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Multi-agent Robust Optimal Investment Problem in
Incomplete Market

Keisuke Kizaki* Taiga Saito! Akihiko Takahashi?
November 13, 2023

Abstract

This paper considers a multi-agent optimal investment problem with conserva-
tive sentiments in an incomplete market by a BSDE approach. Particularly, we
formulate the conservative sentiments of the agents by a sup-inf/inf-sup problem
where we take infimum on a choice of a probability measure and supremum on
trading strategies. To the best of our knowledge, this is the first attempt to inves-
tigate a multi-agent equilibrium model in an incomplete setting with heterogeneous
views on Brownian motions. Moreover, we show a square-root case and a general
case where the trading strategies and the excess return process of the risky asset
in equilibrium are explicitly solved. Finally, we present numerical examples of the
trading strategies and the expected return process in equilibrium under conserva-
tive sentiments, which explain how the sentiments affect the trading strategies of
the agents and the expected return process of the risky asset.

Multi-agent system, robust control, portfolio optimization, financial application

1 Introduction

This paper investigates a multi-agent optimal investment problem under an incomplete
market setting with heterogeneous views on fundamental risks represented by Brownian
motions. Particularly, we consider an exponential utility case, where the degrees of risk
aversion and the conservative views on the fundamental risks differ among the agents.
Also, we obtain the expected return process of the risky asset and the trading strategies in
equilibrium. To the best of our knowledge, this is the first attempt to solve for equilibrium
in a multi-agent model under an incomplete market setting with heterogeneous views of
the agents. Our work enables asset pricing under heterogeneous conservative views of the
agents in an incomplete market setting.

Sentiments of the market participants affect asset prices in financial markets, such as
bond prices and stock prices, particularly after the global financial crisis (e.g., Nakatani
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et al. [18] and Nishimura et al. [17]). The number of fundamental risks driving the finan-
cial market is generally considered to exceed the number of risky assets as in stochastic
volatility models. Thus, considering heterogeneous views of market participants in an
incomplete market setting is important. Moreover, this study is useful since how the
expected return on the risky asset changes when the sentiment of the market participants
varies is essential in constructing a profitable trading strategy. For instance, when the
major market participants in the equity market have different views and when their views
change, it affects the equity prices through the trading of the market participants. If the
sentiment changes are expected, it enables us to construct a trading strategy by predicting
how the expected return on the risky asset shifts. Furthermore, policymakers, such as
central banks, can estimate the effect of their announcement on the equity market through
the change in the bandwidth of the sentiments of market participants in the model.

Since, in an incomplete market, the fundamental risks cannot be replicated with the
tradable securities, the market price of risk that defines the risk-neutral probability mea-
sure used for securities pricing is not uniquely determined. In this study, we observe how
the heterogeneous sentiments affect investment strategies and the expected return pro-
cess in an incomplete market setting, where the number of Brownian motions is greater
than the number of risky assets. Moreover, we obtain each agent’s subjective probability
measure that incorporates the agent’s views on the fundamental risks in pricing.

The motivation of this study is to consider the multi-agent equilibrium optimal invest-
ment problem with sentiments in an incomplete market setting, which is an extension of
existing studies. Since the incomplete market setting where the number of uncertainties
exceeds the number of assets is a more practical situation, which is implemented in mod-
ern risky asset price processes such as the stochastic volatility models, it is beneficial for
traders and policymakers to utilize the prediction of the expected return process of the
risky asset depending on the shifts in the market sentiments.

For related literature, Petersen et al. [24] introduce relative entropy constraints to a
stochastic system where the worst case is considered as a choice of a probability measure.
Hansen and Sargent [7] apply the robust control theory to finance. They deal with a
single agent’s utility maximization problem with a choice of a probability measure on
the conservative side. Also, as a problem of a choice of a probability measure, Chen
and Epstein [2] investigate an optimal consumption problem in finance with ambiguity on
risks. On the other hand, Choi and Larsen [3] derive incomplete market equilibrium under
exponential utility without a choice of a probability measure. Kizaki et al. [12] consider
a multi-agent optimal portfolio problem with conservative and aggressive sentiments in
a complete market setting. Our work is different in that we incorporate heterogeneous
views on the fundamental risks of multiple agents to obtain the expected return process
in equilibrium in an incomplete market setting.

Also, for sentiments in the markets, Nishimura et al. [17] and Nakatani et al. [18]
estimate sentiment factors in the interest rate models by using a text mining approach
for the Japanese government bond markets. Saito and Takahashi [27] investigate a sup-
inf problem on aggressive and conservative sentiments for a given state variable process.
Saito and Takahashi [28] solve a sup-sup-inf problem for a single agent, where the agent
works on an optimal investment problem under aggressive and conservative sentiments
by a Malliavin calculus approach. Our work investigates a multi-agent model with sup-
inf/inf-sup problem for individual optimization problems in an incomplete setting, where



we solve for an equilibrium expected return process of the risky asset and the subjective
probability measure of the agents, which are useful in pricing assets with heterogeneous
views on fundamental risks.

Specifically, for optimal portfolio problems on multi-agent systems, Yang et al. [33]
investigate principal-agent problems for a contract design with multiple agents, where a
principal solves a utility maximization problem. Leung et al. [16] consider a decentralized
robust portfolio optimization problem with a cooperative-competitive multi-agent system.
(For other studies on multi-agent systems, see e.g., Kumar & Bhattacharya[l3], Lee et
al.[15], Park et al.[23], Pinto et al.[26], Gharesifard et al. [6] and Yang et al. [34],[35]. For
applications of stochastic control to optimal portfolio problems in financial risk manage-
ment, see, e.g., Cui et al. [5], Kasbekar et al.[11], He et al.[8], Ni et al.[19],[20], [21], Ye
and Zhou [36], Lamperski and Cowan [14], Sen [30], Jiang and Fu [9], Wu et al.[32], Aybat
et al. [1]). Our study differs in that we investigate market clearing on assets among the
agents, who have different views on Brownian motions and risk-aversion parameters, to
obtain the expected return process in equilibrium.

The contributions of this study are as follows. To the best of our knowledge, this
study is the first attempt to investigate the multi-agent equilibrium under an incomplete
market setting where the agents have heterogeneous views on fundamental risks. Kizaki
et al. [12] obtained the market equilibrium where the agents have heterogeneous views on
fundamental risks but in a complete market setting. This study extends the case to an
incomplete market setting, where the number of Brownian motions that drive the market
exceeds the number of risky tradable assets. Specifically, with a square-root case, where
the standard results for the existence and uniqueness of a solution and the comparison
principle for the BSDE with stochastic Lipschitz driver do not apply since the terminal
condition is unbounded, we first solve the sup-inf/inf-sup problem for the portfolio (the
sup part) and the conservative view (the inf part). Then, we provide a general case where
a Gaussian case in Appendix B, in which the existence and uniqueness of a solution and
the comparison principle for standard BSDEs hold, is also included.

