and November
in 2008) . The posterior distribution of u seems to be stable before ¢ = 4000 (January 7, 2016), but
its mean and 95% intervals decrease after ¢ = 4000. The average level of log volatility started to
decrease sharply toward the end of the sample period. The autoregressive parameter, ¢, continues
to decrease throughout the sample period indicating that the latent log volatility becomes less

persistent. The variances, o2 and o2, of error terms in the state equation and the measurement

n w
equation of the log realized volatility continue to increase, while the bias adjustment term, &, and
the leverage effect, p, become closer to zero during the sample period. The leverage effects in the

stock market are weaker after the financial crisis.
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Figure 7: Trace plot of estimated posterior means and 95% credible intervals for parameters for
S&P500 return in RSV model (from December 31, 2007 to December 30, 2016) using the practical
double-block sampler with 5 (dotted blue) and 10 (solid red) iterations for the MCMC step.
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Figure 8 shows three cumulative computation times (wall time) for the same period corresponding
to K = 5,10 and 15. The computation times with K = 5 and K = 15 are longer than that with
K =10. This finding implies that, when K = 5, the effect of the blocking is not sufficient to reduce
the path dependence between x; and xy— g1 (similarly, xs_; and xsyx). When K = 15, the Monte
Carlo error in the local conditional SMC increased the variance of the importance weights even
though there is a certain decrease in the variance due to the increase in K (we shall see more details

in Section 5)”.

TAlso see Supplementary Material C for the comparison of the computation time of the practical double-block
sampler with those of the MCMC and the particle MCMC.
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Figure 8: Cumulative computation times (wall time, unit time = second) (¢ = 1988, ...,4248).
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Finally, in Figure 9, we investigate the effect of the number of iterations in the MCMC steps on the
estimation accuracy of the posterior distribution function of 6 for the proposed sampling algorithm.
The estimation period is from January 1, 2000 to December 31, 2007 (t = 1,...,1988). First, the
MCMC sampling is conducted to obtain the accurate estimates of the distribution functions (solid
gray). Then we apply our practical double-block sampler with K = 10, M = 300 and N = 1000
for three cases: one, five and ten MCMC updates. Among three cases, the estimates obtained by 5
or 10 iterations are close to those obtained by the exact MCMC sampling. If only one iteration is
performed in the MCMC update step, the estimation results are found to be inaccurate because the
MCMC iterations not only diversify the particles but also correct approximation errors introduced
by the particle algorithm, which basically update only a part of the vector z_;,. The estimation
errors for the distribution function of p are most serious, probably because the mixing property
of MCMC sampling in the RSV model is poor especially with respect to p as discussed in the
numerical studies of Takahashi et al. (2009). Thus these results suggest that MCMC iterations
should be implemented a sufficient number of times in the MCMC update steps such that the

particles can trace the correct posterior distributions.
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Figure 9: The estimated posterior cumulative distribution functions of 6.
MCMC (solid gray) and practical double-block sampler:
1 (dashed green), 5 (dotted blue) and 10 (solid red) iterations.
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5 Theoretical justification

In this section, we provide theoretical justifications of our proposed algorithm in Section 3. We

prove that our posterior density is obtained as a marginal density of the artificial target density.

5.1 Forward block sampling

The artificial target density and its marginal density. We prove that our posterior density of
(2?1, 0") given ys_1. is obtained as a marginal density of the artificial target density in the
forward block sampling. The superscript n will be suppressed for simplicity below.

In Step 1-1(a) of Section 3.2.1, the probability density function of (:cfi}?, . ,xf’fll) =T K1

ki k41 k . .
and (a," ;7 ", ..., a." ) given (z4_g—1,0) and y;_g¢—1 is
ko K41 k T(Ti—Kt—1 | To—K—1, Ys—K:t—1,0)
p(wt—K:t—laat_K 7--'aati1 ‘ xt—K—l:yt—K:t—lae) = MK .
(42)
LM _ 1 M LM _ (1 M —kjyr LM\ ki 1M ‘ o
Let aj" = (aj,...,a;"), :cjk = (zj,...,z;") and q; = ;" \ a7 = aj" \ kj for j =
t—K, ..., t—1 where we note ajJH = kjand k; = 1in (24). Further, let a}*M. | = {a}M. ... ol M},
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—k. al- aM k- . . k K ki1
andz; 7 ={z;’,...,z;” P\z;". Then, in1(b), 1(c) and 1(d) of Step 1, given x—r—1, (2" % ..., 2, ) =

