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1 Introduction

Consider the canonical form of the multivariate normal linear model in which the p x m
random matrix X and the pxp random symmetric matrix S are independently distributed
as N(Z, X, I,,) and W,(X,n), respectively, where we follow the notation of Srivastava
and Khatri (1979, p.54, 76). We shall assume that the covariance matrix X' is positive
definite (p.d.) and that the sample size n > p, and thus S is positive definite with
probability one, see Stein (1969). In this paper, we consider the problem of estimating
the covariance matrix X and the generalized variance | X|, the determinant of the matrix
Y under the Stein loss function

LEX)=tXx ! —|Zx - (1.1)

where X is the estimator of X and every estimator is evaluated in terms of the risk
functions R(w, X) = E[L(X, X)), w = (X, E).

Beginning with the work of James and Stein (1961), where they showed that the
estimator g
Y =TDT', (1.2)
where § = TT", T is a lower triangular matrix with diagonal elements (and hence unique),
and

D = diag (dy,...,d,), di=n+p+1-2i)"" i=1,...,p (1.3)

. . .. . . SUB _ .
dominates the uniformly minimum unbiased estimator X = n~!'S, many estimators

have been proposed in the literature dominating EUB, see Stein (1977) and Haff (1979),
among them, who developed what is now called Stein-Haff identity that led to a substantial
development in this area, see Kubokawa (1998) for an extensive review.

The estimators mentioned above did not use the information available in the observa-
tion matrix X while Stein (1964) has shown in the univariate case, p = 1, that a truncated
estimator that utilizes the information in the sample mean dominates the uniformly mini-
mum variance unbiased estimators of the variance o?. Attempts in this direction utilizing
the information contained in the sample mean were first made by Shorrock and Zidek
(1976) and Sinha (1976) who provided minimax estimators for the generalized variance
using the information available in the observation matrix X.

The mathematical tools used in the above two papers to obtain these minimax estima-
tors were, respectively, the use of zonal polynomials and Fubini-type theorem of Karlin
(1960). Sarkar (1989, 1991) and Iliopoulos and Kourouklis (1999) used the above two
mentioned approaches to obtain the confidence interval for the generalized variance | X
Sinha and Ghosh (1987) also provided a truncated estimator of the covariance matrix X2
utilizing the information contained in the observation matrix X . This truncated estimator
is given by

556 {(n+m)_1(S+XXt) if (n+m) " Y(S+XX")<n'S

(1.4)
n-'S otherwise,



improving on the UMVU one 37" — 5718 under the Stein loss, where A > B means
that A — B is nonnegative definite. Based on the same technique, Hara (1999) recently

showed that ESG is dominated by
=" = §2Qdiag (41, ..., 6,)Q'SY?

for

-1

5 min{n~!, (n+m) (1 +)} ifv >0

B if v; =0,
where @ is an orthogonal matrix such that Q'S™'2X X'S~12Q = diag (v1,...,7p).
When the rank of X is one, namely m = 1, the risk functions can be easily handled
and several further observations have been given by Kubokawa et al. (1992, 93) and
Perron (1990). Especially, Kubokawa et al. (1992) derived an empirical Bayes estimator

. . . . <5G .
improving on the Sinha-Ghosh estimator 3 . However, none of these estimators were
=JS
shown to dominate the initial James-Stein minimax estimator X . Thus, our aim is
=JS
to obtain an estimator that dominates X as well as in which, as suggested by the

above estimators ESG and EHR, the coefficients (n +p+ 1 — 2¢)~! should be changed to
(n+m+p+1—2i)~" when we utilize both S and X in estimation of X. In Section
2, we develop a new type of estimator with such a natural analogy. For this purpose,
we introduce a new method for the improvement. This method can be also applied in
Section 3 not only to construct a new form of an improved estimator of |X| but also to
give another proof of the result of Shorrock and Zidek (1976) and Sinha (1976). When
X has full rank, namely, m > p, another type of minimax improved estimator motivated
by Srivastava and Kubokawa (1999) are provided in Section 2, and the improvements on
any scale equivariant estimator are shown. Monte Carlo simulations are carried out in
Section 4 to compare risk behaviors of the proposed estimators.

2 Estimation of the Covariance Matrix

2.1 Improvements on the James-Stein minimax estimator

Consider the problem of estimating the covariance matrix X based on (S, X)) relative
to the Stein loss function Every estimator is evaluated in terms of the risk function
R(w,X) = E,[L(X¥,Y)], where w = (¥, ).