For the practical contribution, we solve the expected return of the risky asset in an
incomplete market. By the expression of the equilibrium expected return, traders can
predict the changes in the expected return of stocks by the shift in the market sentiments
and construct a profitable trading strategy. Also, policymakers such as central banks can
make announcements at the best timing, predicting the effect of their announcement on
the return of the risky assets by affecting the bandwidth of the sentiments of the market
participants.

The organization of this paper is as follows. After Section 2 introduces the individual
optimization problem in an incomplete market, Section 3 shows a square-root case, where
the excess return process in equilibrium is explicitly solved. Section 4 provides numerical
examples. Section 5 provides a theorem for a general case that also includes a Gaussian
case in Appendix B. Finally, Section 6 concludes. Appendix A provides the proof of the
theorem in Section 5. Appendix B presents a Gaussian state process case, an example of
the general case in Section 5.



2 Setting

In this section, we explain the multi-agent model with heterogeneous views on fundamental
risks in an incomplete market. Firstly, we describe the setting of the financial market
and then introduce the individual optimization problem of each agent. We consider the
following financial market where there are I agents trading one risky asset and a money
market account.

Let (Q,F,P) be a probability space. Let (Wy,Ws) be a two-dimensional Brown-
ian motion defined on the probability space. Let {F;}o<i<r be the augmented filtration
generated by the two-dimensional Brownian motion (Wy, Ws). Let py, oy, 0, ps, ps =
V1 —p%, be R-valued {F;}-progressively measurable processes defined on [0, 7. Partic-
ularly, we assume oy > 0, [pss| <1, 0 <t < T, and hence |ps:| < 1. z0,y0,i =1,...,1
are positive constants. Let A = (Ay, \g)" be a R?-valued {F;}-progressively measurable
process. Also, S\YJ-, 5\571», i=1,...,1, I > 2 are R-valued {F,}-progressively measurable
processes.

Let Sy, S1 be the price process of the money market account and the risky asset
satisfying SDEs

dSO,t = T’S()ﬂgdt, SO,Q = 1,
dSyy = ppS14dt + 0¢S14(psedWyy + psidWsy),
Sl,t =D (1)

where the initial value of the risky asset price p is exogenously given. Specifically, we as-
sume r = 0 throughout this study and obtain the expected return process p in equilibrium,
which satisfies market clearing conditions.

Suppose that there exist I agents in the market who trade the money market account
and the risky asset aiming to maximize their expected utility on the sum of the wealth
and the wealth shock represented by the state process at the terminal time T. Let m;
be the portfolio process satisfying fOT | spts|ds < o0, fOT m},02ds < 0o, P — a.s., which

describes the allocation of the agent ¢’s portfolio on the risky asset on value basis. Then
X™ the wealth process of agent i, satisfies an SDE

dX{" = 7 0rordt + 71015 dWyp + psidWs,z),

where 0, = ﬁ—:

Let A; be a set of admissible strategies which will be specified depending on the
respective cases in Section 3 and Appendix B so that arbitrage opportunities are excluded
for agent 1.

Let A; = {\ = Ay, As) T Avie] < Aviiss [Asie] < Asiii} with exogenously given Ay s, Mgz >
0.

Next, let Y be the state process, which satisfies an SDE

dYy = pydt + oy dWy s, Yo = . (3)

This state process Y is a source of incompleteness, which cannot be traded in the market
and could affect p, o, pg, ps of the risky asset price process Sy in (1). We assume that
one-time wealth shock Y7 at the terminal 7" is common among the I agents.
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Agent i, 2 = 1,..., I has an exponential utility function u; on the sum of the terminal
wealth X7 and the one-time wealth shock Yr, where u;(z) = —exp(—,;x), 7 > 0.

Remark 1 We remark that although we assume the one-time wealth shock is Yr for all
1 =1,...,1, which is common among the agents, for simplicity, we can also handle the
case where the wealth shock at the terminal T for agent i is a linear functional of Yr such
as ;Y + B;, where oy, B; € R are constants, in the same way. This model corresponds
to the case where o; = 1 and [; = 0, which indicates a positive wealth shock if Yr > 0.
When o; < 0 with Yr > 0, this implies a negative wealth shock.

Also, the agent has conservative views on the fundamental risks related to the risky asset
price and the state process. The agent aims to maximize its expected utility by choosing
the trading strategy m; while minimizing with respect to the views Ay and A\g on the
fundamental risks Wy and Wy, respectively. Thus, we consider the following sup-inf/inf-
sup problem as the individual optimization problem.

sup inf E" [~ exp(— (X + Vo)), (4)
inf sup B [ exp(—u(XF + ¥r)] )

where P? is defined as

1 (T T T
—— =exp ——/ (AL, + AY,)dt + / A1 dWg +/ Ay dWyy |.
dP 2 O ’ ’ 0 0

As in Section 3 and Appendix B, when the weak version of Novikov’s condition (e.g.,
Corollary 3.5.14 in Karatzas and Shreve [10]) holds, by Girsanov’s theorem, dWs; =
AW3, + Asudt, AWy, = dW3, + Ay,dt, where (W3, W3) is a Brownian motion under P*.
Thus Agdt and Ay,dt indicate the agent ¢’s biases on the instantaneous increment of the
fundamental risks dWg, and dWy.

Then, given the optimal trading strategies 77,7 = 1,..., I obtained by the individual
optimization problems (4) and (5), we call that the market is in equilibrium if the following
market-clearing conditions are satisfied.

1

d owl,=0,0<VE<T. (6)
=1
and
I *
(X[ —w)=0,0<VE<T, (7)

i=1

where (7f, ), ¢ = 1,...,1 are the pairs that attain the sup-inf/inf-sup problem in (4)
and (5) for agent i. (6) is the market clearing condition for the risky asset position, and
(7) is the market clearing condition for the money market account, which follows from
(2) and (6).



In the following sections, our aim is to find the expected return process p of Sy in (1)
in equilibrium. Concretely, first presupposing the form of the views on the fundamental
risks \Y = (A}, A5,) ", i = 1,..., I, we solve the individual optimization problems (4) and
(5). Then, imposing the market clearing conditions (6) and (7), we obtain the candidate
of the expected return process in equilibrium. Finally, in theorems, given the candidate
of the expected return process p, we solve the individual optimization problems (4) and
(5) and confirm that the market is in equilibrium.

3 The square-root case where the sup-inf/inf-sup in-
dividual optimization problem is solved

In this section, we show the second case where the individual optimization problems are
concretely solved. We consider the sup-inf/inf-sup problem

sup inf EY [ exp(—v (X7 + Y7))]

T EA; ANENG

inf sup EF [ exp(— (X7 + Y1), (8)
AEA; mEA;

with the following square-root process for Y instead of (3).

dYy = (pyeYe + pyo)dt + oy YidWyy, (9)

where piy1, fty,2, oy are nonrandom processes with gy, <0,y > 0,0y >0, 0 <t <
T.

Let 7 be a { F; }-progressively measurable process with f m202ds < 0o, P—a.s. We also
assume that A;, the set of the views on the fundamental risks )\ has the followmg square-

root form A - {/\ - (le t\/Yta lSzt\/7t> | th S let < /\Yz 3t /\g,z‘yt S lS,i,t S )\g,i,t}a

where Ay, and \g; are nonnegative random processes.