T—g—1 and (a7t L a )= (ki_k,...,ki_1), the probability density function of all variables
is defined as

k —k 1M —k —k k k
Yy (xt ;(Kw P Y Y ;{Kﬂa N xthfl:tfhatt]?Hy --vatipyth:t)
M
J— m
= H G-k 0(Tt2 g | Tk -1, Y1-K) ¥ H H j- 1 gq]e 7 iU T1 7yj)
m=1 j=t—K+1 m=
m#ks_ Kk m;ék]'
1 ki1 a4 k*
Xquo(@y | 325" ye) H 4 eqw £l ) X Vg (43)

In Step 1-2, we multiply Wi,y ;1) by p(vs | 27 g1, Ys—1:4-1,0") to adjust the importance weight
for Wi,_14. Let M = (2l apM) and oM = (aFM L aF ). Our artificial target

density (before the particle smoother step) is written as

S 1:M 1:M *
W(xsflzthfl, Ty Koty Mt Kt—1> kt 0 ‘ ys—l:t)

o 77(553 1:t—K— 1737?]?7-'- ft11a0|ys—1:t—1)
= KR
G O e N P s N 7 E O SR PR i NSNSV
Pt | t—r—1,Ys—1:4-1,0)
Pt | Ys—1:0-1)
o 77(55571:1571"9 | y371:t71)
MK
M L
Il a-xo@lr | m-x1,v-x) x H H fid 1QQJ9 2 )
mgéwk:th j=t—K+1 m;ékj

ayr kf
X quo(zy ‘xt 1y % H 19%9( T|$ti11ayt)x‘é75

m=2
Pt | Te—k—1,Ys—1:4—1,0)
P(yt | ysfl:tfl)

(44)

Note that p(y; | ys—1:4—1) is the normalizing constant of this target density, which will be shown in
Proposition 5.2. The proposed forward block sampling is justified by proving that the marginal den-

ke
sity of (s—1,. .., T—Kk—1,%, ¢ ..., %", 0) in the above artificial target density 7 is m(xs—1,. .., Ti—K—1,
k¥ k*
t— K
xth gy 7xtt ) 0 ’ ys—l:t)-
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Proposition 5.1. The artificial target density 7« for the forward block sampling can be written as

1:M 1:M *
7r(a:5 Lt—K—1, LVt Kty At Kt 17kt79’ys—1:t)

kf_ k*
. W(xsflsthfla «Iti;?v .. 7xtt ,0 | ys—lzt) m
= MEFT X H Qt—K,a(l‘t—K | To— k-1, Yt—K)

m=1
m#kL_ i
X H H Jj— 1,6’q39 ’xjj—llvyj% (45)

i=t—K+1 m=1
= mk?

* *

. . k; k . k k;
t—K t—K
and the marginal density of (Ts—1:0—K—1,%; j¢ > T4 0) IS T(Ts—1:—K—1, T, je 5+ T4 0 | Ys—1:¢)-

Proof. See Supplementary Material A.

Proposition 5.1 implies that we can obtain a posterior random sample (z5_1.¢,0) given ys_1.4 (with
the importance weight Wi,_; ;) by sampling from the artificial target distribution 7. This justifies

our proposed forward block sampling scheme.

Properties of the incremental weight. We consider the mean and variance of the (unnormalized)
incremental weight, p(y; | Ys—1:t—1, Tt—x—1,0). Proposition 5.2 shows that this weight can be con-

sidered an unbiased estimator.