Let G+ be the triangular group consisting of p x p lower triangular matrices with
positive diagonal elements. Let T' = (¢;;) € G4 such that S = TT". For constructing an
estimator improving on the James-Stein minimax estimator (1.2), define an m x p matrix

Y by
Y =(yy) = (T_IX)t

3



(y17 T 7yp)
= (y17 s >yj—17Yj>7

for Y; = (y;,...,y,) and j = 2,...,p. Also for j = 1,...,p, define m x m matrix C;
inductively by

Cj = Cj(yb te >yj—1>
= Ci.i—(1+9,,Cj1y; ) 'Cimy; 1y .Ci (2.1)

where C; = I,,,. Then we can see that
1+ yly Y Y,
I YtY _ 191 1
o+ VY \ Yiy, I +YbY,
= (1+yiy) ‘Ip—l + YEC2Y2‘

1+y,Cay, Y,C2Y 5
YgCQy2 Ip_g -+ YgCQYg

= (1+yly)(1+yhCoy,) [T, 2 + YEC, Yy

= (1 + yﬁyl)

P

= 10 +yiCiy)). (2.2)

=1

Using the statistics y!C,y,’s, we want to propose a new estimator given by

=" -~ raert, (2.3)
where G = diag (g1, ..., gp) for
. 1 1 +y;Ciy,
g; = min -, a
n+p+1—-2i n+m+p+1—-2

~TR
Theggem 1. The truncated estimator X dominates the James-Stein minimaz es-
timator X relative to the Stein loss (1.1).

Proof. For sake of convenience, let

tijo1 = (tjj—1,- - tpj1),

tjj 0
tiv1y lit15+1
Tj; = : .

tpj tp,j+1 tpp



for j = 2,...,p. T1; corresponds to T'. By making the transformation, it is supposed that
Y = I, without loss of generality. The risk difference of the two estimators is expressed

as
Rw; ") — Rw; ="
= E|r(D-G)T'T - log| DG™||
P
= Z Aia
i=1
where
for

a; = 1+y;Ciy;,
d = (n+m+p+1—-2)"

We shall show that A; > 0for7 =1,...,p. For this purpose, we write the joint density
function of (T,Y) as
p .
co(Z) [Tt etr |—27H{T(L, + Y'V)T" - 2TY'E"}], (2.5)

=1

which is given by making the transformations S — TT' and X — Y' = T7'X with
the Jacobians 2P [T?_, & """ and |T|™, where ¢o(Z) is a normalizing function. Let us
decompose I, + Y'Y and Y'E" as

I,+Y'Y = Ip+< Y1 )(yl,YQ)

where a;; = 1+ yly,, an = Yy, Ap = I, + Y3Y,, 0 = yi&,, 612 = ¢l 5y,
0, = Ygﬁl and @9y = YEEQ for &, being the first column vector of Z'. Then we have

tr {T(I, + Y'Y)T' - 2TY' ="}

— tr t11 0 aiq a,t21 t11 tgtl
tor T as A 0 T



_2< tn O ) < 011 012 )}
tyy T 021 Oy
= (ant%l — 2911t11) + (antéltél + 2th, (T'yas — 052))
+ (11 T2 AT}, — 2tr T5,022)
= (ant%l - 2911t11) +an ||t + a; (Troayn — 64|12 — a;'0120%,
+tr Tos(Ags — aji asialy ) Thy — 2tr Tos(Oas — aji'as 012) (2.6)

= (ant%l - 2911t11) + aq1||tor + Z1H2 + hi(y,, Y2, Ta2),

where C is defined in (2.1), ||u||? = u'u for suitable column vector u,

z1 = ap (T»Y,— 55y,
hl (y17 YQ, T22) = tr T22(Ip_1 + YgCQYQ)TEQ — 2tr TQQY%CQEQ
—1, t m= =t
—011 Y1=229Y.

We are now ready to prove that A; > 0. Combining (2.4), (2.5) and (2.6) gives that
Ay = / '/{(dl - dTall)(’% + t§1t21) — log dl/(dfall)} I(dl > dfan)

p .
xeo(E) [T 15
i=1

1
X exp [—5 {ant%l — 2011t11 + an ||t + Z1H2 + hi(y,, Y2, T22)}] (2.7)
thndtdeQQdyldYg.

Noting that
/]]tmy’2€—a11|\t21+z1|\2/gdt2l

= [zl + 2] 20 (2.8)

we can demonstrate that

A > /.../{((h — d*an) (ﬁl + %) ~log dl/(d’{an)}l(dl > dian) (2.9)

p . 1

xci1(E,an) H " exp [—5 {ant%l —2011t11 + ha(y,, Y o, T22)}]
i=1

thndTQQdyldYQ,



where ¢1(Z,a11) = co(Z)(2may;)?P~/2. Note that hy(y,, Y2, To) = hi(—y,, Y2, T2),
a1 = 1+ yly, and 61; = y'&,. When we denote the integrand of the r.h.s. of (2.9) by