We consider the set of admissible strategies A; as A; = {m;| X™is a Q;\:—supermartingale},
where Q?" is defined as

QX eve) ap
AP EPu(XF +Yy)] 4P
where /\Zt = (- /\;zt\/VtJ Agzt\/?t)T it = (et + IOSt)‘th\/?t"‘ pSt/\Szt\/_

Yio
ViPs,Oy iV Ye), by = ZJ 1 7 I'(ps A Y]t\/_
—l—pgt)\sjt\/?tjtfy]pgta]tayﬂ/?t) Here, I' = ZI — and (aj,...,a}) is a unique solution

717

of Riccati equations (10) defined in Theorem 1 in the following.
The sup-inf/inf-sup problem is solved, and the trading strategies and the expected re-
turn process in equilibrium for the square-root case are obtained in the following theorem.



Theorem 1 Suppose that the system of Riccati equations

.k
—Q;
I

1
* ~ * * * ~ * * 2
27 5 — pS,t)\YJ,t + pS,tAS,j,t + ’VjpS,taj7tUY,t) - pS,tAYﬂ',t - pS,t)\S,i,t - ’Y@',OS,tai,tUY,t)
[R— Vi

* * 1 *
+a;, (v — Ay 0vie) — o i Z%U?/ta
afp=1,i=1,..1, (10)
has a unique solution (a3,..., a}) in [0,T].
In addition, we assume that the solution (aj,...,a}) satisfies the following conditions
P ~ 1
S, * ~ * * * ~ * * *
T‘t (Z —L(psiAV i T PsaASju + ViPsiOveas,) — PsiAyie — PsiAsi — %‘PS,tUY,tai,t) +oya;, > 0,
i J

J=1

(11)

I

Ps,t 1 ~ N

- (Z /711<p5,t)‘;,j,t + PstNG ¢ VPOV ) — PStAYy — PSSy — ViPstOvdiy | > 0.
i \op i

(12)

Then, for the expected return process p in (1) given by

1

1 ~ *
pe = 04ty = oy Z ;F(PSMQJ;N Yi + psiNs eV Ye + Vipsia; 0y Ye),
J

j=1

(77, A7) where 7}, = ﬁ(et — P3NV VYE — Psa NG VYE — vipsaar,0veVYe) and
Ary = (=X VY =N VY) T attains the sup-inf/inf-sup problem (8) and the market is
m equilibrium.

Remark 2 In the numerical ezample in Section 4, we will show a case where the Riccati
equations are numerically solved, and the solutions satisfy the conditions (11) and (12).
As we will observe in Section 3.2, the conditions (11) and (12) indicate Zg and Zy are
positive, and (33) further implies that the agents’ positions are long on the risky asset.
Since the agents are conservative with respect to their views on the risks of the risky asset
and the endowment, X5, = —Agsgn(Z3,) and Xy, = —Ayusgn(Zy,) indicate that they
see less expected return on the risky asset and the endowment process under the subjective
probability measure P than the return under the physical probability measure P. We
may also consider the opposite case where some agents are short on the risky asset, which
corresponds to Zs and Zy being negative, which indicates that the agents see higher drift
on the long risky asset positions and the endowment process under P> than the drift
under P.

Proof.



First, an inequality sup,. .4 infy,ea, Ji(Ai; 7)) < infyen, sup,,ca, Ji(Ai, ;) naturally
holds since the admissible set A; is independent of \;, where A; is a set of strategies m;
such that X™ is a supermartingale under Q?:.

The opposite side of the inequality sup,.¢ 4. infx,en, Ji(Ai, m:) > infyen, sup,. e, Ji(Ai, Ti)
also holds, which can be proved by showing (A, 7}) is the saddle point, i.e.,

(R 2

JiNL ) < SO

(% Z

) < J()\Z,Wl> V)\Z € Ai,’/Ti S ./41 (13)

Thus, in this square-root case, the inf-sup and the sup-inf case are solved and proved
to coincide.
In the following, we will show that the first part of (13)
T ) < GO ), (14)

(R Z

follows from the convex duality argument and the second part of (13)

Ji(Af

(% Z

) < Ji(Niy ), (15)

follows from the martingale representation of R; under P where we define R;; =
—exp(—yi(X[" + Viy)) with V; satisfying following BSDE.
For X7, = (=Ay; v Ye, —Ng,;,V/Y:) T, we consider a BSDE under P

d‘/z‘,t - fz( 7 t)dt + Zz tdWYZm (16)
V;,T = YTa
with
1 A .
fi(Zi,t) = 2, (07" — ’Yips,tZi,t) - §%Zi,ta (17)

>\;K * ~ *
0,0 =0, — PS,t)\yyi,t VY — PS,i,t)\syi,t VY,
I

1 * ~ * *
0, = Z F?(psﬂf)‘}/,j,t\/ Yi+ psiAS 0V Ye + ipsea; 0y Vi),
J

j=1

T T N

Yr =yo+ / ((y1e — AV s0va) Yo + iy )dt + / oy YidWy,
0 0

which can be solved as follows.
We show that V; expressed as

* * *
Vie= ai,tY;f + bz’,t’ a;r =1, bi,T =0,

iT
satisfies the BSDE (16), where a;;, b}, are nonrandom processes differentiable with respect

to t satisfying Riccati equations (10) and —i)}‘yt = a4y,
Calculating dV;; and comparing it with BSDE (16),

d‘/t[,t = a');,td}/; + }/;fa;k,tdt _l_ b'):vtdt
* * -k * * i g
= {(ai,t(MY,l,t — )\Y’LtO'Y,t) +a; )Y+ ai iy + bi,t}dt +a; Oy \/?tdWYm



we have

Z@t = (l;tO'Y,t )/t (18)

Since f; in (17) becomes

I
1 1
2v; (Z fY_F('OStAYJt V'Y + pSt}‘S] NV Y+ ”YJPStaJ Oy Yr)
el
* / N 1
—Pst AV, V Ye = PsaNsi V' Ye — VipsiZit)® — 5%22“

substituting the expression of Z; in (18), we have

1

F Yi

* ~ * * * ~ * * 2 1 * \2 _2

27 E — St/\Y,j,t + pS,t)‘S,j,t + Vjps,taj,tUY,t) - pS,t)‘Y,i,t - pS,t)‘S,i,t - %Ps,taz,tUY,t) - E(a’i,t> Uy,t)Yta
(] -1 ]

which is equivalent to

_{(a:,t(NY,t - X{/,i,tUY,t) + d;t)Y; + a;'k,t/JJY,Zt + bft}

Hence we obtain the system of Riccati equations in (10),

Ik %
_bi,t = Q; 4y 2,t5

.
Qi =

N\
[\

;% p—
-
2|

* ~ * * 2 Vi, o N2 2
(PSt)‘Y] ¢ T pSt)\S]t T VipPsea; tUYt) PS,t)‘Y,i,t - pS,t)‘S,i,t - %‘PS,tai,tUY,t) - _(@i,t) UY,t)

+a;t (pye — )‘;(/,i,tO—Y,t)- (19)

By the assumption, the system of Riccati equations has a unique solution (a3, ..., a})
in [0, 7] that satisfies the conditions (11) and (12), and thus (V;, Z;) is a solution of BSDE
(16).