Proposition 5.2. If

ki ky W(stfl;tf[(,l,fﬁfi}?, .. xt 1 79 | Ys—1:t— ].)
(338 1:it—K— 17th7" xt 17kt K:t— 170) MK
and
k —ky_ k _
(@ 3w M e N e k)~ g
where g is given in (43), then
Elpye | vt—k—1,Ys—1:4-1,D|ys—14] = ElpWe | ve—x-1,Ys—14-1,0) Tt 1, Ys—1:¢, 0]

= pye | Ys—1:4-1)-
Proof. See Supplementary Material A.
This shows that the incremental weight p(y: | x¢—x—1,¥ys—1.t—1,0) is an unbiased estimator of the
conditional likelihood p(y: | ¢4—x—1,Ys—1:4—1,0) given (z4—x_1,0). It is also an unbiased estimator

of the marginal likelihood p(y; | ys—1:4—1) unconditionally, which implies that p(y; | ys—14—1) is a

normalizing constant for the artificial target density 7.
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Further, from the law of total variance, we obtain the decomposition of the variance as follows.

Var([p(ye | Tt—rc—1,Ys—1:4—1,0) | Ys—1:]
= Varlp(ys | v+-x-1,Ys—1:4-1,0) | Ys—1:4]
+E [Var[p(ye | w5 -1,Ys—1:0-1,0) | Ts—1:0-K1,Ys—1:4,0]] -
The variance of the incremental weight consists of two components, including variance of the condi-
tional likelihood and (expected) variance which is introduced using M particles to approximate the
conditional likelihood. This decomposition identifies factors that influences the ESS of the parti-

cles. Regarding the first component, for any positive integers, K1, Ko, with K1 < Ks, the following
inequality holds:

Va‘r[p(yt i xthlfluyS—].:t—].) 9)] 2 Var[p(yt | xt7K2717y8—1:t—15 0)]7
which is a straightforward result from the law of total variance for p(y: | Tt—x,—1,Ys—1:t—1, 0) using
Elp(ys | ®—r,—1,Ys—1:4-1,0) | Zs—1:0—K2—1,0) = (Wt | Te—Kp—1,Ys—1:0-1,0). (46)

On the other hand, the second component may become large as K increases, but it is expected to

be controlled by changing the number of particles M.

5.2 Backward block sampling

The artificial target density and its marginal density. This subsection proves that our posterior
density of (z7.,,0™) given ys. is obtained as a marginal density of the artificial target density in the

backward block sampling. The superscript n will be suppressed for simplicity below.

kot ro—
In Step 2-1(a) of Section 3.2.2, the probability density function of( s T T ) = T sy K1
ks— ksir—
and (a,"7%, .. .,a5++K_12) given (r1p,0) and ys_1. is
ks—2 kst+k—2 71'(l'sflszrKfl | Ts+KsYs—1:ty 9)
P(l“s—lszrK—l, Qg 1501 g i Ts+KsYs—1:ts 9) = ME+ . (47)
In 1(b), 1 d 1(d) of Steps 2, gi ko1 Fork-1y _ ko2 Fork-2y _
n 1(b), 1(c) and 1(d) of Steps 2, given x4y, (2,75 e Ty 1) = T Lish K1, (a7 e ) =
(ks—1,. .., ks+x—1) and ys_1.s+Kx—1, the probability density function of all variables is defined as
o=k koK1 ko e ks ke
Yoo, 17w ST e a TR | Tt i, 0 0 K L Ys— 1t K1)
M s+EK—2 M

_ m i m ) k3
= H QS+K71,0($3+K71 ms+Kays+K71) X H H jil GQJG | x]il 7yj) ‘/579'

m=1 j=s—1 m=
m#ks k-1 m;ék

(48)

In Step 2-2, we divide Wi,_y s by p(ys—1 | 25, ys:t,0") to adjust the importance weight for Wi .

Similarly to the discussion in Section 5.1, we consider an extended space with the artificial target
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density written as

Tr(l.;z\/l[:erKfl? Ts+ Kty aiz:%rKfla k8—17 k:7 0 | yS—llt)
77(55371:25’ 0 | ysflst)

ME+1
M s+K—-2 M o
+1 2 "

X I @sx10Glix | zorrvsix—1) x ][] H V]ilg%e j |3333H )

m=1 j=s—1 m=

m#ks k-1 m#k

kX p(ysfl | ys:t)

X Vg X (49)

ﬁ(ys—l | Ts+K>Ys:ts 0) ’

where p(ys_1 | ¥s:t) ' is the normalizing constant of this target density as shown in Proposition 5.4.
Below we state Proposition 5.3 for the backward block sampling, which correspond to Proposition

5.1 for the forward block sampling.