G1(yy, Y 2,t11T92), the r.h.s. of (2.9) is rewritten by

/~--/Gl(yl,Y2,t11T22)dy1dY2dt11dT22

1
= §/~--/{G1(y1,Y2,t11T22) + Gi(—y1, Y2, t11T2)} dy,dY 2dtndTy

_ /.../{(dl—d’{an) (Bl+pa;1

P

1
XCl(.:,GH) H tZ—I-m Zi (69111511 te 911t11)
=1

(ant%l + hi(y,, Yo, T22)) } dt11dT 92dy,dY 2,

1011

1
X exp {—5

where ,
fOOO t?f’m‘f'l (69111511 4 6_011t11) e—alltu/th11
pr— — 2 .
fooo t?i"m 1 (69111511 + 6_011t11) €_a11t11/2dt11
Making the Taylor expansions for e/11%11 and e=%1%11 we see that
1 20420 —ay1t3,/2
Jo* e Yoottt/ (20) e o1 n/2dty
—1 2 2 _ 2
Joo i 2 {03111/ (20) et/ 2ty
2
et et 2y
— 2
e 12 o—ant},/2q¢

1 foo x(n+m+2+2£)/2—1€—x/2dx
= inf{ —=
¢ a1 fooo p(ntm+20)/2—1o—2/2 ]

. {n+m+2€}
= inf{ ———r
¢ ai
n+m

1

B, =

v

ai

Hence the non-negativeness of A; can be established since

y n+m -1 d
(dy — djan) ( + b > — log !
a1 a1

dy dy
= — — log —
diay 1a11

> 0.

Tan

-1

> — log *dl }I(dl > djar)

(2.10)

(2.11)

Next we shall prove that A; > 0 for ¢ = 2,...,p. To employ the same arguments as

in the above proof, we need to verify that for i =2,...,p — 1,

tr {T(I, + Y'Y)T' - 2TY' 5"}

(2.12)



Z {aJ] 23/30 5 i+ agil| [t + ZJH2 — ay; ij ‘_'J+1‘_'j+lc yj}

+tr i1 i1 (Ip—i + Y;‘L—f—lci—i—lYi—l—l) Ty — 20 Tivin Y i Cinn B,
where a; = 1 + ylCy;,
zZ; = a;l (Tz‘+1,z‘+1Y§+1 z+1) Ciy;

and E' = (&,,...,€&;,E:11) for column vectors &;’s. The same arguments as in (2.6) are
used to check the expression (2.12). In fact, we can observe that

- Lii 0 @i a1, tii tH—lz
tivii Tiv1i+1 aiv1i Aiprin 0 Tiiin

o 0 Osi 01
tivii Tivi,i+1 O0iv1, Oitr1i11

= (aiit?i — 29iitii) + ayl|tiv1i + ay (Tiv1i410i101, — 6, z+1>H2 — a;;'0;,i110; it1
Tt i (Airie — 05 @i1,i@41) Thgr 4
21 T4 141(Oit1i01 — a5 Qiy1.:05041)
= (@it} — 24iCi&ita) + ailltivri + zil* — a5 'yiC. i1 Bl Cy,
+tr Ty i1 (Ip it YH—I (C ai_ilciyiyici) Yz‘+1) Tf+1 i+1
—2tr Ty, Y 1y (Ci — ai_ilCiyinyi) Ei,
which proves the expression (2.12), where @1 Yf“Ciyi, Aijriv =TI, Z+Yz+1CiYi+17
O = yiCi€;, biiv1 = YiCiE iy and Oy = YfHCZE'iH. Integrating out with re-

spect to to1, t3a,...,ti+1,; and using the expression (2.12) and the same arguments as in
(2.7), we see that
> — log

Az [ /[ dj”< + 2
Qi

p
xci(Ban,. . aq) [Tt
i=1

d;
I(d; > diag
| e a2

1 7
X exp {—5 {Z (ait3; = 2055t55) + hilyrs - Y5 Vi, Tz‘+1,z‘+1)H

J=1

X H (dtjjdyj)in+1Ti+1,

j=1



where
hi(yq, - g Y, Yir1, Tiy1i41)
- —ZZ:I{a;jlyzchjHE;Hijj} (2.13)
j=
+tr Ti+1,i+1 (Ip—i + Y§+1Ci+1Yi+1) T;‘L—l—l,i—&—l — 2tr Ti+1,i+1Y§+1Ci+IEi+l-

Similarly to (2.10), the non-negativeness of A; can be verified if we can show that

i

{(di — dray) (Bi L Pz Z> —log df;“ } I(d; > dfag) > 0, (2.14)

1

where . ,
fOOO tZ+m—Z+2 (eeiitii + e—Giitii) e_aiitii/thii

fooo t?fm i (66“t“ +e G“tu>€ a“tii/thii

From (2.11), we have that B; > (n + m — ¢ + 1)/a;;, so that the inequality (2.14) is
guaranteed. Therefore the proof of Theorem 1 is complete. oo

2.2 Improvements on scale equivariant minimax estimators

It is known that the James-Stein minimax estimator treated in the previous subsection
has a drawback that it depends on the coordinate system. We here try to construct
truncated procedures improving on minimax estimators not depending on the coordinate
system when m > p or X X" is of full rank.