Step 1. First, for A}, = (=X, VY, —Xg,,VYy) ', we show that 7} where 7}, =

%_lgt (0r — psiAyi VY — PsiNsi oV Ye — Vipsiai ,0veV/'Y:) attains the sup.
Concretely, we consider

z -
sup BT [— exp(—yi(XF + Y7))],

mEA;

where

dYy = [(ty,1e — 0y yi0)Ye + tyoe]dt + oy YtdWQi,

dX ’ —7th0t PSt)\th\/ pSzt/\Szt\/Y;t dt
+ i,tUt(Ps,tdWy,t + pS,tdWS,t>u

AWy, = AWy — Ny o/ Yadt,
AW, = AWy — N/ Yadl.

*

First, we note the following martingale property for R;, where R;; = — exp(—yi (X" +
Vit)), and define a new probability measure Q? " by R;.

9



Lemma 1 For R; defined as R;; = — exp(—%(XZr; +Vit)), Ri is a P -martingale.

Proof.

1 .
—%ZRi,td<X7ri + Vi)

ARy = iR d(X[" + Viy) + 5

1

— 5%((770pse + Zis)? + (WZtUtﬁS,t)Q)

.
= —YiRiy ((Wi,to'tet 5

* AF * A AY
—filZig))dt + (7] ,00ps¢ + Zit) AWy, + ”i,tUtPS,tdWsﬁ:)
. A* . A*
= —7iRiy ((Wi,tUtPS,t + Zi,t)dWyft + 7Ti7tUtPS,tdW5}) ) (20)

where the drift part is calculated as

* * 1 * * ~

(ﬂ-z‘,to-tgi\ 5 i (7 10pse + Ziy)® + (Wi,tUtPS,t)Q) — fi(Zis))

1, 1
2

A
2w, — —— (0 = ipsaZia))? = 0,
=vio; (7 Tt o (0; YiPs,t t))

Ut

where Z;; = Ztayﬂ/ﬁ, and by Theorem 3.2 in Shirakawa [29], the weak version of
Novikov condition holds and R; is a P martmgale |
Next, we define a probability measure Q by

dQY WXy +Yr)  Rip

dPY EPY L (XT + Ye)]  BPY [Rig)
where

wi(x) = v; exp(—).
Since
w(XT + Vi) = v exp(—7: (X7 + Vig),
= —%Ri,t,

and by (20)

* Af * ~ A*
d(—viRit) = —ViRit(—vi(m; ,0tpse + Zi) AWy — vim 1015 AW ),

N
Ag

5
By Girsanov’s theorem, (W ,I/Vf}2 ") defined by

det = dWYt + i ztUtpSt + Z; t)d
dWSt — dWS,t _|_ ’}/’L i,to—tpS,tdt>
is a Q;\z—Brownian motion.

10



* * N * * )‘f
Then, by Tt = ﬁ(@ - pS,t)‘Y,i,t\/Yt - Ps,t/\s,i,t\/?t - %PS,tai,tUY,t\/Vt) = ﬁ(@t -
ViPS,tGZtUY,t\/Yt)a

PS,tdWQ;t + ﬁS,tdWQi
_ psytdwﬁf g ﬁ57tdW§2 g 0" dt,
and thus by
dXT* = m001(0r — P3Ny VYo — PsiaNsi VYAt + 0o (psedWyy + psedW33)
= 13,000, dt + ps AWy, + psdWat), (21)

we have

¥ ¥

AXT = 71,00 (ps AWy + psidWi ).

By the assumption, for m; € A;, X™ is a Q;\f—supermartingale. Also, X™ is a Q;\f—

A¥
martingale since F%" [fOT(W;t)Qafdt] < 00, where f,0y = (0, —ps A\ VY D5 N5 i VY~
Vipssoyva i VY, 0 =30 ST (pseAY VY + pseNs VY + 75ps 10y /Ye), which is

due to the integrability of Y and the fact that a}, j =1,...,I are continuous functions
bounded on [0, .
Then, by using the convex duality argument, we show that 7 attains the supremum.
See Section 3.1 for details. )
Step 2. Next, we show that A7, = (=}, ,v/¥z, — N5, ,V/Y:) | attains infy ey, EP [~ exp(—: (X7 +
Ya))l *
Note that by Lemma 1, R;; = —exp(—y(X;® + Vis)) is a martingale under P
satisfying an SDE

dRiy = Zs,;,dW3, + Zy, dWyy,, (22)
where
Zgit = —%Rw(wztatp&t + a; 0y \/3715)
2yt = —’ViRi,t(WZtUtﬁS,t>-
Then,
B = exp(—( XY +Y7))] = EP [Rir] = R, (23)

By the localization argument in Section 3.2, the inequality holds.
Finally, we can confirm that the market is in equilibrium in the same way as in Lemma

4. 1

11



3.1 The convex duality argument for the sup part

In this subsection, we provide details of the proof of Theorem 1 for the sup-part in Step
1. Specifically, we show

EP [— exp(—y:( X5 + Y1))]
< ol [— eXp(—’yi(X;f +Yr))|,Vm € A,

by a convex duality argument.
We note that the following properties on the convex duality hold.
Let

t;(y) = sup(wi(z) — y)

TER
for all y > 0, where w;(z) = — exp(—v;z).
Then, for all x € R, y > 0,
ui(r) < u;(y) + yz, (24)
Ui (ui(w)) 4+ wi(w)r = ui(x) (25)
By (24),
R dQ i Q.
wi( X7+ Yr) < a (BT [uy (X + YT)]dP*E‘ )+ BT [ui (X + YT)]dPV (X7 + Yr7),
where we set
€r = X;Tf + YT,
N
PN mf dQ;
y=~F [U;(XT + YT)]dP’\f'
EPY [ exp(—y(XF + V7)) = B [ui (X5 + )]
e : wr Q" : i 2 dQY
< EPA [ui(EPX [u;(XTZ + YTﬂd?)i\f )] + EPA [u;(XT’L + YT)]E'PA [dng (XTZ + YT)]

= B (X + Y]+ B O + Yl B (X + i)
< Bl (XF + Yo + BT G + Yol B [(XF + Yo)
= B (X7 + o)) + B (X7 + Vi) (X7 + Yr)]
= B [— exp(—(Xf + V1))

(27) follows since X™ is a Q?:—supermartingale and X™ is a Q;\;—martingale, (26) and
(28) from the definition of Qf‘z, and (29) from (25).