Proposition 5.3. The artificial target density 7 for the backward block sampling can be rewritten

as

~ o 1M 1:M *
7T(x571:§+K717 Ts+K:ts Cgis+K—1) kS—la ks ) 0 ’ yS—lit)

k% kiik—_1 M
77('778 a-"nyiK,17$s+K:t70 | ys:t) m
= ME X H Ao+ K—1,0(Ts k1 | Tst K, Yst K —1:¢)
m*zl
m¢k3+K 1
+K—
J+1 m il allt

H H +10q]9(j |xj+]_7y] H 9% Lo(zely | =g ,ys,l)XV 19> (50)
g=s myék*

. . k% k:+K 1 . k% k;—K 1

and the marginal density of (vs*,..., 2 ¢ |, Tsirc, 0) is (25", T 10 11 Toy ity 0 | Yst)-

Proof. See Supplementary Material A.

Although the probability density (50) in Proposition 5.3 has a bit different form from that of (45)
in Proposition 5.1, its marginal probability density is found to be the target posterior density
7T($s:t,9 | ys:t)~

Properties of the incremental weight. Similar results to Proposition 5.2 hold for the backward block

sampling, and are summarized in Proposition 5.4.

Proposition 5.4. If

ks—1 kstr—1
( ks—1 kst+r—1 L 9) -~ 7r<x5_1 PR 7x5+K_17x8+K:t79 ‘ ys—l:t)
T 15Ty g_17Ts+Kity Ns—1is+K—1, ME+1
and
—ks—1 _ks+K—1 —ks—1 _k9+K 2 * A
(1 ag T a (NN RS) ~ e,
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where g is given in (48), then

E[ﬁ(ys—l |m8+K7ys:t>0)_1] = E[ﬁ(ys—l ’xS-I—K:ys:tae)_l ’xS-I—Kyys:tae]
= p(ysq |ys:t79)_1-

Proof. See Supplementary Material A.

5.3 Particle simulation smoother

In Whiteley et al. (2010) and the discussion of Whiteley following Andrieu et al. (2010), the
additional step is introduced to explore all possible ancestral lineages. This is expected to improve
the mixing property of the particle Gibbs (see e.g. Chopin and Singh (2015), Lee et al. (2020)).
We also incorporate such a particle simulation smoother into the double block sampling based on
the following proposition.

Proposition 5.5. The joint conditional density of (kj_y,...,k{) is given by

ﬁ—(kzk—K) ey k?‘xs—l:t—K—b xtlz—]\;[(:m atlz—]\;[(:t—la Ys—1:ts 0)

A (7% 1:M 1M
= Akt |Ts—1:-K—1, Tt " gcps O K41, Ys—1:45 0)

t—K
k¥ *
A (1. 1:M 1:M to+1 k *
X H W(ktoyxsflzthfhwth:toaath:to—lvﬂftoH 7"‘7xtt7kto+1:t7y8—1it)'9)7 (51)
to=t—1
where
~ k* 1:M 1M kzo-&-l ki k* 2]
7( to‘xs—lzt—K—hxt—K:to:at—K:to—laxt0+1 o Ly Ko 1y Ys—1its )
k*
m j+1 m .
Sk m — j,9f9($j+1 |ij s Yj+1) (52)
- t0707 ]79 -

M . k* . :
i1 ij,efe(mjﬂl | 25 Yj1)

Proof. See Supplementary Material A.

Suppose we have (:Es_lzt_K_l,a:%:_]\;[(:t,a%:_]\f(:t_l,k:,@) ~ 7 where 7 is defined in (44). In Step 1-
1(d), the lineage kj ), is automatically determined when kj is chosen. The particle simulation
smoother breaks this relationship and again samples kf_ j, jointly by generating k7 ~ M(‘_/jléM ),

j=t—1,...,t— K, recursively.