Assume that m > p in this subsection. We consider the following equivariant estima-
tors under a scale transformation:

Y(H'ASAH H'AXO)= H'AX(S,X)AH, (2.15)

for any H € O(p), any O € O(m) and any p X p symmetric matrix A, where O(p) is the
group of p x p orthogonal matrices. Then it can be seen that (2.15) is equivalent to

(S8, X) = (XX"YHe(H'FH)H'(XX""?, (2.16)

for any H € O(p), where F = (X X')"1/28(X X")~'/2 and (X X")"/? is a symmetric
matrix such that (X X"') = ((X X")¥/2)2. Let P be an orthogonal p x p matrix such that

PI(XXH) 128X XH12P = A =diag(\i,..., )\p)
with Ay > Ay > ... > A,. Then the estimator (2.16) can expressed by
I(W) = (XXH'2PP(A)PH(X XY (2.17)

9



for
¥ (A) = diag (Y1(A), ..., 1,(A)),

where 1;(A)’s are non-negative functions of A. The diagonalization of ¥(A) follows from
the requirement that W(A) = eW(eAe)e for any € = diag (+1,...,£1). This type of esti-
mators is motivated by Srivastava and Kubokawa (1999). We call them scale equivariant
in this paper.

For given estimator X (%), we define a truncation rule [@(A)]T% by

@A) = diag (] H(A),..., 0. (A)), (2.18)
STE(A) = mm{qpi(A),ifni}, i=1....p

which gives the corresponding truncated estimator of the form

—

B([#]"") = (X X')2Pdiag (VTR(A), ... vTHANPHX X2 (2.19)
Then we get the following general dominance result which will be proved later.

Theorem 2. The truncated estimator X([W]TE) dominates the scale equivariant es-
timator X (W) relative to the Stein loss (1.1) if P [[SP(A)]TR + !I/(A)} > 0 at some w.

It is interesting to show that Z‘(!’/) is minimax under the same conditions on ¥ for
the minimaxity of an orthogonally equivariant estimators based on S only, given by

X (W) = R¥(L")R!, (2.20)

where R is an orthogonal matrix such that § = RL*R' and L* = diag (£, ... ,03) for
eigen values (7 > ... > E;.

Proposition 1. N
(1) If the orthogonally equivariant estimator X (¥) is minimaz, then for the same
— —JS
function W, X(¥) is minimaz and scale equivariant one improving on EJ relative to the
Stein loss (1.1). N N
(2) If Phi(A) < ;(A)] > 0 for some i < j, then X(¥°) dominates X(¥), where

W?(A) = diag (V(A), ..., 7 (A)) majorizes (p1(A), ..., p(A)), that is, i, v >
i for1<j<p—1and ¥}, %‘O = Y1 Y.

Proof. Recall that F = (X X")"Y/28(X X")"1/2 = PAP" and that S ~ W,(n, I,).
Then it is seen that the conditional distribution of F' given X has W,(n, X,) for X, =
(X X*)~L. Then the risk function of X(¥) is represented by

R(w, X(®)) = EX |E"X [tr PE#(A)P'E" —log|PE(A)P'E'| - p|X|], (221)

10



so that given X, conditionally P P! corresponds to the orthogonally invariant estimator
X(¥) of ¥, with S ~ W(n, X"). Hence the minimaxity of X'(¥) implies the minimaxity
of X (W), which proves the part (1). The part (2) follows from (2.21) and the results of
Sheena and Takemura (1992). oo

From Proposition 1, we can obtain some scale equivariant and minimax estimators by
using the results derived previously for the estimation of X.

[1] Stein type estimator. Let = (@) for
U (A) = diag (di M1, - . ., dp)y). (2.22)

=S
The minimaxity of X follows from the result of Dey and Srinivasan (1985), who also
~=S
gave another orthogonally equivariant estimator beating 3 for p > 3.

[2] Takemura type estimator. Stein (1956), Eaton (1970) and Takemura (1984)
gave an orthogonally equivariant and improved estimator, which can be represented in
our problem as

3= (x X2 { FUFDmUtFFtdu(F)} (X X112, (2.23)

O(p)
where Ur € G with UrUL = I''FT for F = (X X")"Y/28(X X")"Y/2 = PAP". Take-
mura (1984) provided another expression as > = 2T for w7 (A) = diag (W7, . .. L),
where

(¢f7 s >¢pT)t = dlag ()‘17 ) )‘JD)W(A)(dla ) dp>t7 (224)

for p x p doubly stochastic matrix W (A). Also Takemura (1984) gave exact expressions
for ' (A) for p = 2 and 3. For instance,

T \/)\1 \/)\2 )
o= M (\/)\1+\/)\2d1+\/)\1+\/)\2d2 ’
T Vs VA )
va = A (w/A1 VS SV, R, T

for p = 2. However, the explicit calculation of W(A) for p > 3 remains an intractable
problem.