12



3.2 The localization argument for the inf-part

This subsection provides the details of the localization argument for the inf-part in Step
2 of the proof for Theorem 1.
First, we define a sequence of stopping times

;=g Ainf{t > 0]|Z| > j}, j=1,2,..., (30)
that satisfies
<7 <...,and lim 7; = oo, (31)
j—o0o

in particular lim; o Riar, = Ry

Since
ARy = Z,;dWa, + 2y, AWy, (32)
where
Zsip = =il (71005 + a; .0y Ye),
Zyir = =%l (75 ,00Ps), (33)
we have

* t * t *

it = ’ 3,0 s,i,sAW g Y,i,s AW

Riy=E"" [Rigl + | ZsisdWai+ [ Zy, dWy
0 0

. t t t
— gPY [Rio] + / (—(A;ﬁs—Ai,s)T(ZS,Z,S,zy,i,s)T)ds+ / Zsﬂ,sdvvsﬁyr / Zy,,;,deQfS.
0 0 0

(34)
Taking the expectation under P for the stopped process
W T/\Tj
Rirne, = B [Riol + [ (=04, = M) (B Bvas) s
0
T/\Tj T/\Tj
+ / Zg,,dWEL + / Zy AW, (35)
0 0

we obtain

T/\Tj

(—(As = M) T(Zsiss Zviis) T)ds) > P [Rig).
(36)

B [Rirnr] = EPY [Rio] + BTV /
0

Here we used the fact that —(\;,—\is) > 0 and Zg; 5, Zy;s > 0,0 < Vs <T. We remark
that Zg,, Zyis > 0,0 < Vs < T follows from conditions (11) and (12) by substituting
the expressions of 7* and 6 into (33).

By the reverse Fatou’s lemma, we have

EPY[Riz) = EPY[Tm Riar) > Tm BV Rz ] > Rio = EPV [Rir). (37)

]—00 J]—00

Therefore, infy,cp, Ji(A;, 77) is attained at \; = A7

7
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4 Numerical example

In this section, we present numerical examples of the equilibrium trading strategies and
the expected return process in the square-root case in Section 3. We consider the square-
root case where I = 2, where we call the two agents agent 1 and agent 2. We suppose
that agent 1 has conservative views on the fundamental risks, while agent 2 has neutral
views, i.e., Ay, A, = 0.

We consider the following sup-inf/inf-sup problem as described in Section 3, namely,

sup inf B[~ exp(—yi(XE + Y1),
7T€.A7,‘ )\GAl

inf sup B [— exp(—7(XF + V)l
)\EAZ‘ 7r€A¢

where

dS1; = 1S1dt + 5/ YiS1 4 (psdWyy + psdWy),
Sl,t =D,

dY; = (py1Ys + pyp)dt + oy / YidWy
= —py1( brz _ Yi)dt + oy /YidWys, Yo =,

—Hy,1

py < 0, py2 > 0, and

dX[" = Wi,teta-\/?tdt + 7Ti,t5\/}7t(p5dwyft +PsdWsy),
X =0, (38)

p,y > 0.
We observe that the state process Y is a mean-reverting process, and when pg > 0,

the risky asset price process S; has a positive correlation with the state process Y.
Then, the conditions (11) and (12) become

(i)

S 1 ~ * k ~ *
?y_ <—7_(Ps,t>\§/,1 + psAs) + PSUY(au + a2,t)> + p?s*UYal,t >0, (39)
1 2
(ii)
s Y ] "
’yp_’y (_<pS/\Y,1 + pS/\S,l) + PSUY,t(_%aLt + 72a2,t)) > 0, (40)
172
where I' = ——+ and a}, aj are solutions of the Riccati equations
772
—aj,
1 (= 1 ’
T 2y (Z T (PsAy + Doy + 15ps0500v) = PsAvs = Pshsa %psaitay>
NG
1 *2 2 * A*
5% Oy + a; (py,r — AV0v),
air=11=12. (41)

14



Moreover, by Theorem 1, the expected return process u for the risky asset price process
S1 in equilibrium is given by u; = 0,6, = 51/Y;0; where

2

1 ~ *
=T V(Ps)\?j + psNs; + 7ipsas,0v )V Y,

j=1 "

and (7, A}), i = 1,2, are obtained as 7}, = ﬁ(@t — psNy VY — psNs Vi) — psag, Tt
and A7, = (— %\/?t, - gz\/?t>T

In the following, we set the parameters as follows. py; =1, uy2 = —1,0y = 0.2, A}, =
0.2,A%5, = 0,A5; = 0.2, A5, = 0,ps = 0.5, p5 = 0.866,71 = 1,72 = 20,yo = 0.5,7 = 1.
With these parameters, we calculate the optimal portfolio processes 77 and 75 and the
expected return process p for the risky asset price S; in equilibrium. Moreover, we
compare the result with the case of neutral views for agent 1, where A\}.; = A5, = 0.

Figure 1 presents the optimal portfolio processes of agents 1 and 2 and compares the
two cases where agent 1 has conservative or neutral views. Firstly, this shows that the
optimal portfolio of agent 1, 7}, is positive, and the portfolio of agent 2, 75, is negative,
which means that agent 1 has a long position while agent 2 takes a short position. Since
the optimal portfolio processes are rewritten as

7T>1k,t ps)\YI\/ pg)\SI\/ Y;) — pg = alt, (42)
710\/
y, = 1 0 TY
T, = ————0, — ps—a; ,,
NN A

when 7, is sufficiently large compared with ~;, for the position of agent 1, —\/Yt(ﬁ —

pg)\yyl\/?t —pPsA S,l\/?t ), which is the mean-variance portfolio adjusted by the risk aversion
parameter 7; and the conservative views, is dominant for the position of agent 1, while it
is small for agent 2 due to large 5 in - \FH Thus, the hedging portfolio —ps®-as,,
where pg,0y,0,a5, > 0, which is to offset the terminal wealth shock, is governing for
agent 2. Since the net position of agents 1 and 2 is zero because of the clearing condition
(6), 7] is positive and 7 is negative, meaning that agent 1 takes a long position and
agent 2 a short position. We note that in equilibrium, the expected return p, = /Y0,
is positive since if it is negative, the positions of both agents are short and the market

clearing condition (6) is not satisfied.

0.08 Pt

0.06

o] et /
0.02 4 — Ty
/ T3y

0009 ——- 7}, (neutral views for agent 1)

—0.02 q w5, (neutral views for agent 1)

—0.04 4

—0.06

—0.08 4

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: The optimal portfolio processes 7 and 7; when agent 1 has conservative views
or neutral views
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Secondly, we observe that the long amount of agent 1, 7}, is less when agent 1 has
conservative views, which is explained as follows. The conservative sentiments make the
long position of agent 1 7} less due to the presence of A}, \§ in the mean-variance term
in (42) , which also makes the less short position 75 for agent 2 because of the clearing
condition.

Finally, Figure 2 exhibits the expectation of the expected return process E[u] in both
cases with and without conservative views for agent 1. The expectation of the expected
return E[u] is higher when the agent has conservative views due to the presence of A},
and A3, in the expression of y in the following;

e = 5\/}2@

2
— 1 ~ *
=aol Z V_j(pS/\;’j + PS)\*S*,]' + %‘PS%,tUY)Y;h
j=1

which can also be interpreted that agent 1 requires a higher expected return 1 when agent
1 has a conservative view on the risky asset price to take a long position.