6 Conclusion

In this paper, we propose a novel efficient estimation method to implement the rolling-window
particle MCMC simulation using a SMC framework and refreshing steps with MCMC kernel. The
weighted particles are updated to learn and discard the information of the new and old observations
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using the forward and backward block sampling based on the conditional SMC algorithm, which
effectively circumvent the weight degeneracy problem. The proposed estimation methodology is
also applicable to the ordinary sequential estimation with parameter uncertainty. The illustrative
examples show that our proposed sampler outperforms the simple rolling-window sampler.
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Supplementary Material

A  Proofs

A.1 Proof of Proposition 5.1

We first establish the following lemma which describes a property of the local conditional SMC.

Lemma A.1. For anyt andty (t — K <ty <t),

ko
7T(ajsfl:thfla-Ttt_[?; .. xto ,9 | Ys— lto)
Mto—(t—K)+1

M
Il ookl x1,mx)x H H b 0q19 7 % ) (53)
m=1 j=t—K+1 m=

m;ék:t,K m kj
M
= T(@s—1:-K-1,0 | Ys—1:0— K1) X H @G-r0(T" K | Te—K—1,Yt-K)
m=1
a Py, Ix y 0)
t—K—15 1:5—1
x H ijleqaﬁ ‘xg 1aya XV; X H : | = j) —, (54)
j=t—K+1m=1 j=t—K y] Ys—1:5—1
where
1 Y m
~ a;_ .
PYj | Be-k—1,Ys-1:5-1,0) = M Z U‘a(l‘jifvﬂ?;n), J=t—-K, ... to, (55)
m=1
with x:’_}é{__f =xy_K_1 and a?ﬂl =kj1,j=t—-K+1,...,t

The probability density (53) corresponds to the target density m; of SMC? in Chopin et al. (2013) which
includes the random particle index. For the particle filtering, the forward block sampling considers the density
of x1'*M. . | conditional on (zs_1.4—x_1,0), while SMC? considers that of x1:M conditional on §. Further, the

former updates the importance weight for (zs_1.,60) and the latter updates that for 6 sequentially.

Proof of Lemma A.1. Using Bayes’ theorem and

am
am my — fo(z |z, 11ayj71)96(yj | ")

/Ujﬁ(xjil ,ij ) - 17 . 'aMa
aj0(z |96J 1Y)
the numerator of the first term in (53) is
ki K
7T(:Esfl:iffolaxtfl{ PR xto 10 | Ys—1: t())
(s 1:0-K-1,0 | Ys—1:0- K1) ki1 k;
= 9 x.i 5 s 9 - €T .
p(yth:to |y571:t7K 1 H f I i=1 Yi 1)9 (y]| J )
j=t—K
(xsltK179|ys ltKl H k;
= vj,0(x e 1 z;’ H gj.0(z |% 1Y) (56)
(yt—K:to |ys—1:t—K 1 iy iy



Thus we obtain

kt—K 9 t m
(53) . T(xsfl:thflgxtiK o xtO B | Ys—1: t() % H H ) ( m | a;’ )
= Mto—(—K)+1 25,0\%5 [ Tj—1,Yj
j=t—K m=1
m#k;
to M

to M
o W(xs—l:t—K—lao | ys—l:t—K—l) % H H ¢ 0(33m | xa;’ll y.)
= 3,0\ T 5 j=1Yj

Mto=C=K)Fp(y g | Ys—1:0—k—1)

j=t—K m=1
to M
kj—2 kj—1 jn ko*1 kto
X H vj-1,0(® Ti_g T 1) H 2 10xvt0,9(xto 15 Z4,°)
i=t—K+1 m=1
J m;ék‘]‘
to
T(Ts—1:0-K-1,0 | Ys—1:0- K1) m| 851
= % < IT I aioad 12575 5)
H] =t— Kp(yj ‘ys—lzj—l) j=t—K m=1
to tO
1
X H HVJ XVZX prj|xtKlayS 1:5— 170)
j=t—K+1m=1 j=t—K

and the result follows where we substitute (56) in the second equality, and used the definition of p(y; |

Ti—K—1,Ys—1:j—1,0) in the third equality. O
Using Lemma A.1, we obtain Proposition 5.1 as follows.