__[3] Perron type estimator. Perron (1992) gave an approximation to W (A), say
W (A), with a doubly stochastic property, and showed the minimaxity of the approxi-

mated estimator. Let
Ctria(Ay) tr (A

Nz“ A) = - )
G =TI ()
for
1 ‘ if =0,
trj(A) = Zl§i1<-~~<ij§p Hi:l )\Zk if j = 17 Y 2
0 otherwise,

11



and
Ai = dlag ()\1, PN ,)\i_l,O,)\Hl, - .,)\p).

Let W (A) = (@;;) and put
(vr.... ,¢;j)’ = diag (A1, ..., AW (A)(dy, ..., d,)" (2.25)

For p = 2, they are given by

A\ Ao
Po— )\ dy + dy |,
¥ UV Ve VI

A A
WP = )\2< 2 4+ d2>.

)\1+)\2 )\1+)\2

Then the result of Perron (1992) implies the minimaxity of the scale equivariant estimator
" = S(@") for B = diag (¢F....,07).
[4] Haff type estimator. Let

1
EH:—<S+
n

agp

7XXt> 2.26
trST'X X! (2.26)

—~H
From the result of Haff (1980), it can be verified that X dominates the unbiased esti-
—~UB —H —~H =

mator X when 0 < ag < 2(p — 1)/n. X is expressed as X = X (¥) by letting
U =n=tA +ap(tr A7)

Yang and Berger (1994) derived an orthogonally invariant estimator as a Bayes rule
against the reference prior distribution, and we can construct a scale equivariant one
corresponding to it. Since it is difficult to express the estimator in an explicit form, we

shall not consider this estimator in this paper. However, for some numerical investigations,
see Sugiura and Ishibayashi (1997).

Now, applying the truncation rule (2.18) to the above estimators yields the improved
estimators.

Corollary 1. ForWw =®° &' and W", the estimator E([JI] R) is scale-equivariant,
minimax and_improving on the cog\‘espondmg estimator E(Q/) relative to the Stein loss
(1.1). Also X([™])TE) dominates X(¥™).

It should be noted that Corollary 1 does not imply the dominance of E([JI]TR) over
(@), but states the dominance of X([#]%) over E(Jl) Although X (%) is not identical
to X(¥), if 3X(¥) is a superior minimax estimator, X (%) inherits the same good risk
properties with minimaxity and improvement. Corollary 1 states that these minimax
estimators can be further improved on by X([%]7%) by employing the information in X.

12



Proof of Theorem 2. Without any loss of generality, let X = I',. We first consider
the expectation of the general function h(F, X X") of F and X X*. The expectation is
evaluated as

E [h(F xXx")|
— (E //hF X X1)| S|/

exp

f_'h\

tr(S+ XX'—2X5")/2} dXdS (2.27)
//h F, X X")|§|p-D/2

exp {—tr (S+XX")/2) / exp {tr XHE'/2} u(dH)dX dS,

|
[1]

where p(dH) denotes an invariant probability measure on the group of orthogonal ma-
trices. Here the second equality in (2.27) follows from the fact that F and X X' are
invariant under the transformation X — X H for m x m orthogonal matrix H. One of
the essential properties of zonal polynomials gives

/exp{trXH.dt/2} ZOz(m (E’EtXXt)a

where o™ is given in James (1964) and C,(Z) denotes the normalized zonal polynomials
of the positive definite matrix Z of order p corresponding to partitions kK = {k1,...,kp}
so that for all k =0,1,2,.. .,

(tr Z)F = > C.(2Z).

{k:k1++rKp=k}
Let W = X X', and the r.h.s. of (2.27) is written by
a(8) [ [nE,w)|s|mr-bre |-z
exp{—tr (S +W)/2} Y o™ C (EE'W)dSdW,

for the normalizing function ¢, (Z). Making the transformation F = W~/2SW /2 with
J(S — F) = |W|P+tD/2 gives that

E[WF,XX)| = «= //h F,W)|F|r=D/2 |y |(n+m=p=1)/2 (2.28)

x exp {—tr (F + )W /2} Y o™ C (EE'W)dFdW .

Again making the transformations F = PAP' and W = PV P in order, we see that
(2.28) is represented as

E[nF,XX")]

13



= (&) / / / hPAP!, W)h(A)|W|rtm=p=1/2
xexp {—tr (A+ I)P'WP/2} > o™ C(ZE'W)u(dP)dAdW

= () / / / W(PAP!, PV PY)h(A)|V|0+mr-1/2 (2.29)
x exp{—tr (A+ 1)V /2} 3 o™ C (EE'PV P u(dP)dAdV,
where h(A) is a function of A (see Srivastava and Khatri (1979)).