0351 — Elu)
— == E[p] (neutral views for agent 1)

0.30

0.25

0.20

0.15

0.10 1

0.05 1

-
Prae
-
—
-

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: The expectation of the expected return in equilibrium E[u] when agent 1 has
conservative views or neutral views

Figure 3 describes the simulated solutions of the Riccati ODEs (41). As is easily
observed with the comparison principle for the solution of the Riccati ODEs, aj , with the
conservative views is smaller than aj, with the neutral views. Here, the conditions (i),
(ii) in (39) and (40) are satisfied in both cases where agent 1 has the conservative views
and the neutral views.
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1.0 a,

«
2t

097 __. aj, (neutral views for agent 1)

a3, (neutral views for agent 1)

0.8 1

0.7 4

0.6 4

0.4 4

0.3

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3: The solutions a} and a} of the Riccati ODEs (41) when agent 1 has conservative
views or neutral views

5 The general case where the sup-inf/inf-sup prob-
lem is solved

In this section, we provide the excess return process in equilibrium in a general case where
the state process is given by (3), and the sup-inf/inf-sup individual optimization problem
is solved. This includes the square-root state process case in Section 3, where the exis-
tence and uniqueness result and the comparison principle for the BSDE with a stochastic
Lipschitz driver do not apply since the terminal condition is unbounded. Moreover, the
general case includes a Gaussian state process case in Appendix B, where the existence
and uniqueness result and the comparison principle for BSDEs with a standard Lipschitz
driver apply. This is proved in a similar way as in the proofs of Theorem 3 in Sections 3,
respectively. See Appendix A for details. We let I' = ﬁ in the following.
-1,

Theorem 2 Suppose that there exist (V;, Z;) i = 1,..., I, that satisfy E[supg<,<p [Vis|*] <
0o, E| fo 7} ds] < co and BSDEs

AVie = —(fi(Zigy o Z14) — AvinZig)dt + Zi ydWyy,

Vir = Yo,
where
fi(Zvgy .. Zry)
= o (0: — psidvis — PsiiNsis — ViPsiZis)® — %%tha
and

I
1 _ L
= Z 7— C(pstAvie + PsiAs,it +VipsiZit)-

17



We assume that

1 /[t . .
{exp(—§ / V(T Osps,s + Zis)® + (Vis OsPs,s) ds
0

t
s [l aps + 2OV + vmzsasﬁs,sdwgg} (43)
0 0<t<T
is a P -martingale, where Nfy, = (=Ayie, —Agi0) |, 7 = %(Gt — PS5t — PSii NSt —
YipsZit)-
Also, for a probability measure Q); defined as
Qi w(X] +Yr)

AP B (X Y]
where
u(x) = 7y exp(—yx),

we assume that

T
E9 [/0 WZ?O’?dt] < 00. (44)

Moreover, we suppose that for all A € A;, a BSDE

dv;
= — (A5t 28, + A 29 )dt + 25, dWs + Z9,dWyy,
Vi = exp(—u(X7 + V7)), (45)

has a unique solution (V, Z*) satisfying E[fOT(Zg‘?ﬁ—Z{\/?t)dt] < 00 and E[supy<,<r V] <

oo. We also suppose that Vg is expressed as V3 = EF ’ (V2] and V) is minimized at

(A§it) AVig) with respect to A, where N, , = —Xs@tsgn(Zgi), ANir = —S\Y,i,tsgn(Z{\,i).
Furthermore, we assume the following conditions. Fori=1,...,1,

I

s, 1 3 .5 3 A 3

_p,y,t (Z —L(psiAvije + PsiAsje + VipseZit) — PsiAviie — PsiAsiit — %-,os,tZi,t) + Ziy >0,
i Ny

(46)

. I

1 _ o

% (Z _‘F(:OS,t)\Y,j,t + PsiAs e+ ’Vj/?S,tZi,t)) > 0. (47)
i =1 1

Then, (m;, ;) given by m, = ﬁ(et — PsiAviie — PsaAsit — YViPseZiy) and N, =

(=Avit, —Asiz) | attains the sup-inf/inf-sup problem (4), (5) for admissible strategies 7 €
A;, where the set of the admissible strategies is given by A; = {w|X™is a Q;-supermartingale}.
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6 Conclusion

In this study, we have investigated a multi-agent equilibrium model with heterogeneous
views on fundamental risks in an incomplete market setting. We have obtained the expres-
sions of the expected return process in equilibrium in the cases of the square-root state
case with the random bound and a general state process with the nonrandom bound,
where the sup-inf/inf-sup type individual optimization problems are solved, for the views
on Brownian motions. We have also presented numerical examples.

The implications of this study are as follows. Firstly, by utilizing the expected return
process in equilibrium, traders can predict how the expected return on the risky asset
changes when the sentiments of the market participants shift and construct a profitable
trading strategy for investment. Also, policymakers such as central banks can control
market sentiments as a result of their announcement of monetary policies so that it affects
the risky asset price process they target by influencing the bandwidth of the sentiments
of the market participants. Secondly, as a theoretical implication, the result shows that
the market equilibrium can be obtained in the incomplete market setting with multiple
agents with heterogeneous views on fundamental risks. It implies the possibility of a
further extension to the case where the agents have not only conservative views but also
aggressive views on the fundamental risks, which is a further extension of the robust
control-based individual optimization problem.

For limitations and future research, we have shown that the individual optimization
problems are solved in the cases of the square-root state process and a general state
process, assuming the one-time wealth shock depending on the state process, which is
common among the agents and can be taken as a linear functional of the state process,
and supposing the interest rate as zero. Extending the state process to a multi-dimensional
one, investigating the case where the one-time wealth shock is a nonlinear functional of
the state process, and solving for the equilibrium interest rate along with the excess return
process are the next future research topics. Also, applying the model to security pricing
under heterogeneous views on fundamental risks in an incomplete market is another future
research topic.
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A  Proof of Theorem 2

Let
Ji(mi, \) = BT [— exp(—v:( X5 + Yp))).

If (7, Af) is a saddle point that satisfies

177"

Jl(ﬂ'l,k*) S JZ<7T* )\*) S JZ'(TI';(,)\),

7 1) K3

for all m; € A; and X € Ay, (7}, AF) attains the sup-inf (4) and the inf-sup (5).

177"

We show that for given A!, m = 7 attains the sup by the following convex dual
argument.

Proposition 1 Under assumptions of Theorem 3, for given \f = (=Ay,is, —Asit) , T =
Ty attains sup,e 4, Ji(m, AY).

Proof.
We consider

A .
sup EP [~ exp(—v(XF' + Yo))],
T, €EA;

where

_ Ar
d}/;f — (MY,t J— O-YJAY,Z‘,t)dt + O-Y,tdWth’
) - o PV Al
dX{" =m0 (01 — psiAvis — Psiise)dt + moi(ps AWy, + psdWg), (48)

dW;,i - dWY,t - (—S\Y,i’t)dt,

AWt = AWy — (=X iz)dt.