Proof of Proposition 5.1.
By applying Lemma A.1 with tg = ¢ — 1 to the first three terms of (44), we obtain

(:ES Lit—K— 1"%% hlf(tvai}%t 17k;<7(9 | ysflzt)
M
= W(xs—lzt—K—lae | ys—lzt—K—l) X H Qt_Kﬂ(SC;n_K | xt—K—layt—K)
m=1
L |f17 y 0)
k t—K—1 1:5—1
X H H ]19%9 |le7y]) tflbx H J ‘ s Ys— j) s
j=t—K+1m=1 J=t—K yg Ys—1:5—1
1 ket w ai”y m| 0t ki DWW | Ti—k—1,Ys—1:0-1,0)
X qtﬂ(zt | Ty q 7yt) X H Vt_'LQQt,e(It | Ty q ,yt) X ‘/t,O X
m=2 p(yt ‘ ysfl:tfl)
M
= T(@s-1:t-K-1,0 | Ys—1:0- K1) X H G-k0(@ g | Tk -1, Y- K)
m=1
: i m ! py]|xt K—1,Ys—1:5— 1;0) kf
X H HVJ 1,9qJ, ]’j1|y_]x H | ) x Vi
j=t—K+1m=1 =t K P | Ys—1:5-1

where we note a}_; = k;—1 and k; = 1. Apply Lemma A.1 with ¢; =t and k;, = k; to the last equation and
the result follows. O



A.2 Proof of Proposition 5.2

We first define the probability density function

1:M 1:M
¢9,0($t—K:t7 At _Kit—15 ké‘ | ¢ r—1,Ys—1:t)

T(Ti—kt—1 | Te—k—1,Ys—1:t—1,0)

- MXE
—ki— K ki1 1:M _—ki—K+41 —k * kt— K41 k¢
XPo(w, i ooy ey g e Gk | Tk 11, @ e 0 Y Kt) s
ki Kk ki1
where (z," )0, ..., 2,") = ¢4—K4—1 and

W(xs—l:t—lae ‘ ys—lzt—l)
T(Ts—1:6—K—1,0 | Ys—1:4—1)

T(Te— g1 | Te—K—1,Ys—1:t—1,0) =

Noting that

DY | Tem k-1, Ys—1:—1, O)o,0(xf e af N1, ki | T re—1, Ys—1:t)

. LM LM « Pt | Ys—1:0—1)
= T Lsg—1t—K—1sTt_ 45 Ay _proq_ kS, 0 —1:
( s—1:t y Vt— Kt Ot—K:t—15 R ‘ys t)ﬂ'(xs—lzt—K—l,H ’ yS_M_1>,

where we used the definition of 7 in (44),

Ewg,o [ﬁ(yt | Tt—K—1,Ys—1:t—1, 9) | Tt—K—15Ys—1:ts 0]

A 1:M 1:M * 1:M 1:M *
= /p(yt | $t—K—1,ys—1:t—17G)W,O(fﬁt—l{:uat—fc:t—l:kt | 2t k-1, Ys—1:4)day " pday ey dk;

1:M 1:M p(yt | ys—lzt—l)

A 1:M * 1:M *
= (s 14— K1, Tyt O g1, Ky 5 0 | ysf1:t)dfft—K:tdat—K:t—1dkt
T(To—1—K—-1,0 | Ys—1:4—1)

T(Ts—1:t—K—1,0 | Ys—1:6)P(Yt | Ys—1:0—1)
T(To—14—K—1,0 | Ys—1:4—1)
= pyt | To—14—K—1,Ys—14-1,0) =Pyt | Tt—K—1,Ys—1:t—1,0).

Also it is easy to see
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A.3 Proof of Proposition 5.3

We first establish the following lemma as in the proof of Proposition 5.1.



Lemma A.2. For anyt, so ,ands (s —1<sy<s+ K —1),
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Proof of Lemma A.2.
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Proof of Proposition 5.3.

By applying Lemma A.2 with sg = s — 1 to the first three terms of the target distribution in
(49), we have
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where we again applied Lemma A.2 with so = s and ks—1 = k}_; in the last equality. O

A.4 Proof of Proposition 5.4

Proof of Proposition 5.4.
We first define the probability density function
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Proof of Proposition 5.5

Proof of Proposition 5.5.
Consider the joint marginal density of (45):
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where we use Lemma A.1 at the equality.