Based on the expression (2.29), we can evaluate the risk difference of the two estima-
tors, which is given by

R(w, Z(¥)) — R(w, 2(1#]™))
= E|tr {P@(A)P' - P@(A)""P'} W —log [#(A){[@(A)]""} 7] (2.30)
= B [r {T(A) - [#(A)]"7} E[V|A] ~ log [Z(A){[2(A)]"} "]
By the basic property of zonal polynomials,
/CR(E'E'tPVPt)u(dP) = C(EE"C(V)/CW(I}). (2.31)
For simplicity, let us put
A = diag(a,...,ap)
— (@A) - @)} (A+ D)7,
B = (A+I)"
Then from (2.31), it can be seen that
tr {@(A) - [@(A)]""} E[VC.(V)|A]/E[C.(V)|A] (2.32)

> inf {% / (tr AVB™1) C (V)| V|2 VB_I/QdV} :
where ¢3(B) ia a normalizing function in W,(n + m, B). If we can show that for any &,
E[tr AVB™'C,(V)|4]
= «(B) [ (ravB) C (V)| V|mim=r=D/2-u VB 2y
> (n+m)(tr A)E[CL(V)|4], (2.33)

where conditionally, V|A ~ W,(n + m, B), then the r.h.s. of the extreme equation in
(2.30) is evaluated as

(the r.h.s. of (2.30))
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> 8 [ir {(A) =A™} (0 4+ m)(A+ 1) = log [B(A[2(A) "}
= B {5 1 -l ST ) 1 (5T A) 2 1)

>

ST

Hence we complete the proof of Theorem 2 with verifying the inequality (2.33).
We shall use the Stein-Haff identity due to Stein (1977) and Haff (1979) to prove the
inequality (2.33). For the Kronecker’s delta d,; and V' = (v;;), let

1 0
dij = = (1+6;5) 7,
J J avij

2
and denote D = (d;;). For p x p matrix G(V') = (g;;(V)), define DG(V') by

p
= Z disgsj(v
s=1
Then the Stein-Haff identity is given by
E[trG(V)B'|A| = E 2tr [DG(V)] + (n+m —p— Nr G(V)V'[A]. (2.34)
This identity is applied to the conditional expectation (2.33), which is rewritten as
E[tr AVBT'C,(V)|4]
= ERtr[D{AVC.,(V)} + (n+m—p—1)tr AC,(V)|A]. (2.35)
For evaluating the first term in the r.h.s. of (2.35), we observe that

[D{AVCR(V)}]U = zp: Qg <1+wa> (Szjcn(v) + zp: asvsj{discn(v)}a

s=1 =

which yields that

tr [D{AVC, (V)] = p‘; (tr A)Cu(V) + 3 asvai{disCu(V)} (2.36)

i=1s=1

Here we need to evaluate the second term in the r.h.s. of (2.36). Since zonal poly-
nomials Cy(V') are polynomials of the eigen values ¢1,...,¢, (¢4 > ---{,) of V with
nonnegative coefficients, we can put

f(L) =Cu(V)
for L = diag (¢4, ...,¢,), and note that
O D)= £(T) 20
ol o=

15



Since V.= HLH' for px p orthogonal matrix H = (h;;), we obtain by taking differentials,
as in Srivastava and Khatri (1979, p.31),

dV = (dH)LH' + H(dL)H' + HL(dH"),
so that
H'(dV)H = H'(dH)L +dL + L(dH")H. (2.37)
Since H'H = I, we have the relation that (dH')H + H'(dH) = 0, or
(1H')H = —H'(dH) = —|(dH")H]",
which means that (dH")H is a skew symmetric matrix. This fact implies that the diagonal

elements of the first and the second terms in the r.h.s. of (2.37) are zero. Letting
d = 0/0v;; especially and considering the diagonal elements in (2.37), we can see that

1 Bl
dijly = =(1+6;)=—=
J 2( + ]) avw
1
_ i[Ht(EijJrEﬂ)HLS
= hishys, (2.38)

where E;; is a p X p matrix such that the (4, j)-th element is one and others are zero.
Using the equation (2.38), we get that
P 0

dij f(L) = ;(dijfr)a—&f(L)

p
= Z frhirth7
r=1
which is substituted in the second term in the r.h.s. of (2.36) to get that

p P p P p
Z Z asvsi{discn(v)} = Z Z AsVsi Z frhirhsr
r=1

i=1s=1 i=1s=1

- f:f:as{VH}sr{diag (fireos fo) H Jog (2.39)

s=1r=1

— tr AVHdiag (fi,..., f,) H'
— tr (HtAH) diag (61 f1,. .., 0pfp)
> 0.