We show that 7 attains the sup.
First, we let

Ry = — exp(—fyz-(XZr? +Vit)),
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where

N Srs
T = (0" —vipsiZit), (49)
Vit

(Vi,Z;) i=1,...,1 are solutions of BSDEs

{dv;,t = —[i(Zrps- s Zra)dt + Ziyd Wy,

‘/;,T = YT7
with
fi(th th) = L (@Af - %;PStZu)Q - 17i2-2t
yU Y N 277[ 5 5 2 7,0
A* < PO
0, =0, — psidv,it — PsiAsy
Then,

¥ 1 *
dR;y = —viRid(X;* + Viy) + 5%’2Ri,td<X7ri + Vi)t
* A7 1 * x _ A
= —7ilRiy ((Wi,tcrtﬁtl - 5%((7T¢,t0tps,t + Zi,t)2 + (7 oepse)’) — filZ1g, .o Zrg))dt
* A7 * A A7
+(m5otpse + Zi) AWy + Wi,tUtPS,tdWs})
) T A
= ViR ((Wi,tUtPS,t + Zi,t)dWKt + Wi,tUtPS,tdW&t) ; (50)
since the drift part is
« 1 A
(77,0007 — =%i(7)101ps0 + Zia)* + (75101P54)°) = fi( Zuas -+ Z1a))
1

2
1 A 1
2 * 2
=—=% o= —— (0 — vipseZi
2')’07& (Wz,t %’Ut( t YipsiZit))” + 2,

2

Next, we define a probability measure @); by

dPY PR u(XT 4 )]

(51)

where
ug(x) = i exp(—yit).

We remark that Q; is well defined since u/(z) > 0 and E¥ g 49: 1 — 1. Since
7 dP)\

ui(X[T 4+ Vi) = 3 exp(—( X[+ V2)),
= _%Rt;

23
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and by (50)
d(=viRe) = —viR(—i(m;ovpsy + Zi,t)dW;i
—iTL O tpAS,tdW;‘\ﬁz),

we can apply Girsanov’s theorem because R is a P* -martingale by (43), and (ng, Wg’)
defined by

dez = dWY,Zt + i} owpsy + Ziy)dt,
. A* % .
de% - dWS,Zt + im0 s dl,

is a (;-Brownian motion.
Then, by (49)

A% ~ A%
pstdWy'y + psdW'
) “ . X
= ps AW + ps dWE; — 60, dt,
and thus by (48)
AXT" = moy(ps AWy + psdW ).

By (44), it follows that for 7 € A;, X™ is a Q;-martingale.
Finally, we show
A X
EY [ exp(=y(XF +Yir))]
¥ o
< BT [ exp(—i( X7 + Yir))]

by a convex duality argument.
We note that the following properties on the convex duality hold.
Let

i(y) = ilelg(ui(x) — xy)

for all y > 0, where u;(x) = — exp(—;z).
Then, for all x € R, y > 0,

ui(z) < wi(y) + ya, (52)
i (ui(x)) + ui(z)r = ui(z) (53)
By (52),
ui (X7 +Yir) < fLZ-(EPA? [u; (X7 + YzT)]jP%) + BPN [ul(XT + Y;T)]jpi/\i()(;’ +Yir),
where we set
r= X7 +Yir,

dQ;

_ PN m
y=E""[w(Xr' +Yir)l o
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Hence

*

/\i o A'T ™5
EP [—exp(— (X} + Yir))] = E” [ui (X7 + Yir)]

< BP [ (B [ (X + E,T)]dd]%; )+ EP (X 4 V) EPY dd&; (X7 +Yir)]
= EP (X5 + Yir))] + B (X + Y| EY[(XE + Yir)] (54)
< BP (X7 +Yir))] + BY l(XF + Vi) |BOUXF +Yir)]  (59)
= EP [ (XT + Yir))]
+EP (XF + Vi) (XF + Yig)] (56)
= EPA;K [— exp(—%(X;i* +Yi7))l (57)

(55) follows since X™ is a );-supermartingale and X™ is a Q;-martingale. (54) and (56)
are due to the definition of @; in (51), and (57) is obtained from (53).

For given 7}, we show that A = A\’ attains the inf by a BSDE approach.
. (6r — pS,tS\Y,i,t -

Yiot

Proposition 2 Under assumptions of Theorem 3, for gwen 7}, =
PsiAsit — VipsiZii), A=\ attains infyep, Ji(7F, ).

Proof.
Firstly, for A € A;, we consider a BSDE

AV} = Z3,(dWsy — Aspdt) + Z3 ,(dWyy — Aydt)
= — (A5t 28, + Avu 29 )dt + 25, dWsy + Z9,dWyy,

V;\—‘ = Ri,T-
Also, we note that V) = E”[R; 7] and V; is minimized at (X5, \y,), Ny, = —Ases9n(235),
Ay = —5\y¢sgn(Z¢;), which satisfies )\*StZ:q\t = —5\5,15|Z§; , )\;tZ}éft = —5\y7t]Z{>jt], by the

assumption.
Note that R;; = —exp(—v;(X,;* + Vi;)) is a martingale under P satisfying an SDE

¥ ¥
dRiy = Z5:1 AW, + 2y dWy' 4,
where
Zgit = _'Yz‘Ri,t(WZtO-tp&t + Zit)
Zyit = —’YiRi,t(WZtUtﬁS,t)-
Hence, to show that Ag’t = —E\S’t, A;‘Ct = —5\y¢, we have only to confirm Zg,,, Zy,;; > 0,
namely,

¥
P51 (0" —vipsiZiv) + Ziy > 0,

7

. N
Ps; (07" —vipsiZiy) > 0,

)

which is satisfied by conditions (46) and (47). W
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B The Gaussian case where the sup-inf/inf-sup indi-
vidual optimization problem is solved

In this section, we solve the individual optimization problem for given expected return
process p of the risky asset process S; in (1) when Y in (3) is a Gaussian process, where
5\y72-, j\s,i, Ly, oy and pg are deterministic processes.

The following theorem holds for the expected return process and the trading strategy
of the individual optimization problem (4) and (5) in equilibrium for the Gaussian case.
We let ' = ——+—.

D=1 5,

Theorem 3 Suppose that the expected return process i is given by p; = o46; where
I

1 . o
et - Z _F<PS,t>\Y,j,t + pS,t)\S,j,t + ’Yjps,taxt). (58)

=1 7

Also, we assume that the following conditions hold.

I
ps, 1 N Ly 3 s
V.t (Z fF(Ps,tAY,j,t + PsaAS gt T VPOV ) — PSiAVit — PSiASit — %ps,tO'Y,t> + oy 20,
i \o T
(59)
Pse (N~ 1
s, 3 L3
s (Z —T(psiAvje + PspAs,je + Vipsiovi)
Vi N5 Vi
—psiAvit — PsiAsit — %‘Ps,tUY,t> > 0. (60)

_Then, (7727/\:) given by Wzt = %.lgt (9t - pS,tS\Y,i,t - ﬁS,tS\S,i,t - %‘PS,tUY,t) and A;t =
(=Avit, —Asiz) | attains the sup-inf/inf-sup problem (4), (5) for admissible strategies 7 €
A;, where the set of the admissible strategies is given by A; = {w|X™is a Q;-supermartingale},
where a probability measure Q; is defined as

dQ; WX +Yr)
AF T A* ¥ .
APY T P+ va)
Moreover, the market clearing conditions (6) and (7) hold.