B Sequential MCMC estimation without rolling the window

We first give the initializing algorithm which is obtained by skipping the discarding step (Step 2)

in the particle rolling algorithm. Next, we describe how to estimate the marginal likelihood.

B.1 Algorithm
(1) At time j = 1, sample (27, 0") from 7(z1,0 | y1) forn=1,...,N.

1. Sample 0" ~ p(), and "™ ~ q1 g (- | y1) for each m € {1,..., M}.
2. Sample ky ~ M(Vlné}fM) where

oLon(27™) _ pon (@) g (g1 | 7).

yrm , vygn(2]™) (62)
v S o (@h)” qon (@7 [ 1)
3. Set zf = :L'?’kl and store (z',6") with its importance weight
M
Wi o plyr [ 07), plyr [ 07) = ) vign(a)™). (63)
m=1

(2) At time j = 2,..., L + 1, implement the forward block sampling to generate x7. ; and 0", and

compute its importance weight

Wit o pys | 251, 415-1,0") x Wiy, (64)

M
R 1 nal"y
B | ks yr-1,0") = 37 D vian (w2 ) ™). (65)
m=1
For j < K, we set K = j — 1, and all particles of z7; are resampled.

Especially when j is small and the dimension of x1; is smaller than that of 6, the MCMC update
of 0 could lead to unstable estimation results. We may need to modify the MCMC kernel or skip

the update in such a case.

B.2 Estimation of the marginal likelihood

As a by-product of the proposed algorithms, we can obtain the estimate of the marginal likelihood
defined as

p(ys:t) = /p(ys:t | ms:tae)p(xs:t | e)p(e)dl's:tdea (66)
so that it is used to compute Bayes factors for model comparison. Since it is expressed as

P(yt | ysflztfl)

P(Ys—1 | Ys:t) P(Ys-r:t-1), (67)

p(ys:t)
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we obtain the estimate p(ys.¢) recursively by

. Pt | Ys—14-1) .
p . = — 68
(y8t> (ys—l ‘ ys:t) (ys 1:t— 1) ( )
where

N
P | Ys—r-1) = D Wiy b | 27 g1, ys1:0-1,0"), (69)

n=1
P(Ys—1 | Ys:t) = ZW[S 1.4P D(Ys—1 | TGy k> Ysits 07), (70)

using (28), (29), (34) and (35). The initial estimate p(y1.r.+1), L =t — s is given by

L+1
Plyrc) = ) [] 2w 1 yr5-1), (71)
j=2
where we use (63), (64) and (65) to obtain
N N
Z Py | 07),  pyj | yij-1) = Z Wiy | 2 k1, y1:5-1,0"). (72)
n=1 n=1

C Additional comparison in the RSV model

We compare the computation time and the ESS of the practical double-block sampler with those
of the MCMC and the particle MCMC. For the initial sample period (using yi.1988), the MCMC
sampling is implemented with 10,000 iteration (2,000 MCMC samples in the burn-in period are
discarded). Table 5 shows the computation times® and ESSs® for three methods.

8The total computation time for the MCMC and the particle MCMC to complete the rolling-window estimation is
obtained by multiplying the computation time for the initial sample period by 2261. Thus we obtain 1,293 x 2,261 =

2,923,473 and 3,189 x 2,261 = 7,210, 329 respectively.
9The ESS is computed as the average of the ESSs during the rolling estimations for our double-block sampler, while

that for each parameter is computed as the MCMC sample size (10,000) divided by the inefficiency factor (defined as
14237, ps, where ps is the MCMC sample autocorrelation at lag s).



Table 5: Computation times for the double-block sampler, MCMC and the particle MCMC.

Time (seconds) Param. ESS
Double-block sampler 142,709 729

MCMC 2,923,473 35
1764
189
3942
2 636
257

Particle MCMC 7,210,329 pu 40
1) 2184
o2 221
¢ 4878
o2 656
P

189

The recursive estimation using the standard MCMC or the particle MCMC takes 20-50 times longer
than our proposed method. If we take account of the ESS, it would take 400-900 times longer. These
results show that the computation time for our proposed method is much smaller compared with

recursive estimations using the standard MCMC or the particle MCMC.
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