Combining (2.35), (2.36) and (2.39) gives that
E|tr AVB™'C.(V)|A]

> Ellp+1){trA)Co(V)+ (n+m—p—1)(tr A)C.(V)|A]
= (n+m)(tr A)E[CL(V)]A],

which proves (2.33) and the proof of Theorem 2 is complete. oo

16



3 Estimation of the Generalized Variance

In this section, we treat the problem of estimating the generalized variance | X'| which has
been studied as one of the multivariate extensions of the Stein result. The method used in
Section 2.1 will be applied in Section 3 not only to construct a new improved estimator of
| X| but also to give another proof of the conventional result given by Shorrock and Zidek
(1976) and Sinha (1976). It is supposed that every estimator § = §(S, X) is evaluated
in terms of the risk function R(w,d) = E, [L(6,|X])] for w = (X, &) relative to the Stein
(or entropy) loss function

L(5,|Z]) = 6/|%| —logd/|Z| — 1. (3.1)

Shorrock and Zidek (1976) and Sinha and Ghosh (1987) showed that the best affine
equivariant estimator of |X| is given by

(n ;!P)! S| (3.2)

do =

and that it is improved upon by the truncated estimator

5SZ:min{(n_

n!p)!]S\, (”+m_p>!ys+xxty}. (3.3)

(n+m)!

Shorrock and Zidek (1976) established this result on the basis of expressing the risk
function with the zonal polynomials. Since their approach was somewhat complicated,
Sinha (1976) gave another method base on the Fubini-type theorem of Karlin (1960)
which derives the distribution of a square root matrix of S with respect to the Lebesgue
measure. Using (2.2) and T = (t;;) € G such that S = TT", we see that the estimator
5% is rewritten by

p p
657 = T[(n —i+1)"'t} x min {1, 11 Gz} : (3.4)
=1

=1

where . '
. +vy.Ciy;
Gi=(n— 1) ——— 3.5
(n—i+ )n—irm—i—l—l (3:5)
Also we can consider another type of estimators which are sequentially defined by
P k
(SZR = H(TL—Z—Fl)_lti X min 1, Gl, GlGQ,..., HGJ s (36)
i=1 j=1

for K = 1,...,p. Then the method used in Section 2.1 can be applied to establish that
657 dominates dy and that 6] beats 6} % for k =1,...,p. The two improved estimators
5% and (5pT R are possible choice though the preference between them cannot be compared
analytically.
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Theorem 3.

(1) The estimators 6°% dominates the &y relative to the loss (3. Z)

(2) Fork =1,...,p, the truncated estimator 6[% dominates 5T, relative to the loss
(3.1), where 637 denotes .

Proof. We first prove the part (1). Consider an estimator of the general form

p
= (H eit?i)¢(a117 sy app):
=1

where ¢; = (n —i+1)"! and a; = 1 + y!Cyy, for i = 1,...,p. Since it is supposed that
Y = I, without loss of generality, the risk function of 4 is written as

p
R(w,d4) = lHe —logHeit?i —1] .
i=1

From (2.12), it is noted that

tr {T(I, + Y'Y)T' — 2TY"' 5"} (3.7)

P ) p—1 )

= > {a”t — 205 — ki(Yq, - - >yi)} + Y ailltivr + 2

i=1 i=1
where

ki(yh"wyj) = az_zlyfc ‘-’H—l‘—’z—l—lcyza
eii = Zczgz

Hence, integrating out the density with respect to £o1,...,%,,_1, we rewrite the risk as

p p
R(w,ds) = // (H ety — log [[ ety — 1) (3.8)
i=1 i=1
P . P
x [t ™" exp {— >, {aiit?i — 20t — ki(yy, - .- >yz>} /2}
i=1 i=1

P
XCQ(E, A1ly .-y app) H dt”dY

=1

Note that fori=1,...,pand j=1,...,1,

eii(yla"'>yj7"'>yi) = (_1)6ij0ii(y17"'>_yj7'-'>yi>7
ki(yla"'>yj7"'>yi> = ki(yla"w_yja"wyi):

18



where 9;; is the Kronecker’s delta. Then the risk can be further rewritten as
p
R(w,d4) / / (H eityd —log [ [ ety — 1) (3.9)
i=1
= [ biitii —Oiitis | pntm—i_—aut2 /2 3;
XzH1{2 (e +e )tii e dt”}

P
xco(E, arn, ..., app) €xXp {Z ki(yq,. .. ,yi)/2} Y
i=1
which is minimized at ¢ = ¢% where
D ftn-l-m 7 ( 0;itii + e_aiitii) e—aiit?i/thii
Pz = g e; ft;?i+m+2_i (eeiitii + e_aiitii> e_aiit?i/thii'

1 %

From (2.11), we get the inequality

P Qi
oz <] - : = ¢ (say),
so that
¢z < min (1, ¢;) <1

in the case that ¢f < 1. Therefore the convexity of the loss (3.1) completes the proof of
the first part of Proposition 1.