Remark 3 We remark that the following case, where there are two agents and one agent
has neutral views, is an example that satisfies the conditions (59) and (60). 1 = 2.
1,72 > 0, psi, s > 0, oyy > 0. We assume Ay, As2 = 0. Then, the conditions (59)
and (60) become

2 1

S, _ -

Pt (Z Z (pSt)\Y]t + pSt)\S,]t +Yips10vi) — (PstAvie + PsiAsie + 'YlPS,tUY,t)) +oy; >0,
j=1 £ak=1 5

and

[\

pSt (Z Z PSt)\YJt + pSt)\S,jt + Yps,0vi) — (Ps,tj\y,l,t + ﬁS,tS\S,l,t + ’Ylps,tUY,t)) > 0.
k=1 %
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Proof.
Let

Ji(mi, A) = B [= exp(=m(XF + 7).

If (77, Af) is a saddle point that satisfies

177"

Jl(ﬂ'z,)\*) S Jz(ﬂ'* )\*) S JZ'(’?T:,)\),

(2 1) K3

for all m; € A; and A € A;, (7}, \}) attains the sup-inf in (4) and the inf-sup in (5).

177N

First, we show that for given A\, m; = 7} attains the sup as follows using a super-
martingale property.

Lemma 2 Under assumptions of Theorem 3, for given \; = (—5\}/71‘7,5, —5\57@,5)1 ™ = T

attains sup,,c 4. Ji(mi, A}).

Proof.
We consider

At -
sup EP [~ exp(—v(XF + Yo))],
T, EA;

where

- \p
dY; = (pye — ovdyg)dl + oy dWy,
TG \ 0 A g Z i
dX{" = mou(0r — psiAvie = Psishs)dt + moi(psdWyy + psidWg}), oy

dWQ:t = dWY,t - (—S\Y’i’t)dt,

AW, = AWy — (—Asiz)dt.

We show that 7} attains the sup.
First, we let

Riy = —exp(—(X{ + Viy)).

Here, Vi, i =1,...,I are given by

T T
Vi =Y+ / Fi(oy)dt — / oy d W
t t

with

1, 1

(0" = %ipsiove)’ = 5%

Qti =0, — pS,t)\Y,i,t - ﬁS,t/\S7t~
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Then,
. 1 ,
dR;y = —yiRi d(X] + Vi) + Qvai,td(X“ + Vi)
* 1 .
= =R+ ((Wi,to-tet)\l - 5%’((7Tz',t0t,05,t + UY,t)2 + (WtUtPS,t)2) — filoyy))dt

2\* N ¥
+(Tigoeps + oy ) AWy, + z‘,tUtﬂs,tdWs})

1 1 ax % R %
= —7iliy (‘5%‘%2(7%‘,1: - Py (07" — vipsiove))® + (mi0ups,e + oy )dWy', + Wi,tUtPS,tdWS;g)a
i0¢
(62)
since the drift part is
I 2 A N2
(miroe0; — §7i((77'i,tat)05,t +ove)” + (miroips)”) — filove))
1 1 A 1 ¥ 1
= —§’Yi0,f2(7fi,t - o (9# - %’pS,tUY,t))z + 2—%(9? - ’Yips,tUY,t)2 - 5%’012/7,: - fi(UY,t)
1 1 A
= —§’Yi0,g2(7Tz',t - ot (9,51 - ’YiPS,tUY,t))Q,
which is maximized at
R
T = N0y (0" — %‘PS,tUY,t)~ (63)

Therefore, R; is a supermartingale and particularly a martingale when m; = 7. Hence,

*

BT [~ exp(—7(XF + Yr))]
< EPY [— exp(—%(X;; + Y7))].

[
Next, for given 7}, we show that A = A} attains the inf by a BSDE approach.

Lemma 3 Under assumptions of Theorem 3, for given 7}, = ﬁ(9t—ps,tj\y,i,t—ﬁs,tj\s,i,t—
YiPsiOv)s A=A = (=Ayis, —Asiz) | attains infyen, Ji(7h, \).

Proof.
Firstly, for A € A;, we consider a BSDE

AV} = Z5,(dWsy — Asadt) + 23 ,(dWyy — Ay,dt)
= — (A5t 28, + A 29 )dt + 25, dWs + Z9,dWyy,
V% == Ri,T-

Also, we note that V) = EP*[R; 7] and V) is minimized at (N Ayp)s Ay = —Asesgn(Z3,),
Xyp = —Ayvasgn(Z3,), which satisfies A5, 23, = —Asi| 2331, Ay, 29, = —Avu| 23], by the
comparison principle for BSDEs (e.g., Theorem 6.2.2 in Pham [25]).
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In the following, we first presuppose that \§,Z3, = — st A 29y = —Ays, then
confirm Zg,, Z3, > 0.

Let R;; = —exp( fyz(Xﬂ* + Vit)), where Vi, @ = 1,...,1 are given by V;; = Yr +
j; fz O'YS dS ft O'ydeYZS

Since R;; = — exp(—%(X + V;)) is a martingale under P satisfying an SDE

dR;; = ZS”dWS” + Zyiqd th>
where
Zsip = =il i (7] 10tpss + Oyy)
ZY,i,t = —’YiRi,t(WZtUtﬁS,t),
we have only to confirm Zg;;, Zy,;; > 0, namely,
PSt

7

(9 - ViPst0vit) + oy >0,

~

Pst (9)\*

' — 7YiPSs, tUYt> 2 07
which is satisfied by conditions (59) and (60). B

Thus, (7}, Af) is a saddle point and (7], A\I) attains the sup-inf in (4) and the inf-sup
in (5). Finally, we confirm that when the expected return process p of the risky asset
price process S is given by p; = 0,0, with 6 in (58), the market is in equilibrium, that is,
the market clearing conditions

I
Z m, =0, (64)
i=1

and
(X[ —w,) =0 (65)

hold.

Lemma 4 Under assumptions of Theorem 3, for the given expected return process i,
where py = o0y with 6 in (58), the market clearing conditions (64) and (65) hold.

PI‘OOf. Since
1 *

YiOt

- %‘PS,tUY,t)

(0r — psiAvie — PsiAsie — ViPsiOvie),

o E 7th = E 9 - pS,tAY,i,t - ﬁ&t)\s,i,t - %‘PS,tUY,t)

1 B o
- Z ?(PS,tAY,i,t + PsiAsit + ViPsOvt)

=0.
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Thus, 35, 77, = 0.
Also, (65) follows from (2) and (64).
Thus, the proof of Theorem 3 is completed. l
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