Next we demonstrate the part (2). Let us define Fj, by

Fp =

min (1,G1, N § i Gi)
[T G '
From (2.10) and (2.12), it can be seen that

R(w,6p_1) — R(w,0) = E H (Fp — 1) ﬁ ﬁet long} I(Fp>1)

k
- EH (Fr—1) H ) By, yl,---,yk)—long}I(szl) ;

where

Bl:(yla cee >yk) = B;:
[ ST et fi(tin, - o ti Thotpst, Yien) T dtsidThys g dY g
oo filtan, -t Tharpet, i) 15 dtiudThgs g 1dY jia ’
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for

p i o _0..f.. _ . 2
fl (t117 - 7tk‘l€7 Tk}+1,k+17 Yk‘-l—l) e H {t;’;‘i’m Z(eeutu + e azztu)e autii/Q}
=1

X exp{—hp (Tt k41, Y k+1)/2},
Pi(Thii k1, Yir) = hy = tr {Tk+1,k+1(Ip—k + Y0 ChnY k)T ks

~2T k1411 Y hy1 Cri1Zsn |
By the same arguments as in (2.11), we observe that

(44

B > L f-- fo:k:H ez‘twm”_ie_h’:/Qdi+1,k+1dYk+1
CTL G [ ST T e 2 AT e 1 dY ke

(3.10)

By making the transformation Ti1 1Y} 1 = Xk41, the r.hus. of (3.10) is expressed by

1 [ ST ety fa(Ths k1, Xap1)dT kg1 jep1d X
G [ [Tt fo(Thsr k1 X1 ) AT g1 o1 d X jn

which can be easily seen to be 1/, G, where

fo(Ths1, 541, Xkt1)

1 =
e eXp |:—§tr (Tk+1,k+1T2+17k;+1 + Xk+1Ck+1X2,+1 — 2Xk+1Ck+1.: k-_|_1):| .

Therefore we get that R(w,dk—1) > R(w,d) for any w, and the proof of Theorem 3 is
complete. 0O

4 Simulation Studies

It is of interest to investigate the risk behaviors of several estimators given in the previous
sections. We provide the results of Monte Carlo simulation for the risks of the estimators
where the values of the risks are given by average values of the loss functions based
on 50,000 replications. These are done in the cases where p = 2, n = 4, m = 1,10,
X =diag (1,1), & =a/3 and &; = a for & = (§;) and 0 < a < 8.

The risk performances of estimators of X' are first investigated. For the sake of simplic-
ity, we denote ', 20, &7, 5" ZWS), Z(@STR), Z(@T)7R) and Z([@7]TR)
with ap = (p — 1)/n by UB, SG, JS, TR, S*, STR, TTR and HTR, respectively.

Table 1 reports the values of the risks of the estimators UB, SG, JS and TR for m =1,

p=2anda=0,0.5,1,2,3,4,5,6,7,8. In this case, SG, JS and TR are possible candidates
since 3 given in Section 1 is identical to SG.

For m = 10 and p = 2, the scale equivariant minimax estimators proposed in Section
2.2 are added to candidates, and the risk behaviors of the estimators UB, JS, TR, S*,
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Table 1. Risks of the Estimators UB, SG, JS and TR in Estimation of X
form=1and p =2

a 0 0.5 1 2 3 4 ) 6 7 8
UB 925 925 .925 925 .925 .925 .925 .925 .925 .925
SG 922 922 923 924 925 925 .925 925 .925 .925
JS 861 .861 .861 .861 .861 .861 .861 .861 .861 .861
TR 839 839 840 .844 850 .853 .855 .856 .857 .858

STR, TTR and HTR are given in Figure 1 for 0 < a < 8 where the risk of Z‘([I/P]TR) is
not given there since it behaves similarly to TTR.

Table 1 and Figure 1 reveal that

(1) in the case that m = 1 < p = 2, the estimator TR is much better than UB, SG
and JS,

(2) in the case that m = 10 > p = 2, the estimator HTR is the best of the seven,

(3) STR beats TTR for 0 < a < 2 while the reverse hods for a > 3,

(4) the risk gain of TR is not so much as the scale equivariant minimax estimators for
m = 10.

The truncated minimax estimator TR is thus recommended when m < p. When
m > p, the estimators HTR, STR and TTR are recommendable for the practical use.

The risk performances in estimation of the generalized variance |X| are investigated
in Figure 2, where 6%, 6% and 7% are denoted by UB, SZ and TR, respectively. Figure
2 reveals that TR has a smaller risk on a large parameter space while the risk gain of SZ
is significant at = = 0.
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Figure 1. Risks of the Estimator UB, JS, TR, S*, STR, TTR and HTR in Estimation of
Y for m =10 and p = 2
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Figure 2. Risks of the Estimators UB, SZ and TR in Estimation of |X| for m = 10 and

p=2
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